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Abstract

This paper investigated oscillatory properties of solutions for nonlinear parabolic equations with
impulsive effects under two different boundary conditions. By using integral averaging method,
variable substitution and functional differential inequalities, we established several sufficient
conditions. At last, we provided two examples to illustrate the results.
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1. Introduction

In this article, we discuss forced oscillatory properties of solutions for the nonlinear impulsive parabolic equa-
tions of neutral type.

ﬁ[u(t,x)+jfg(t,g)u(p(t,é).X)dn(e‘)}

ot

=a(t)Au(t, x)+Z|:bi (t)Au(z (1), x)—_[jq(t, x¢)f (u (o(t.0), x))dw(g’) )

1=
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u(tk*,x)—u(tk’,x)=bku(tk,x), k=12, )

with the boundary conditions
=0, (t,x)e R" x0Q, 3
%+CU=0,('{,X)€R+><6Q @)

and the initial condition
u(t,x)=d(t,x), (t,x) e[-1,0]xQ

Here QcR" isa bounded domain with boundary &Q smooth enough and n is the unit exterior normal
vector of 6Q, max __. {t-p(t,£),t-7 (t),t-o(t,{)} <4 apositive constant,
®(t,x) e C*([-4,0]xQ,)R.

We will use the following conditions.

(H1) a(t),b(t)ePC(R"R"), 7(t)eC(R",R), g(t,&)ePC(R" x[a,B],R"),

p(t.¢)eC(R" x[a, B]. R), a(t,;)ec(R+x[ SLR), q(t,x¢)eC(R*xQx[y,6],R"), such that
t=p(t,§)>0, t>t—i>0o(t,¢), lim,, min, 4 p(t5)=w, lim_, 7 (t)=,
lim,_, mlngew]o-(t,g“)zoo,where ¢ is a constant, PC denote the class of functions which are piecewise con-
tinuous in t with discontinuities of first kind only at t=t,, and left continuous at t=t,, k=12, -,
p(t. &)=ty for j<k, j=12--, g(t.&)=(1+b)g(t &)

(H2) (&), (<) are nondecreasing functionson [a, 8] and [,5], respectively; f(u)eC(R,R),

u)/u=C, —j:g(t,f)dn(§)£h0<1, where h, and C are positive constants, u=0; ¢>0, b >0,
k=12, [ o(x)F(tx)dx<0, lim__ t =co, 0O<t <t, <

(H3) u(t,x) is piecewise continuous in t with discontinuities of first kind only at t=t,, and left conti-
nuous at t=t,, u(tk,x)zu(tk‘,x), k=12,

Let us construct the sequence {t } = {t JU{t,;}U{t; }U{t; |, where {t,. | ={t|p(t.&)=t;},
{th={tn O =t} {t}={lots)=t} and § <t i=L12-1; k j=12,

We introduce the notations:

T, ={(tx):te(§.5.)xeq}, T grk,
fk:{(tx)te(ﬁt_kl),xeﬁ},l" Q,f

v(t)=[ e(u(tx)dx, Q(t.¢)= minq(t, x,¢).

The solution u e C? (1“)ﬁC1 (F) of problems (1), (3) ((4)) is called non-oscillatory in the domain G ifitis
either eventually positive or eventually negative. Otherwise, it is called oscillatory.

As is well-known, oscillatory properties of partial differential equations are very important both in theory and
application. The developing theory of partial differential equations has been applied in many fields, such as bi-
ology, chemistry, engineering, theoretical physics, generic repression, climate model, and so on. In the last few
years, the fundamental theories of partial differential equations with deviating arguments have undergone inten-
sive development. We can see lots of studies [1]-[5] which have been done under the assumption that the state
variables and system parameters change continuously. However, one may easily visualize situations in nature
where abrupt change such as harvesting or disasters may occur [6]. These phenomena are short-time perturba-
tions whose duration is negligible in comparison with the duration of the whole evolution process. Consequently,
it is natural to assume, in modelling these problems that these perturbations act instantaneously, that is, in the
form of impulses.
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In 1991, the first paper [7] on this class of equations was published. However, we only find a few of papers on
oscillation theory of impulsive partial differential equations. Recently, Bainov, Minchev, Fu, and Liu [8]-[12]
investigated the oscillation of solutions of impulsive partial differential equations with or without deviating ar-
guments, and Tanaka, Luo, and Shoukaku [13]-[15] discussed the oscillation of solutions of partial differential
equations with continuous distributed deviating arguments. However, there is a scarcity in the study of forced
oscillation theory of nonlinear impulsive parabolic equations of neutral type with continuous distributed deviat-
ing arguments.

