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Abstract

The relationship between the optimal asset allocation and the functional form of power utility is
investigated for defined-contribution (DC) pension plans. The horizon dependence of optimal
pension portfolios is determined by the argument of the power utility function. The optimal com-
position of pension portfolios is horizon independent when terminal utility is a power function of
wealth-to-wage ratio, and deterministically horizon dependent when terminal utility is a function
of terminal wealth or replacement ratio (the pension-to-final wage ratio). The optimal portfolios
all contain a speculative component to satisfy the risk appetite of DC plan members, which is do-
minated by bonds under usual market assumptions. The optimal compositions of financial wealth
on hand (the sum of pension portfolio and the short-sold wage replicating portfolio) are stochas-
tically horizon dependent when wages are fully hedgeable and stochastic. The optimal pension
portfolios also have a preference free component to hedge wage risk, when terminal utility is a
function of wealth-to-wage ratio or replacement ratio. A state variable dependent component in
optimal pension portfolios exists when terminal utility is a function of terminal wealth or replace-
ment ratio, but it disappears when terminal utility is a function of terminal wealth-to-wage ratio
and the risk premium is constant.
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1. Introduction

The optimal asset allocation problem for defined-contribution (DC) pension plans can be viewed as a special
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form of consumption and portfolio problem. Most studies on the consumption and portfolio allocation strategies
over multiple periods are built upon the classical dynamic optimization model by Merton [1], which assumes a
constant interest rate and constant risk premium without wage income. Since empirical studies show that sto-
chastic variations in interest rates and in risk premiums exist, it may not be appropriate to assume a constant in-
terest rate for portfolios with a long horizon such as pension funds. Later studies extend Merton’s work with
stochastic interest rates [2]-[4] or stochastic risk premiums [5]. Since contribution from wage income is also
important for pension wealth growth, studies on DC plan strategies generally assume stochastic interest rates
and deterministic or stochastic wages [6]-[10].

With stochastic interest rates, the financial market is usually assumed to have three types of asset: cash, bonds
and equities (stocks). Boulier et al. [7], Deelstra et al. [8] and Battocchio and Menoncin [9] use these three as-
sets in their studies on optimal asset allocation strategies for DC pension plans. In those studies, the stock price
follows a geometric Brownian motion which includes volatilities from risk sources of both the interest rate and
the stock market. Although stochastic interest rates make bonds distinct from cash and equities, in some studies
bonds are not explicitly differentiated from other risky assets. Vigna and Haberman [6] assume two assets: one
low risk asset and one high risk asset. Cairns et al. [10] use one risk-free asset and N risky assets, and the return
on each risky asset follows a geometric Brownian motion with volatilities of N risk sources.

One important difference between pension fund asset allocation problem and Merton’s consumption and
portfolio problem is that, the objective of pension plans is to maximize the terminal utility and there is no con-
sumption or consumption-derived utility before retirement. The optimal allocation strategy for a DC pension
plan depends critically on the specifications of terminal utility function. Boulier et al. [7] and Deelstra et al. [8]
assume that terminal utility is a power function of cash lump sum over a guaranteed minimum benefit; Battoc-
chio and Menoncin [9] assume an exponential function of real wealth (wealth-to-price index ratio). To relate
terminal utility with the existing standard of living, Cairns et al. [10] assume that terminal utility is a function of
wealth-to-wage ratio or replacement ratio (pension-to-final wage ratio). The use of replacement ratio is more
appropriate for an individual who intends to convert her pension wealth into a life annuity on retirement, which
suggests that she is more risk averse and perceiving life annuities as good value.

Using one risk-free asset and N risky assets and assuming that terminal utility is a power function of terminal
wealth-to-wage ratio or replacement ratio, Cairns et al. [10] find that optimal asset allocation in risky assets
needs three efficient mutual funds if the terminal utility is a function of replacement ratio. One mutual fund
(which is heavily dominated by equities) is to satisfy the risk appetite of the plan member. The second fund
(which is heavily dominated by cash) is to hedge the wage risk. The third fund (which is heavily dominated by
bonds) is to hedge interest rate risk. Cairns et al. [10] call the three funds “equity”, “cash” and “bond” funds re-
spectively. If the terminal utility is a function of wealth-to-wage ratio, the optimal asset allocation needs only the
“equity” fund and the “cash” fund.

Although Cairns et al. [10] indicated that the “equity”, “cash” and “bond” funds are heavily dominated by equi-
ties, cash and bonds respectively; they did not provide a measure on how to gauge the dominance. Is it possible
that the “equity” fund is dominated by bonds in some scenarios? The present paper tries to answer this question
and extends the study of Cairns et al. [10] by investigating the composition of those mutual funds. For simplicity,
I assume that the pension plan can invest in three assets, cash, bond and stock [7]-[9], and investigate three dif-
ferent scenarios: the terminal utility is a function of terminal wealth, a function of terminal wealth-to-wage ratio
or a function of replacement ratio. The assumption of wealth-to-wage ratio or wealth as the argument of terminal
utility function is more appropriate for individuals who are reluctant to annuitize their pension wealth on retirement.

