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Abstract 
The response to stress delivered by a non-isochoric hollow cylinder is critical to its future life and 
integrity. The design of cylinders must emphasize durability; therefore, the knowledge of the yield 
stress of the constituent material is essential. The stress component of a pressurized compressible 
circular cylinder made of non-linearly elastic material was considered here and the yield stress 
was determined. 

 
Keywords 
Compressible, Pressure, Deformation Tensor, Elasto-Plastic Material, Strain 
 
Subject Areas: Continuum Mechanics 

 
 

1. Introduction 
Numerous literatures have considered stress onaxisymmetrically pressurized cylinders. When internally pressu-
rized hollow circular cylinder is being considered, it is customary to assume that the cylinder has to contend 
with radial, hoop (circumferential) and axial stresses. The magnitude of the response to stress is related to the 
material constitution of the cylinder. In recent times several works [1]-[3] have considered the elasto-plastic 
materials as being able to meet the exigencies of modern times. The recourse to the elasto-plastic approach may 
be borne out of the relative availability and cost effectiveness of the plastic component. This approach is, how-
ever, not a paradigm shift from completely elastic materials. 

The works done by Blatz and Ko [4], Chung et al. [5], Hills and Ariggo [6] dealt on materials of nonlinear 
elasticity. The question of stress-induced fatigue is a sine qua non for the design of conduit pipes. Although 
static response to stress immanent in materials accounts for the life span and integrity of pipes, relative longevity 
resides in those made of materials of (non-)linear elasticity, all else being equal. The need to increase the life 
span of conduits dominates every argument. It is this need that gives rise to the autofrettage process being 
adopted in present times. The process applies a sufficiently high pressure to the cylinder before it is put in use. 
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The withdrawal of the internally applied pressure induces a residual stress on the part of the cylinder thickness 
which has become plastic. This would in effect help the cylinder to cushion the effect of high pressures in event 
of use. This process means well for elasto-plastic cylinders. It is gaining currency, as can be seen in literatures [1] 
[7] [8]. In any case, repeated or prolonged stress is usually implicated in material fatigue. Fatigue is a grave en-
gineering liability, together with its attendant economic implications. The aforesaid underscores the need to de-
termine the measure of stress applicable to a cylindrical medium under consideration. This paper therefore pre-
sented a theoretical formulation of pressure limits of a thick-walled cylinder, made of a non-linearly elastic ma-
terial. This was done in the following order: Section 2 proposed the model of an axially symmetric hollow cy-
linder, of Blatz-Ko material, subjected to plane strain. The Cauchy-Green deformation tensors were used in de-
termining the components of stress on the cylinder. Section 3 formulated a boundary-value problem (b.v.p) in 
which pressure p accounted for the radial stress in the cylinder. The emerging equation, together with boundary 
conditions, was transformed with the aid of a suitable transformation equation (see Equation (21)). The trans-
formation successfully linearized the boundary conditions and facilitated the solution to the b.v.p. In event of 
this, the components of stress, with pressure content, were determined. Section 4 furnished the yield criterion. It 
supplied the critical stresses with the aid of Tresca yield criterion. Previous literatures may have sought a com-
pact expression for the yield stress on the material under consideration; perhaps this is the missing link. 

2. Deformation of the Cylinder 
We consider a hollow cylinder whose reference configuration is 

( ) ( ) ( ){ }0 , ; , , 0, 2πR r r a bθ θ= ∈ ∈                             (1) 

where a is the inner radius and b is the outer radius of the cylinder. Its deformed configuration is given by the 
mapping 

( ) ( )0: ; , , .R R r Rχ θ→ → Θ                               (2) 

For this axisymmetric plane strain, it suffices to assume that R(r) is twice continuously differentiable, and we 
write 

( ) ( ) ( )2

0

0; ,
on

R R r R r C a b
Rθ

= > ∈

Θ =
                             (3) 

The deformation gradient tensor F associated with (3) is 

0

0

R
R
r

 
 =   
 

F


                                     (4) 

where d dR R r= . The tensor F is required to satisfy the non-singularity condition by virtue of the local inver-
tibility of χ. Moreover, we suppose detF > 0. The assumption of the existence of strain at some point X ∈ Ro 
ensues that 

T ≠F F I ,                                       (5) 
where I is the identity tensor, the superscripted T indicates the transpose of F. (Note that X are position vectors 
of points in Ro). A class of materials under consideration is characterized by the strain energy density function 
W(I, J), whose related Blatz-Ko model is given by [5] 

( ) 2, 2 4
2

IW I J J
J

µ  = + − 
 

                              (6) 

where μ is the initial shear modulus of the material. The function W is just one among the scalar functions of 
strain tensors used in determining stress components. In terms of the second Piola-Kirchhoff’s (PK-2) stress 
tensor Sij, we have 

ij
ij i j

W W∂ ∂
= ≡
∂ ∂

S
E C

                                    (7) 
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where Sij is the component of the PK-2 stress tensor, W is the strain energy function per unit undeformed volume, 
Eij is the component of the Lagrangean strain tensor and Cij is the Cauchy-Green deformation tensor. 

