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Abstract

The main purpose of this paper is to introduce the sequence space cesf(f, p) of sequence of fuzzy
numbers defined by a modulus function. Furthermore, some inclusion theorems have been dis-
cussed.
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1. Introduction

The concept of fuzzy sets and fuzzy set operations were first introduced by Zadeh [1]. And subsequently several
authors have discussed the properties of fuzzy sets such as fuzzy topological spaces, similarity relations and
fuzzy orderings, fuzzy measures of fuzzy events, fuzzy mathematical programming and so on. Matloka [2] in-
troduced the bounded and convergent sequences of fuzzy numbers and studied their properties. Later on se-
quences of fuzzy numbers have been discussed by Diamond and Kloeden [3], Nanda [4], Esi [5] and many oth-
ers.

Let C(R")={AcR":Aiscompactand convex set}. The space C(R") has a linear structure induced by
the operations®
A+B={a+b:acAbeB}and yA={ya:acA}
for A, B € C(R") and y € R. The Hausdorff distance between A and B in C(R") is defined by
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3, (A B) =max {sup inf|la—b|,supinfa- b||}
acA beB acA beB

It is well-known that (C(R” ). ) is a complete matric space.

©

A fuzzy number is a function X: R" to [0, 1] which is normal, fuzzy convex, upper semicontinuous and the
closure of {X e R" X(x) > 0} is compact. The above properties imply that for each 0 < a < 1, the a-level set X* =
{X e R™ X(x) > a} is a non-empty compact, convex subset of R", with support X°. If R" is replaced by R, then
obviously the set C(R") is reduced to the set of all closed bounded intervals A= [K, A] on R, and also

8, (A B)=max{|A-B|,[A-BJ}.

Let L(R) denote the set of all fuzzy numbers. The linear structure of L(R) induces the addition X + Y and the
scalar multiplication AX in terms of level a-sets, by

[X+y]" =[X]"+[Y]" and [AX]" =A[X]"

foreachO<a<1.
R, the set of real numbers can be embedded in L(R) if we define FeL(R) b

1 ift=r
r(t)= .
(®) {0, ift=r
The additive identity and multiplicative identity of L(R) are denoted by 0 and 1, respectively. Then the
arithmetic operations on L(R) are defined as follows:

(X @Y) —sup{ s)/\Yt s)}, teR,
(X ) =sup{X( (s-t)}, teR,
(X@Y)(t):su {X ()AY(t/S)} teR,
(X/Y)(t)=sup{X (st)AY(s)}, teR.
These operations can be defined in terms of a-level sets as follows:
[X @Y]" =[af +b,a5 +by |,
[X-Y]" =[a7 ~by".a5 ~b; ],

iefl,

] = (@) ()] e >0, 22,

[X®Y] [mm a"by", max a’” ba}
iefl,2) 2}

foreachO<a<1.
Forrin R and X in L(R), the product rX is defined as follows:

1 .
X (t) = X(r t), |fr¢0.
0, ifr=0

Defined a map by d: L(R) x L(R) > Rby d(X,Y)=sup,.,,J, (X“,Y“). For X, Y e L(R) defined X <Y it

and only if X* < Y*forany a e [0, 1]. It is known that (L(R), d) is complete metric space [3].
The metric d has the following properties:

d(cX,cY)=[c[d(X,Y)

forc € Rand
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d(X +Y,Z+W)<d(X,Z)+d (Y,W).

A metric on L(R) is said to be translation invariant if d(X +Z,Y+Z)=d(X,Y) forall X,Y,Z, € L(R).

A sequence X = (X,) of fuzzy numbers is a function X from the set N of natural number into L(R). The fuzzy
number X, denotes the value of the function atk € N [2].

Let p = (px) be a bounded sequence of strictly positive real numbers. If H = supypy, then for any complex
number a, and b,.

Ja, +b,[™ <C(ja "+ (L.1)
where C = max(1, 2™™). Also, for any complex number « ,

o™ < max(1,|a|H ) [6]. (1.2)

2. Main Result

Let f be a modulus function and p = (pi) be a bounded sequence of positive real numbers. We now introduce the
Cesaro sequence set ces’(f, p) of sequence of fuzzy numbers using a modulus function f as follows:

ces (f, p):{x :(Xk)ew(F):iFZd(xk,ﬁ)}pk <oo}.