This paper is organized as follows. Section 2 formulates the financial market, wage and pension wealth
growth models. Section 3 presents the optimization problem and the Hamilton-Jacobi-Bellman equation. Section
4 solves the optimal asset allocation problem for power utility when pension contribution has stopped or wage
risk is fully hedgeable. Section 5 discusses and summarizes the results in this paper.

2. The Model
2.1. Market Structure

The specifications of the financial market are similar to those in Boulier et al. [7], Deelstra et al. [8] and Bat-
tocchio and Menoncin [9]. The financial market is frictionless and continuously open, with no arbitrage. There
are three types of asset in the financial market: cash, bonds and equities. For simplicity, | assume only one equi-
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ty asset, a stock, available, which can be considered as the index of a stock market. The uncertainty in the finan-
cial market is described by two standard and independent Brownian motions Z(t) and Zs(t) with te [O,T], de-
fined on a complete probability space (2, F, P) where P is the real world probability. The filtration F = F(t)
Vte [O,T] generated by the Brownian motions can be interpreted as the information set available to the inves-
tor at time t.

The instantaneous risk-free rate of interest r(t) follows an Ornstein-Uhlenbeck process (Vasicek model)

dr(t)=a(B-r(t))dt+o,dZ, (t), r(0)=r,. 1)

In Equation (1), « and p are strictly positive constants, and o, is the volatility of interest rate. The stochastic
element Z,(t) causes the process to fluctuate in an erratic, but continuous fashion [11].
When the interest rate process is described by Equation (1), the price of zero-coupon bonds for any date of

maturity 7 at time t, B(t, 7, r), is governed by the diffusion equation [7] [8] [11]
dB(t,z,
B((t,: rr)) = (r(t) +h(t, z')aré‘)dt -b(t,7)o,dZ, (1), B(z,7)=1,

where ¢ is the market price of interest rate risk assumed to be constant, and

1- e—a(r—t)
—a .

b(t,7)=
The riskless asset has a price process governed by
dR(t)=R(t)r(t)dt, R(0)=R,. ()

The riskless asset can be considered as a cash fund paying the instantaneous interest rate r(t) without any de-
fault risk. The value of the cash fund at t is then

R(t)=R(O)epr;r(s)ds] (3)

There are zero-coupon bonds for any date of maturity, and a bond rolling over zero coupon bonds with con-
stant maturity K. The price of the zero coupon bond with constant maturity K is denoted by B(t, r) with

dB, (t,r
ﬁ:[r(t)+b’<ar§]dt—b}<ardzr(t), &
where
1_e—aK
by = P .

The relationship between B(t, z, r) and B(t, r) through the riskless cash asset R(t) [7] is
dB(t,z,r) 1_b(t,r) dR(t)+b(t,r) dB, (t,r)
B(t,z,r) be JR(t) b Be(tr)

The above equation shows that the “rolling bond” can be obtained by a portfolio of one zero coupon bond and
the cash asset, and that other bonds can also be obtained through a portfolio of the riskless asset and the “rolling

qu_(:]e- stock has a process of the total return governed by stochastic differential equation (SDE)
dS (t) =S (t)[ us (r.t)dt+v,s0,dZ, (t)+odZg (t)], S(0)=S,, (5)
where
s (r,t)=r(t)+mg (6)

is the instantaneous percentage change in stock price per unit time. The volatility scaling factor v,s measures
how interest rate volatility affects stock volatility and ms is the risk premium, which is assumed to be constant.
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2.2. Wages
The plan member’s wage, Y(t), evolves according to the SDE

dY (1) =Y () (a4 (t)+ 1 (t))dt+V,y0,0Z, (1) +Vy 050Z5 (1) + 0y, dZ, (1)], Y (0)=Y,, )
where uy(t) is a deterministic function of time, age and other individual characteristics such as education and
occupation. These assumptions on wage processes are similar to those by Battocchio and Menoncin [9] and
Cairns et al. [10]. Here oy is a constant and Zy(t) a standard Brownian motion, independent of Z,(t) and Zs(t).
The volatility scaling factors, v,y and vsy measure how interest rate volatility and stock volatility affect wage vo-
latility, respectively. The parameter oy is a non-hedgeable volatility whose risk source does not belong to the set
of the financial market risk sources. When oy = 0, the market is complete. Otherwise the market is incomplete.
3. The Optimization Problem and Hamilton-Jacobi-Bellman Equation
3.1. Terminal Utility Is a Function of Terminal Wealth

The value of the plan member’s pension wealth at time t is denoted by W(t), and the proportions of fund wealth
invested in the riskless asset, bonds and stock are denoted as 6x(t), Os(t) and 65(t) respectively,

28 (t)+03 (t)"'Hs (t)zl' (8)

The SDE governing the pension wealth process is

aw (1) =W (t)[(l—&B 0) R 0,80, dﬂmv (t)at

B

= (W ()] (1=, — 0 )1 +6, (r +b, 0, &) + O g |+ 7Y (1)}t ©)
+W (t) (=g + 64V )o,dZ, +W (t)Gso5dZ,

=[(O'M,+ )W (t)+ 7Y (t)]dt+ 0T, W (t)dZ,.

where 7 is the proportion of wage contributed to the pension plan and Y(t) is the wage income at period t,