The associated right Cauchy-Green deformation tensors is 
2

T 2

0
.

0

R

R
r

 
 

= =   
    



C F F                                (8) 

With the invariants, I and J as 
2RI tr R

r
 = = +  
 

C   

( )1 2det RRJ
r

= =C


.                                 (9) 

With the principal stretches 

( ) ( ), .r R r R r rθλ λ= =                                (10) 

The stress tensor σ associated with this deformation is given by 

1
2

2W W
J

= +
C Iσ                                   (11) 

where 1
WW
I

∂
=

∂
, 2

WW
J

∂
=
∂

 and I is the identity tensor. 

From Equation (6) we get 
2

1 2 2 22 2
rW

J R R
µ µ

= =


                                 (12) 

3 2 2
2

3 3 31 1 .I r R rRW
J R R

µ µ
 + = − = −  

   





                          (13) 

Using equation (8), (12) and (13) in (11) we get the following stress component 

31RR
r

RR
µ  = − 
 

σ                                   (14) 

3

31 r
RRθθ µ

 
= − 

 

σ                                   (15) 

( )0, , .R r a bθ θθ= = ∈σ σ                                (16) 

3. Boundary-Value Problem 
When uniform pressure is applied at the boundaries, the circumferential component of displacement is zero, and 
the radial component will depend on the radial distance r only. The stress components will therefore depend on r 
only. If body force is absent, the equilibrium equation is given by 

( ) ( )d 0, , .
d RR RR

R r a b
r R θθ+ − = ∈



σ σ σ                        (17) 

Using Equations (14) and (15) in Equation (17) we get the equation for R(r) as 

( )3 3 3 43 0, ,rR R R R R R r a b− + = ∈   ,                        (18) 

with the constraints 
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atRR p r a= − =σ  

0 at .RR r b= =σ                                   (19) 

The Equations (19) may be rewritten, using (14) and (15), as 

( ) ( )

( ) ( )

1
3

3

1 pR a R a a

R b R b b

µ

−
 
+ 

 
=





                              (20) 

We apply the transformation similar to Ejike and Erumaka [9], (also see [10] [11]) 

( ) ( )4 3 .oR r S r=                                    (21) 

Equation (18) becomes 

( ) 3 2 2 3 43 33 3 0
4 4

rS S S rS S r S − − + = 
 

                               (22) 

and the line arized boundary conditions (20) are 

( )
1 3

4
3

aS a
p

µ
µ

 
=  + 

                                 (23) 

( ) 1 34 .
3

S b b=                                    (24) 

The series solution approach of the form 

( ) 1 2
1 2 3 1, 0; 0,1, 2,m m mS r a r a r a r a m− −≈ + + + ≠ =                     (25) 

was employed rigorously by Nzerem [11] which yielded 

( )
3 4

2oR r r
r
βα ≈ + 

 
                               (26) 

where 
1 3 1 32 2

2 2
2 2 2 2

1 2, 1 .a bb a
p pb a b a

µ µα β
µ µ

      
=  −  =  −    + +− −         

              (27) 

The resulting stress components are 

( )
( ) ( ) ( )

6

3 22 2 2 2 3

81
8 36 54 27

RR
rr

r r r
µ

α β β α β β α β β

 
 = −
 + − + + + −  

σ               (28) 

( )
( ) ( )

6

22 2

21 .
2 3
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r r

θθ µ
α β α β β

 
 = −  + + −   

σ                       (29) 

4. Yield Criterion 
Yielding becomes imminent when the maximum shear stress in the material equals the maximum shear stress. 
Thus, Tresca yield criterion [12] specifies that 

max yτ τ=                                         (30) 
where 

max min
max 2

σ σ
τ

−
= ,                                  (31) 
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σmax and σmin are the maximum and minimum principal stresses respectively. From the foregoing we get 

max,inner RRθθτ = −σ σ .                                 (32) 

Thus, we get 

( ) ( )

( ) ( ) ( )
( )
( )
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3 22 2 2 2 3

6 2
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 ≈ −  + + −   
 
 − −
 + − + + + −  

 − − =
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            (33) 

where 2rξ α β= + . The outer surface pressure limit can be obtained through 

( )
( )

3 3 6

max,outer 6 2 3 3

16 6 8 9 27
2 1 .

16 3 32 72 27RR

r
θθ

ξ ξβ ξ β β
τ µ

ξ ξ β ξ ξβ ξ β β

  − − −  = + = −
  − − − −  

σ σ               (34) 

Equations (33) and (34) contain pressure (see Equation (27)); therefore, the non-dimensionalized inner and 
outer surface pressure limit can be obtained by solving for p. 

5. Conclusion 
The need to ascertain the fatigue point of a thick-walled cylinder under stress is crucial in estimating the life 
span of the cylinder. The stress component must be known before determining the yield stress. In this work, the 
stress component was determined. The cylinder under consideration was made of compressible non-linearly 
elastic (Blatz-Ko) material. The yield stress was determined with the aid of Tresca criterion. 
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