If f(x)=x,then ces(f,p)=cesF(p), where
cesF(p):{X=(Xk)ew(F):g(%an;d(Xk,5)jp <oo}.

Theorem 2.1. The set ces” ( f, p) of sequence of fuzzy numbers is closed under the coordinate wise addi-
tion and scalar multiplication.

Proof. Since it is not hard to see that the set ces( f, p) is closed with respect to the coordinate rise addition
and scalar multiplication, so we omit the detail.

Theorem 2.2. The set ces” (f, p) of sequence of fuzzy numbers is complete metric space with respect to

the metric
5(X,Y):{i{f (Eid (X,.Y, )HkaM

n=1 Nz

where M = max(L, supp) and X =(X,),Y =(Y,) are elements of the set ces” ( f, p).

Proof. One can easily establish that & defines a metric on ces” ( f, p) which is a routine verification, so we
leave it to the reader. It remains to prove the completeness of the space ces” ( f, p) . Let (X i) be any Cauchy
sequence in ces(f,p), where X' =(x§,, X:, XS') Then, for a give ¢ > 0, there exists a positive integer
No(e) such that

n=1

o0 n . X pk ﬁ
E(Xi,xi)z[z[f(EZd(XL,Xg)H j <e foralli, j>n, (2.1)
n
We obtain for each fixed ke N from (2.1)

Zx:{f[lid(xixk’)ﬂ <e" foreveryi, j>n,. (2.2)

n=1 Nz

Since for any fixed natural number T, we have from (2.2)
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T n . . Pk
Z{f(%zd(x;,xg)ﬂ <& foreveryi, j>n,. (2.3)
k=1

n=1

Since f is continuous, we have from (2.3) that

f{ljung[n;d(xk,w)ﬂ 0. (2.4)

Since f is a modulus function, one can derive by (2.4) that

lim d 0
i,j—)oo(n kz;. ( )]
which implies that for each fixed k,

lim d(X{,X})=0.

i, joo

It means that (X') is a Cauchy sequence in L(R) for each fixed k e N. Since L(R) is complete, (X') converges in
LC(R) thatis X' — X, asi —co. Using these infinitely many limits, we define the sequence

X =(Xg, Xy, X;,-+). Letas j—oo in (2.1), the we obtain 5(X‘,X)35. To show that X eces® (f,p),

consider n, € N and j > k. Since pvksl for all k, then by using Minkowski’s inequality and the definition of

modulus function f, we have

k
1 =0 .
If follows that Zf_l{f(HZE_ld(XL,O)ﬂ is convergent, so that X ecesF(f, p) and the space is
complete.
We now investigate some inclusion relations between ceSF(f,p) spaces.

Theorem 2.3. 1f p, g € R and 0 < p < g < oo, then for any modulus function f, ces” ( f, p) c ces” ( f, p).
Proof. Let X eces” (f,p). Then

ol

n=1

n pk
This implies that {f [12< d (xk,ﬁ)ﬂ <1 for sufficiently large values of n, say n>n, for some fixes
n-

N, € N. Since fis increasing and p < g, we have

DlH

3 (xk,a)ﬂpk <
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n=:

n ak n N pk
%zd(xk,a)ﬂ gzﬂf [%Z‘{d(xk,ﬁ)ﬂ o
So, X eces” (f,q).
Theorem 2.4. Letr,t e R"and p=min(r,t) then for any modulus function f,
ces” (f,p)=ces” (f,r)Nces" (f,t).
Proof. It follows from Theorem 2.3 that
ces” (f,p)cces”™ (f,r)Nces”(f,t).

For any complex number a,|a|™ < (|az|r Jo| ) thus

ces” (f,r)Nces™ (f,t)cces™ (f,p)

and then the proof is complete.
Theorem 2.5. Let f and g be two modulus functions. Then the following relations hold:

1) ces” (f,p)Ncest (g, p)=ces” (f+g,p),

2) ces” (f,p)ccest (gof,p),

3) If f(t)<g(t)forallte[0,%), then ces” (g, p)=ces’ (f,p).
Proof. 1) Let X eces” (f,p)Nces” (g, p). Since

(f+g)[d(xk,6)= f[d(xk,ﬁ)]+g[d(xk,6)ﬂ,
one can easily see that X eces” (f +g,p) and hence the result follows:

2) Let X eces” ( f, p) . Since g is continuous on [0, o), there exists an # > 0 such that g(8) = ¢ for all ¢ > 0.