0'=[6, 6], M,=[Bo,¢& m], Ti= o 0 2/ =[zZ, Z] 10
=[% 0| 1 =Bk s ] 1= Voo, O_Sl 1=[4r &5 (10)
The stochastic optimal control problem can be written as follows:
max E[U (W (T),T)],
subject to
w My, Q
d = dt dz,,
{w} {(9'M1+r)W +7zY} J{a'rlw} ' (11)
w(0)=w,, W(0)=W,, VO<t<T,
where

O,

’ ! ! r 0
w=[r Y], u,=[a(B-r) Y(u+1)], le{y\,ﬂgr YVSYO'Si|

The solution to this problem should give us the optimal portfolio composition. The Hamiltonian correspond-
ing to the optimization problem (11) is
8J 8 1 0%J 2) 1 , 0%J
H(J)=J +u, —+[(OM +1)W + 7Y |—+=tr| QIQ, — |+ 0T, QW ———+ =0T, Io0W* —. (12
(9)=dct st o+ [ (M + W s 2Y 2045 [“sz QW o T2 W S (12)
In the above equation J (t,W,W) is the value function (maximum expected terminal utility) and subscripts
on J indicate partial derivatives. Differentiating Equation (12) with respect to @ gives the first-order condition
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2 2
M _ lea—JJrr;Qlw o +T,6W? 0 JZ =0, (13)
00 oW owow oW
oH . . . s
where ) is a vector. The optimal portfolio composition is
0 =—(Or,) ' M J—W—(r'r ) T0 Jun (14)
- 101 1 101 1°°1 '
W W

Here 6" =[HB (t)* [ (t)*J , the optimal proportions invested in bonds and stock respectively. The two

terms on the right hand side of Equation (14) can be designated as 6 and ¢, respectively, which are them-
selves vectors with two elements corresponding to certain proportions of investment in bonds and stock. We can
summarize the above results as

Proposition 1: If the terminal utility is a power function of terminal wealth, the optimal composition in risky

. - J . . .
assets has two components, the speculative component —(F{Fl) ! M, WJW (fund 1) to satisfy the risk appetite
Www

- J . . .
of the plan members and the component —(Fil“l) 11"1(21 WJWW (fund 2) to hedge financial market risk.
Www

3.2. Terminal Utility Is a Function of Terminal Wealth-to-Wage Ratio
Applying It6’s lemma, we get the SDE governing the wealth-to-wage ratio X (t) =W (t)/Y (t),

1 w W 2 1
dX (t)==dW ——dY +—(dY )" ——(dwdY). 15
By substituting the value of W, Y, dW and dY, the SDE governing this pension wealth-to-wage ratio process
is:
dX (t)=[(0'M +u) X + 7 |dt+(6'T"+ A") XdZ , (16)
where,
2
Y { e Bt } ey + 0+ o o
Mg —V,y V5O, —Vgy O
, |-bko, 0 O ,
rz ) |: VrSKO-r Oy 0:| ’ A= [_er Oy _VSY Os Oy ] ! (17)

z,=[z, z, z,].

The optimal asset allocation problem is to find the strategy & that maximizes the expected terminal utility of a

plan member,
max E[U (X (T),T)],
subject to
w My, Q'
= 18
d{x} {(H’M+u)X+ﬁ}dt+{(9T’+A)X}dz (18)
where,
o, 0 0
Q'= . (19)
Yv, o, Yv,o, Yo

The Hamiltonian corresponding to the optimization problem (18) is
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2
H(J)=1, +ﬂ@,%+[(9’M +U)X+ﬂ]%+%tr[g’g%j

(20)
2 2
+(OT'+A")Ox ) +3(9'r'r9+29'r'/\+1\'1\)x2 0 ‘]2 :
owox 2 X
Differentiating Equation (20) with respect to & gives the first-order condition
2 2
N _ Mxﬂ+r’9xﬂ+(F’F9+F’A)x2 0 JZ =0, (21)
00 oX OWOX X
The optimal portfolio composition is
* YL 1 ‘]X m\L ‘]WX
¢ =—(I'T) T'A-(TT)" M -(IT) o=, (22)
X XX X XX

The three terms on the right hand side of Equation (22) can be designated as 6;, 6 and &, respectively,
and the additional term ¢; compared with Equation (14) is a preference-free hedging component to hedge
wage risk. The three terms on the right-hand-side of Equation (22) correspond to the optimal asset allocation
strategy with three mutual funds labeled as “cash”, “bond” and “equity” in Cairns et al. [10].