2. Oscillation Properties of the Problem (1), (4)

For the main result of this article, we need the following lemma.
Lemma 2.1. Let b, and ¢(x) be the minimum eigenvalue and the corresponding eigenfunction, respec-
tively, of the problem

Ap(x)+bp(x)=0, xeQ,
@(x)=0, or Z—f+c<p(x) =0, x e dQ,

where ¢ s a positive constant and n is outer normal vector of 0Q at point x.Then b>0 and ¢(x)>0
for xeQ.

Lemma 22. [16] Let p=const>0, a,(t),p(t)e([0,+x),R) be locally summable functions and
p(t)>0; y(tk)=y(tk’), k =1,2,---. If the following condition is satisfied

Iiminffﬁpp(s)exp(j:ipao(r)dr) I (1+dk)7lds>l,

toteo S—p<t <s e
then the following differential inequality has no eventually positive solution.
y'(t)+a,(t)y(t)+p(t)y(t—p)<0,t>0, t =t
y(t;)—y(tk‘):dky(tk), k=12,

The following theorem is the first main result of this article.
Theorem 2.1. Suppose that the conditions (H1)-(H3) and the following condition (5) hold

. . t S _ )
liminf Llexp(Llboa(r)dr)g(tg!lkd(ku) 1ds.[y C(1-hy)Q(s,¢)dw(¢) >%. (5)

Then each solution of the problem (1)-(3) oscillates in G.

Proof. Suppose that the assertion is not true and u(t,x) is a non-oscillatory solution of problem (1), (3) in G.
Without loss of generality, we may assume that there exists a t, >0 such that u(t,x)>0, u (p(t,éj), x) >0,
u(z (t),x)>0, i=121, u(c(t,),x)>0, forany (tx)e[ty,+o)xQ.

For t>t,, t=%, k=12,--, multiplying (1) by ¢(x) and then integrating it with respect to x over
Q vyields

%UJ(X)U(LX)dX+If9(t,é)dn(é)jﬂqo(x)u(p(t,g),x)dx}

:a(t).[Qq)(x)Audx+§bi (’[)-[ng(x)Au(ri (), x)dx
-["do(¢)f e (x)a(tx¢) f (u(e(t.¢)x))dx+ [ o(x)F (tx)dx
By Green’s formula and the boundary condition, we have
[ o (x)Audx— [ uAp(x)dx = | 0P s - a—ugods=0.

2 on 2 gn
It follows that

_[ng(x)Audx = J'QuA(p(x)dx = —bojﬂuw(x)dX,
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[Lo(x)Au(z (t),x)dx = [ u(z (t),x)Ap(x)dx = by [_u(7 (t),x)p(x)dx
From condition (H2), we can easily obtain

[Le(a(tx¢)f(u(e(t¢).x))dx=CQ(t.¢)[ o(x)u(a(t,¢), x)dx

[Lo(X)F(t,x)dx<0.
From the above it follows that

4w+ s 2v(p(te)dn(&)] wha(tu(n

. s (6)
+b°i§b‘ (Ov(z (1) +C[ Q(t.5)v(a(t.))dw(S) <0,

In inequality (6), set w(t):Hlngd(H b, )’1v(t) , we can obtain the following results: 1) w(t) is conti-
nuous on [t0,+oo); 2) Inequality (6) has no eventually positive solution if the following inequality (7) has no
eventually positive solution.