Since X eces” ( f, p), there exists a k, € N such that f [d (Xk 5)} < pB forall k > k,. Therefore, we can get

g(f[d(xk,ﬁ)])s 9(B)=¢.
From this, we can easily see thatthe X e ces” (gof, p).
3) since f(t)<g(t) forall te[0,»), we have f[d(xk,ﬁﬂs g[d(xk,ﬁ)] This leads us to the con-
sequence that X eces’ (g, p) which implies that X e ces™ ( f, p).

Taking modulus function f" instead of f in the space cesF(f, p), we can define the composite space
ces” (f,p) asfollows: For afixed u € N, we may define

ces” (f°, p):{x =(xk)ew(|=):ni:l{f“(%kz:d(xk,ﬁ)ﬂpk <oo}

Theorem 2.6. Let f be a modulus function and v e N. Then,

1) cesF(f“,p)ccesF(p) if lim f(t):ﬂ>0.

t—>o
t

2) cest (p)cces”(f%, p) if there exists a positive constant ysuch that f(t) < st for all t € [0, o).
Proof. 1) Following the proof of the Proposition 1 of Maddox [7], we have

ﬂ:limwzinf{%t):bo}

too

so, 0 < g < f (1). By definition of g we have gt < f(t) for all t > 0. Since f is increasing, then we have
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B*t < £2(t) . So by induction, we have S't< f"(t). Let X eces”(f", p) and using (1.20), we have

A ) e

n=1 k=1 n=1 n=1

and therefore X eces™ (p).

2) Since f(t)<yt forall te[0,0) and fisan increasing function, we have f"(t)<y"t foreachv e N.
Let X eces” (p) and using (1.2), we have

0

Z{f(%Zd (xk,a)ﬂpk <max(1a )3 13a (xk,a)jpk

n=1 n=1\ N k=1

and hence X eces® (f“, p).

Acknowledgements

The authors would like to record their gratitude to the reviewers for their careful reading and making some use-
ful corrections which improved the presentation of the paper.

References

[1] Zadeh, L.A. (1965) Fuzzy Sets. Information and Control, 8, 338-353.
http://dx.doi.org/10.1016/S0019-9958(65)90241-X

[2] Matloka, M. (1986) Sequences of Fuzzy Numbers. Busefal, 28, 28-37.

[3] Kloeden, P. and Diamond, P. (1994) Metric Spaces of Fuzzy Sets, Theory and Applications. World Scientific, Singa-
pore.

[4] Nanda, S. (1989) On Sequences of Fuzzy Numbers. Fuzzy Sets and System, 33, 123-126.
http://dx.doi.org/10.1016/0165-0114(89)90222-4

[5] Esi, A. (2006) On Some New Paranormed Sequence Spaces of Fuzzy Numbers Defined by Orlicz Functions and Sta-
tistical Convergence. Mathematical Modelling and Analysis, 1, 379-388.

[6] Maddox, I.J. (1967) Spaces of Strongly Summable Sequence. Quarterly Journal of Mathematics. Oxford, Second Se-
ries, 18, 345-355. http://dx.doi.org/10.1093/gmath/18.1.345

[7] Maddox, 1.J. (1987) Inclusion between FK Spaces and Kuttner’s Theorem. Mathematical Proceedings of the Cam-
bridge Philosophical Society, 101, 523-527. http://dx.doi.org/10.1017/S0305004100066883

OALibJ | DOI:10.4236/0alib.1100920 6 September 2014 | Volume 1 | €920


http://dx.doi.org/10.4236/oalib.1100920
http://dx.doi.org/10.1016/S0019-9958(65)90241-X
http://dx.doi.org/10.1016/0165-0114(89)90222-4
http://dx.doi.org/10.1093/qmath/18.1.345
http://dx.doi.org/10.1017/S0305004100066883

	On Casaro Sequence Space of Fuzzy Numbers Defined by a Modulus Function
	Abstract
	Keywords
	1. Introduction
	2. Main Result
	Acknowledgements
	References