3.3. Terminal Utility Is a Function of Replacement Ratio

. . P(t X (t . L
Applying Ito’s formula to current replacement ratio G(t):£=# where P(t) is the pension in-
Y(1) " a(tr(v)
come if annuitizing the pension wealth now and a(t,r(t)) the annuity rate, gives the SDE governing the re-
placement ratio

4G(t) =<

L oax—— %X _da(tr)+ x)3[da(t,r)}z—%[dx(ja(t,r)] (23)

(t,r) - a(t,r)2 a(t, a(t,r)

The process governing a(t, r(t)) uses the expression by Cairns et al. [10],

da(t,r)=aft, r)K%ca (1)o? —da(r)a(ﬁ—r))dt—da (r)ardzr} 24)

In the above equation, d, (r) is the duration of the annuity function, c, (r) is its convexity

1 aa(t,r) 1 aza(t,r).

a(r):—m or ’Ca():a(t,r) or? (29)

By substituting W, dW, X, a(t, r(t)), dXand da(t,r), the SDE governing the replacement ratio process is:
dG(t)= (H’MZG +u,G +1j dt+(0T"+A},)GdZ (26)
a

where

M. = bKO-r§+(VrY _da)bKO-rz
? ms _(VrY _da)VrSJrz _VSYUSZ '

U, =— 4, +[va -d,v,, —%ca +djjof +Vgy 05 +oy +d,a(B-T), (27)

- |:—bKO'r 0 O

Vo o, 0}, 1\2=[(da—VrY)0'r —Vg, O —UY]I, Z=[Zr Z ZY]’.

The stochastic optimal control problem is
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max E[U (G(T),T)].

subject to
e o dt+ oz 28)
G| |(OM,+u,)G+Z|" "[(0T'+A,)G
a
The Hamiltonian is similar to the wealth-to-wage ratio case and the optimal portfolio composition is

* 1 1 ‘]G Y1 ‘]wG
0 =—(I'T) T'A,—(T'T) "M, —-(T'T) ro—x-. (29)

GG G‘]GG

We can summarize the results in subsections 3.2 and 3.3 as

Proposition 2: If the terminal utility is a power function of wealth-to-wage ratio or replacement ratio, the op-
timal portfolio for DC pension plans in risky assets consists of three funds: 1) a preference-free hedging com-
ponent to hedge wage risk, 2) a speculative component to satisfy the risk appetite of the plan members, and 3) a
state variable dependent hedging component to cover the plan member from financial market risk.

4. Optimal Asset Allocation Strategy for Power Terminal Utility

Since when there is non-hedgeable wage risk, the optimal portfolio problem for power utility has no analytical
solution, the present study will only look at the scenario where wages can be fully hedged. When wage income

is fully hedgeable (o, =0), let Q be the risk-neutral pricing measure and Z (t) and Z(t) independent
standard Q-Brownian motions [10], the wage process under Q is

dy (t)=Y (t)[(,uY () +1(t) =&V 0, —EVey 05 )dt +V,y 0,dZ () + Vg, o5dZg (t)] , (30)
which implies that

Y (z’) =Y (t)exp{f:[m (S)+ I’(S)]dS—(éngrYO—r +85Vsy O +%Vrzvar2 +%V§Y032j(7_t)

W0, [ Z,(7)=Z, () |+ Veyors [ Z5 (7) - Z5 (1) ]}

Here & is a measure of how interest/bond volatility will affect wage, and & is a scale factor measuring how
stock price volatility affects wages. The market value at time t for future contributions to the pension plan paya-
ble between t and T is then

Eo D: exp{_J‘t’r(s)ds};zY (f)dT|Fl:|
1

= 7E, “TY (t)exp{LTyY (s)ds—(gﬁvwo—r + &V, O +%va0,2 +EV§YG§j(T_t)

(31)

oo, [Z,(£)~Z, ()] +vy0i [ Z4 (7) - Z (t)]}dr|Ft] (32)
=Y (t)'[tT exp{j:,uy (s)ds— (&, 0, +EVs 05 ) (7 —t)} dr
= 7Y (t) f ().

The pension plan can have an additional wealth of 7Y (t) f (t) by short-selling a replicating portfolio of

value —7Y (t)f(t), which will be paid off exactly by future contributions from wage incomes. The total

pension wealth enhanced with the present market value of future contributions is W (t)+zY (t) f (t), the op-

timal composition of pension portfolio and their matrix representation are the same as in the case of no wage
income contribution. The optimal strategy is to hold —zY (t) f (t) in the replicating portfolio and invest the

augmented pension wealth W (t) =W (t)+ 7Y (t) f (t) in the optimal composition of pension wealth. The
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composition of the replicating portfolio can be written in vector form

VisVsy = Vi
oF by
o =68 |= Vy . 33)
‘9F? 1— Vg — VisVsy —Viy

K

In the above equation, the superscript R indicates replicating portfolio.

4.1. Terminal Utility Is a Power Function of Terminal Wealth

Since future contributions have been added to enhance the current pension wealth, the Hamiltonian Equation (12)
becomes

2
H(J)=J, +,uV’V%]+(9’M1+r)W (j—\;]v+£tr[9191%j

? (34)
2 2
+0'T;QW o, la’r;rlaw 2 a—Jz.
owow 2 oW
I start with a trial solution by assuming that the value function has the form
IW W)=t g(twf W, g(T.w)=1 vw (35)

1-y

Substituting the partial derivatives of the value function and the optimal proportion composition of pension

fund investment §", Equation (14), and simplifying (see Appendix A for detailed derivation), the Equation (12)
becomes