Slw(t)+] 6 (ue)w(p(t.&))dn(2) [+ba(tw()

| : (7)
0,2 B (OW(r () +C[ Q (LW (t.€))da(£) <0, t2t,t=T,

where

G(t&)= T (1+b) g(t€) B(t)= TT (L+b) (1)

p(tE)st <t 7i ()<t <t

Q(tg)= I (@+b) Q(t<).

o(t,)st <t

In fact, v(t) is continuous on each interval (t,,t,], and in view of v(ﬁ*)= (1+b)v(%, ), it follows that
forall t>t,,

W(tk*): I (1+bj)71v(tk*): I (1+bj)7lv(tk):w(tk),

w(t;)=t n (1+b, )‘W(r;):t Ht (1+b,) " v(t,) = w(t,)
which implies that w(t) is continuous on [t,,+c).
%[w(m [76(t.&)w( p(t,g))dq(g)}boa(t)w(t)mog B, ()W(7 (1)) +C[Q (t.£)w(o(t.¢))de(S)
d

=d—{n<1+bk>1v<t>+1” [T @0 gte) 1 @) v(p(te)dn(e)

o
to <t <t p(t&)<t <t to <t <p(t.€)

sha(t) TT (@b ) vt +bY T (+b) b(t) [T (+b) v(n (1)

to <ty <t i=1 7 (t)<ty <t to<ty <z (t)

+cf’ TI @+b)'Qt¢) TI (b)) v(o(t.))dw(¢)

7 o(t,)<ty <t to<ty <o(t.)

- (1+bk)1[%[V(t)+jjg(t,g)v(p(t,g))dn(g)}+b0a(t)v(t)

+boiz|1:bi (t)v(z (1)+ ijQ(t,g)v(a(t, g))da)(g)j <0,

which implies that w(t) is a positive solution.
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Now in inequality (7), set
y(t1)=w(t)+ ][ G (t.&)w(p(t.£))dn(¢) ®)

Hence we have

y'(t)+bya(t)w(t)+ bozlj B, (t)w(r; (t))+ ijQO (tO)w(o(t.¢))da(£)<0, txt, t=F. 9)

i=1

For t>t),t=%, k=12, since w(t) is continuous on [t;,+) and G(ﬂ*,é):G(t_k,g), it is easy to

verify that
y(&)=y(E). (10)
From inequality (9) and (10), it is easy to see that y(t) is nonincreasing on [t;,+w), so we have that
Iimt%w y(t) =

Now we discuss L .
1) If we suppose that L =-c, then lim_,, y(t)=—c. From inequality (8), we can get that w(t) is un-

bounded; consequently, there exists s, :k — 0,5, oo} such that y(s,)<0, w(s,)=max g .;{w(r)}.

Therefore y(sk):W(sk)+ij(sk,§)w(p(sk,§))d77(§)2[1+I:G(sk,§)dn(§)]w(sk)20 . This contradicts

y(s.)<0.
2) If we suppose that L =0 is limited, then integrating inequality (9) from t, to t, Noting that —; (&) is
nondecreasing, then we can obtain

I, boa(s)w(s)dsmog J; B.(s)w(z, (s))ds+C][ ds [ Qu(s:)w(e(s.6))d(¢) < y(t) -y (1):

This implies that w(t) — 0; hence, we have y(t)— 0. This contradicts L=0.
It follows that L =0. Since y(t) isnonincreasing, then y(t)>0.
Noting that —7(&) is nondecreasing, then we can obtain

w(t) =y (1)~ [7 6 (t.)w(p(t.£))dn(¢)
V(O [8(0) y(p(1)-[6(p(t£).€)w(p(p(1£).£))dn (&) Jdn(e)
2y(1) Ith y(p (n:))dn(s)z(1—Ife<t,:)dn(s))y<t>z(l—ho)ya),
w(o(t.¢))2(1-h)y(o(t.¢)) 2 (2-h)y(t-0).
From inequality (8), we get y(t) <w(t). Then from (9), we obtain
y'(t)+bea(t)y(t)+C(1-hy)y(t—2 f Q (t,¢)dw(£)<0,t 21, t =T, (11)

Hence, we can obtain that y(t)>0 is an eventually positive solution of differential inequality (10), (11).
But according to Lemma 2.2 (where Q, (t,;):HG(t’g)gkd(ubk )’IQ(t,g“), d, =0) and condition (5), the

differential inequality (10), (11) has no eventually positive solution. This is a contradiction. This ends the proof
of the theorem.