O, +| 4l +l_77|\/|1'(r;r1)l r;gl} a, +%tr(Q{ngww){ﬁ M, (T0,) ™ M, —1_77r g=0. (36)
By the Feynman-Kac formula [12] [13], there exists a probability measure Q(y) such that
g(t.w(t))=Eq, [ 9(T.W(T))D(tLT)|F ], 37)
where W(s) is governed by the SDE

avi(s) = i, (W(s))ds+Q(w(s),s) dzZ, ﬂw(w(s))=yw+1_77M1'(r;r1)’1r;g2, W(t)=w(t),
and

D(t,T):epr:(p(s)ds]

where

2(-y) v

In Equation (37), F; is the filtration, which can be interpreted as the information available to the investor at
time t. The optimal composition is

1- e A= 1-
(P(S):_{ 7/2 Ml(r1r1) ' M1__7 ]

* 1 ’ - ’ - ’ 0
6 ==(Ir,) " M, +(In) ' T, [T —E, [(s)]ds,
Ve oW,

Since M '(l";l"l)f1 M in ¢(s) does not contain state variables, its derivatives with respect to state variable
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are zero,
o :1(r;rl)*1|\/|1+1‘—7(r;r B j [r]ds. (38)
Y e

The first term of the optimal composition in the above equation is

2 2 2
1 [Vrso-rg-'_o-sg-'_vrsmso-r:l

. 1 -1
6 ==(I'r,) M, =
' 7( i) "M, by (Vrsaf§+msar)

7bK O-ro-s2
The second term (see Appendix B for detailed derivation)

— e(t-T) _
o =1,y er [rlds=17 1.
Y oW, aybg 0

This state variable dependent hedging component contains only bonds and it is horizon-dependent. The op-
timal proportions of pension wealth invested in bonds and equities are

" 2 2 2 g2 alte
|:05i|: l [Vrso-rf'i_asg +VrSmSO-r:l+ 1—}/ |:e (t T) —1:| (39)

6: | ybeool| by (VrS o’é+mgo, ) ayb, 0

When the terminal utility is a function of terminal wealth, the optimal composition of financial wealth is

o s H

2 2 2 g2
VrSO-r§+O-S§ +VrSmSO-r

2 _ a(t-T) _
(1 7Y (1) f (1) ybo, o8 L L-rie 1 (40)
W (t) V50, &+ Mg ayby 0
703
A (O (]
w(t) )

In the above equations, 65 and 6f are the optimal proportions of financial wealth invested in bonds and
stocks respectively, and 65 and 6F are proportions of the replicating portfolio short-sold in bonds and stocks
respectively. The optimal proportion of the financial wealth invested in risk-free assets is

0, (1) =1-6, (1) -6, (1) .

4.2. Terminal Utility Is a Power Function of Wealth-to-Wage Ratio

When the terminal utility is a power function of wealth-to-wage ratio, Equation (20) becomes

2
H(J):Jt+y‘:va—J+(¢9’M +u)xa—‘]+£tr oo’
ow oX 2 ow? (41)

A 0%J . D, 82J
+(0T"+ A" Ox (0FF9+26FA+AA)X
WX ox 2

Substituting the partial derivatives of the value function J (t, x,w) =1ig (t,w)7 x*7 and the optimal pro-
-7

portion composition of pension fund investment &, Equation (22), and simplifying (see Appendix A for detailed
derivation), we get
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g, + |:'u\:v Ay (rry” F'Q} Oy +%tr (Q'Qg,,,)
v

(42)
L7 M)t +1_—yM'(FT’l)F'A—l_—yu g=0.
2( 7/) v 4
Using Feynman-Kac formula, the optimal portfolio composition is
o :—(r'r)’1 'A—(T ) M i+ I'T) 'Q_[ ]ds (43)

-7

where

1_7/ (1)L 1_}/ r(rre\ L 1_7
o(s)=— M/(TT) M +==Z M (rry A -2y |,

Since all the terms in the function ¢(s) do not depend on the state variables r and VY, its derivatives with re-
spect to w; are zero and the above equation becomes

¢ =—(I'T) " T'A+(T'T) ' M L (44)
I
The first term in the above equation is
9* — _(l—wr)*l F’A _ _1 bKVrY O-rzo-sz - bKVrsVSY O-rzo-sz — i VrSVSY _VrY .
’ bz O' O's _br2< Vsy O'r2 O's2 by By Vey

The second term is

6 =(rryME= ;[

2 2 2 2 2
VisO; 6 + 056 + V0,05 +V,isMsO, —VsVsy 0,05
2
7 ybgo,oq

by (Vrsdrz‘f +Mso, —Vgy O'ro'sz)
The optimal proportions of pension wealth invested in bonds and equities are

. 2 2 2 2 2
{93} 1 {VrsvSY —er:|+ 1 [Vrso'ré"'o'séz"'vrvo'ro's +VisMs o, _VrSVSYO-rO-S]

. (45)
05| bl byVsy b (VrS o/&+ Mo, ~ Vg, 0,08 )

7bK O-rGSZ
The optimal proportion of pension wealth invested in risk-free assets is
O, =1-6; -0; .