3. Oscillation Properties of the Problem (1), (4)

The following theorem is the second main result of this article.
Theorem 3.1. Suppose that conditions (H1)-(H3) and the following conditions (12) hold

liminf [ exp([7 ba(r)ar] [T (1+b,) ds[’C(1-h)Q(s.¢)deo(¢)> % (12)

o0 o(t.£)st <t
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Then every solution of the problem (1), (4) oscillates in G.
Proof. Suppose that the assertion is not true and u(t,x) is a non-oscillatory solution of problem (1), (4) in G.
Without loss of generality, we may assume that there exists a t, >0 such that u(t,x)>0, u (p(t,é), x) >0,

u(ri(t),x)>0, =121, u(o(t,§),x)>0,forany (t,X) [ty +00) x Q2.
For t>t,, t=%, k=12,--, multiplying (1) by ¢(x) and then integrating it with respect to x over
Q vyields

d

S Lotout [ a(t£)an()f, o(x)u(p(t.£). x)ox]
:a(t)jgw(x)Audx+ibi (O], o(x)Au (7, (£), X)dx
—Ifda) )], 2(¥)a(t.x.¢) ( (o (t,g),x))dx+fg(p(x)F(t,x)dx.

By Green’s formula and the boundary condition, we have

[ o(x)Audx—[ uap(x)dx = —uds Lga—(pds =—[ cp-uds+[ cu-pds=0.

It follows that
[ (x)Audx = | uAp(x)dx =—b, | up(x)dx

[ e()Au(z (t),x)dx=[_u(z (), x) Ap(x)dx=—by | _u(x, (t),x)e(x)dx.

The rest of the proof is similar to the one in Theorem 2.1, so we omit it.

4. Remarks and Examples

Remarks. From the theoretical viewpoint, the results of this paper, uncovered the essential difference between
partial differential equations with impulses, functional arguments and partial differential equations without im-
pulses, functional arguments; from a practical standpoint, they are very convenient because these criteria only
depend on the coefficients of the equations, impulsive term and the time-delays. The results of this article im-
prove the results in the papers [17]-[19]. For example, paper [19] discussed the case with distributed deviating
arguments; however, we consider a more complex case with continuous distributed deviating arguments.

The following are examples to illustrate the applicability of the conditions.

Example 4.1. Consider the equation

0 et
t —ujt - d(-
é’t{ X) j u[ +E-—= j ( 5)}
3n
- T T 2 - w3 (t-6.%)
= u?Au +etu2(t—E,xjAuﬁt—E,xj—Lj (¥ +1)e“u(t-¢,x)e d¢
+cosxsint, t>1t=2 (t,x)eR" x(0,1)=G,
; - 1
u((2k) ,x)—u((Zk) ,x):z—ku(Zk,x), k=12,
and the boundary condition

u(O,t) :u(n,t):0,te R*.

—t§

Here N=1, Q=(0n), g(t.&)=—o, p(t,§)=t+§—37”, n(&)=-¢. a(t)=1, b(t)=¢",

h(u)=u?, t =2, rl(t):t—E, q(t,x,():(x2+1)e"§, f(u):ue“z, o(t,¢)=t-¢,

F(t,x)=cosxsint, c=1. Itis easy to verify that the conditions (H1)-(H3) and the condition of Theorem 2.1
are satisfied. Hence all solutions of the above problem oscillate.
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Example 4.2. Consider the equation

S gt

2o £ uie-aat)

_ 12 2 T T 2 - 2(t-¢ %)
=u?Au+e'u (t_E’XjAu(t_E’Xj_L (¥ +1)eu(t-¢, x)e’ d¢

+cosxsint, t>1t=2(t,x)eR" x(0,7)=G,

u((zk)*,x)-u((zk)’,x)zziku(zk,x), k=12,

with the boundary condition

Z—E(O,t)+u(0,t)=0, %(n,t)+u(n,t)=0,teR+.
Here N=1, Q=(0,n), g(t,é):e;f’ p(tE)=t-&, n(&)=-¢, a(t)=1, b (t)=¢', h(u)=u?,

t, =2%, rl(t)zt—g, a(t,x,.¢)=(x" +1)e~, f(u)=ue”, o(t,&)=t-¢, F(t,x)=cosxsint, c=1. It

is easy to verify that the conditions (H1)-(H3) and the condition of Theorem 3.1 are satisfied. Hence all solu-
tions of the above problem oscillate.
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