The optimal composition of financial wealth is

O | [, 7O F(O))65 | YO F(1)}05

o< W(t) )6 W(t) |6f
r VisOrE +05E +Vpy 0,0¢ +Vis Mg T, —VisVsy 0,0 (46)

Yt “V | 0 v (1) £ (1) Ybe 07

= by +| 1+ ———= '

W(t) Vs, & + Mg _sto'sz

VSY

2
YO

4.3. Terminal Utility Is a Power Function of Replacement Ratio
When the terminal utility is a power function of replacement ratio, substituting the partial derivatives of the val-

ue function J(t,G,w)= %g (t,w)"G*” and the optimal proportion composition of pension fund investment
e

6", Equation (29), into Equation (41) with x replaced by G, we get
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g, + {yw+1—M (rr) F’Q}gw+%tr(Q'QgWW)
Y

(47)
1_7/ 1 Y ’ YL 1_7/ )L
+{7u2—7M2(FF) FAZ_Z(_—}/)ZMZ(FF) M2:|g=O
Using the Feynman-Kac formula, the optimal pension portfolio composition is
0 =—(C'T) " T'A, +(T'T) "M, = —(I'T) " T'Q j (s)]ds, (48)
4
where
1_7/ 1- }/ ’ 1_7 ’ L
p(s)=—"u, - M. I'A, ————M)(I'T) M,.
(6= = M () T, S (),
Since only u, explicitly depends on the state variables,
0 =T A, + (0T M, 2 L (rry g, [T %Et [u,]ds (49)
e e t

It is necessary to find out the modified process of r for computing integral in the third term in Equation (49) in
the same way as in Section 4.1 when terminal utility is a power function of terminal wealth. The optimal propor-
tions of pension wealth invested in bonds and equities are

{9;:| _ i|:da —Viv +VrSVSY:|
0| by by Vsy

1 VrZSO-rzé + 6825 + (er - da)aro-s2 ""Vrs mSO-r _VrSVSY O'erz
+ 2 2 2 2 (50)
Yoo by (Vrso'r ¢ +Mso, —V5,0,.0% )
_ a(t-T) _
. 1- 14 da (e 1) .
by 0
_ " . _ o Y () F(t)
The optimal composition of the financial wealth in hand is similarly the sum of 1+———~—~= pension

w(t)

Y (t) f(t)
W(t)
From the results in Section 4, we have the following
Proposition 3: The optimal composition of DC pension portfolio with power utility functions are either static

or deterministic lifestyle, the stochastic life styling in terms of pension plan financial wealth results from the

stochastic wages.

The state variables dependent hedging component corresponds to the “bond” fund in Cairns et al. [10] and
they conclude that “bond” fund becomes zero when the pension plan is funding for a cash lump sum. As shown
in the present study, it is when funding for wealth-to-wage ratio “bond” fund becomes zero, whereas when fund-
ing for a cash lump sum “bond” fund does not become zero.

Cairns et al. [10] conclude that the *“equity” fund is dominated by equities, but they have not proved it be-
cause they do not separate equities from bonds explicitly. In the present study, bonds and equities are explicitly
separated; the “equity” term of Equations (39), (45) and (50) contains a substantial investment in bonds. To in-
vestigate which asset is more dominant in the “equity” fund, the proportions of bonds and equities in the “equity”
fund are calculated for different values of relative risk aversion with the parameters in Table 1, which are com-
monly assumed in pension and finance studies [7]-[10]. The numerical results indicate that the speculative
component or “equity” fund is actually dominated by bonds for all the three functional forms of power utility
(Figure 1).

The relationship between optimal asset proportions (which is static) and the relative risk aversion coefficient

portfolio of Equation (50) and — wage replicating portfolio of Equation (33).
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Table 1. Parameters used in numerical simulation.

Interest rate Value
Mean reversion, a 0.2
Mean rate, f 0.05
Volatility, oy 0.02
Initial rate, ro 0.05
Fixed maturity bond
Maturity, K 20 years
Market price of risk, & 0.15
Stock
Risk Premium, ms 0.06
Stock own volatility, o5 0.19
Interest volatility scale factor, vis 3or-3
Wage
Wage premium, uy 0.01
Non-hedgeable volatility, oy 0.01
Interest volatility scale factor, vy 0.7
Stock volatility scale factor, vsy 0.9
Initial wage, Yo 1
Contribution rate, 10%
Length of pension plan, T 45

Cash, Bond and Stock Proportions in "Equity

Cash, Bond and Stock Proportions in "Equity
Fund" for Function of Wealth-to-Wage Ratio

Fund" for Function of Wealth

3
2 7 2 .
2 14 2 14
& &
2 / 3
< 17 ---Cash < 11
24 ':' - - Bond 2 4
H —Stock
33— """"""""""""- B+
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
Relative Risk Aversion Relative Risk Aversion

Cash, Bond and Stock Proportions in "Equity
Fund" for Function of Replacement Ratio

3
C
2,
g2 14
¢
“50
3
< 14y -=-Cash
_2,," = -Bond
| —Stock
B3HrTT T

0 1 2 3 4 5 6 7 8 9 10
Relative Risk Aversion

Figure 1. The relationship between relative risk aversion coefficient y and the optimal proportions of bond and
stock in “equity fund” for pension portfolio when terminal utility is a function of wealth, wealth-to-wage ratio
or replacement ratio respectively. The asset ratio range is cut off at =3 and 3 in order to show details of asset

proportions when y <1. Results for tnterest volatility scaling factor for stock v, =3 are shown, and the
results are similar for v, >1. (A) Terminal utility is a power function of terminal wealth; (B) Terminal utility
is a power function of wealth-to-wage ratio; (C) Terminal utility is a power function of replacement ratio.
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is shown in Figure 2(A) for the wealth-to-wage ratio case, also calculated with parameters in Table 1. It is easy
to see from Figure 2(A) that an individual will stop short-selling cash for buying stock only when her relative
risk aversion is high.

The absolute value of the replicating portfolio decreases as t increases (i.e. the retirement date approaches),
whereas W(t) is generally increasing in t. Because the optimal composition of the augmented pension wealth is
different from the composition of the replicating portfolio, the change in their relative sizes will affect the op-
timal composition of their sum, the financial wealth. Therefore, although neither the optimal composition of
augmented pension wealth nor the composition of the replicating portfolio is horizon dependent when the ter-
minal utility is a function of terminal wealth-to-wage ratio, the optimal composition of the pension plan financial
wealth is horizon-dependent. When the terminal utility is a function of lump cash sum or replacement ratio, the
horizon dependence comes from both the pension portfolio per se and the change in the relative sizes between
the pension portfolio and the wage replicating portfolio.

As illustrated in Figure 2(B) where parameters in Table 1 and y = 2 are used in the numerical simulation, the
optimal proportions of the three assets are horizon dependent. The values of cash, bond and stock in the finan-
cial wealth and the total value of financial wealth (in terms of wealth-to-wage ratio) over the life of the pension
plan are shown in Figure 2(C).

The short-sold replicating portfolio is being paid off over time, so that the proportion of riskless asset in the
financial wealth increases and the proportions of risky assets decrease. The optimal portfolio composition in
terms of financial wealth is therefore stochastic lifestyling [10]. This is consistent with the results of Bodie et al.
[14] and Campbell and Viceira [3] that the presence of (risky) labor incomes tilts the portfolios towards risky
financial assets.

Cash, Bond and Stock Proportions in Pension Optimal Proportions of Cash, Bond and Stock in

Wealth for Power Utility, vrs=3

Financial Wealth, y=2

3
\ A -=--Cash B
2 1 N, = -Bond
S 17 = 8 —Stock
g TTTimeeaee— §
5z 0 g O eI
A R L 8 5 LT
<11 eeemT ---Cash <
2 | /*” - -Bond
,/' —Stock
'3 T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T
o 1 2 3 4 5 6 7 8 9 10 20 30 40
Relative Risk Aversion Time

Wealth-to-wage ratio

150

100 A
50 A

-50

-100
-150

Financial Wealth and Its Cash, Bond and Stock
Components for Power Utility, y=2

=-=-Cash
- -Bond
—Stock
++++ Financial wealth

------
-~
-

B ~

T T T T T T T T T T T
20
Time

Figure 2. (A) The relationship between the optimal composition of pension portfolio and the relative risk
aversion coefficient when terminal utility is a power function of wealth-to-wage ratio; (B) The horizon-depen-
dent profile of optimal proportions of cash, bond and stock in financial wealth for power utility over the life of
the pension plan; (C) The values of cash, bond and stock in the financial wealth and the total value of financial
wealth (in terms of wealth-to-wage ratio) over the life of the pension plan. For the simulation results shown in
Figure 2(B) and Figure 2(C), parameters in Table 1 are used, the relative risk aversion coefficient y = 2 and

interest volatility scaling factor for stock Vs =3. The results are from 1000 simulations.
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5. Conclusions

In this paper the optimal portfolio problem under stochastic interest rate and wage income is solved for different
functional forms of power utility, when there are three assets, cash, bonds and stock, in the financial market.
Under the present model assumptions, the optimal portfolio (for an unspecified utility function) invests in both
riskless and risky assets. The investment in risky assets contains three components when terminal utility is a
power function of replacement ratio: a preference free hedging component, a speculative component, and a state
variable dependent component. This result is consistent with that of Cairns et al. [10]. The three components are
roughly corresponding to the “cash”, “equity” and “bond” funds in Cairns et al. [10]. When terminal utility is a
power function of terminal wealth-to-wage ratio, the state variable dependent component disappears; when ter-
minal utility is a power function of terminal wealth, the preference-free component disappears.

Closed form solution is derived for power terminal utility when there is no non-hedgeable wage risk. The
state-variable dependent hedging component disappears when the expected terminal utility is a power function
of wealth-to-wage ratio. The preference free hedging component and the speculative component contain both
bonds and stocks, and even the speculative component (“equity” fund) can have a larger proportion of bonds,
which is different from the conclusion of Cairns et al. [10]. Since both the preference free hedging component
and the speculative component are horizon independent, the optimal pension asset allocation strategy of pension
wealth per se is horizon independent. The positive correlation between stock returns and wage growth increases
the optimal proportion invested in stocks. When the future contributions from wage incomes are hedged by
short-selling a replicating portfolio, the optimal portfolio composition of pension plan financial wealth (aug-
mented pension wealth + short-sold wage replicating portfolio) is horizon dependent.

To summarize, the optimal pension portfolio for the DC pension plans is horizon independent when terminal
utility is a power function of pension wealth-to-wage ratio, and horizon dependent when terminal utility is a
power function of terminal wealth or replacement ratio. The optimal portfolio composition of pension plan fi-
nancial wealth is horizon dependent. The speculative component to satisfy the risk appetite of the plan members
consists of both bonds and stocks.
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Appendix A. Derivation of the Differential Equation for Feynman-Kac Formula

The derivatives of the value function J (t,W,w)= % g(t,w) W are

Jo = ! gy—lgwl—y, ‘]W:gyw_y’ wa:_ygyw_y_ln J

— Y -1 Wl—y
1_7/ t w 1—}/ g gw !

(A1)
T =797 W 4 gy WL =297 QW
In the above equations J,,, Jww and g,, are vectors, and J,,, and g, are matrices.
Substituting the partial derivatives of the expected terminal power utility function in (Al) into the HIB Equa-
tion (34) gives

g W (OM ) g W 4 g g W
1-7y 1=y

+%tr{Q{Q{( 7)9 fgiwt +1 g’ g W”}} (A2)
+0T; Q9" g W7 +%HT{F19(—;/) g’W*7 =0.

Substituting the optimal composition of pension fund investment &°, Equation (14), into (A2) and simplifying
leads to Equation (36)

’ 1- 8 sli -1 1 ’ 1- iy - 1-
9 "{ﬂw +_}/M1(F1F1) 1F1Q1}gw +§tr(91919ww)_[—72M1(F1F1) ' Ml__yr]g =0.
/4 2(-7) 4

For the scenario where terminal utility is a function of terminal wealth-to-wage ratio, replacing W with x in
the value function and its derivatives in Al and substituting the derivatives into Equation (41) gives

g7 g X +(OM +u) g X 4, g7 g
1-7y 1-y

1
ZtriQ'Q 72g X A3
+2r{ {( )90, X +1_yg TOuX }} (A3)

+OT' +A")Qyg g, X" +%[9TTO+ 20'T'A+A'A](~7) g/ X" =0.

Substituting the optimal composition of pension fund investment &°, Equation (22), into (A3) and simplifying
leads to Equation (42).

g, + {uv'v A7 "(rr)” F'Q} g, +%tr (2Qg,,)
Y

[22 o _M(rr)tm i p LM (rT)ra- 1/ ]g 0.

For the scenario where terminal utility is a function of replacement ratio, the equation has the same form ex-
cept that A is replaced with A,, M with M,, and u with u,.
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Appendix B. Solution for the Speculative Component

It is necessary to find out the modified process of r for computing the second term in Equation (38). The matrix

product
-1 _éo-r
' M . B1
Ql (rlrl) rlMl _Yer ‘:zo-r +YVSY (VrS éro-r + mS )i| ( )
The modified process of r is

1-y)(- dz
ar —a(p-r)+ EDC%E) g1 o]{ } (B2)

Y dZg

The solutions of the above processes, for s>t , are
1—v)(=-
o L))

= = a(t-s) V4 a(t-s) S _—a(s-7)
F(s)=F(t)e"" ™ + - (l—e )+o-,.|'t e dz, (7). (B3)

The expected value of the modified interest rate process at time t is

i U0)

E[F(s)]=F(t)e" ™ + /4 (1—e“(“3)) ,
(24
F(t)=r(t) (the boundary condition). (B4)
The integral in the second term is
J~T aEt [r] S
toor(t Tga(t-s) _eelt-T)
J'TiEt[r]ds= (t) || f e s |_1[1-e . (B5)
tow, [ OE, [r] 0 al 0
toY(t)

The second term

* 1_7 ' -1 T 0
92 =7(F1F1) FlQ-[t MEI [r]ds

B6
1yl Y (VrY ~VisVsy ) 1-e*t " 1y e’ 1 (86)
ayb, | 0 Yb, Vgy 0 ayb, 0 '

OALibJ | DOI:10.4236/0alib.1100754 17 July 2014 | Volume 1 | e754


http://dx.doi.org/10.4236/oalib.1100754

	Optimal Asset Allocation Strategy for Defined-Contribution Pension Plans with Different Power Utility Functions
	Abstract
	Keywords
	1. Introduction
	2. The Model
	2.1. Market Structure
	2.2. Wages

	3. The Optimization Problem and Hamilton-Jacobi-Bellman Equation
	3.1. Terminal Utility Is a Function of Terminal Wealth
	3.2. Terminal Utility Is a Function of Terminal Wealth-to-Wage Ratio
	3.3. Terminal Utility Is a Function of Replacement Ratio

	4. Optimal Asset Allocation Strategy for Power Terminal Utility
	4.1. Terminal Utility Is a Power Function of Terminal Wealth
	4.2. Terminal Utility Is a Power Function of Wealth-to-Wage Ratio
	4.3. Terminal Utility Is a Power Function of Replacement Ratio

	5. Conclusions
	Acknowledgements
	References
	Appendix A. Derivation of the Differential Equation for Feynman-Kac Formula
	Appendix B. Solution for the Speculative Component

