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Abstract

The purpose of this paper is to study dynamic interactions among capital accumulation, environmental
change and labor distribution. We try to synthesize the growth mechanism in the neoclassical growth theory
and the environmental dynamics in traditional models of environmental economics within a comprehensive
framework with an alternative approach to household behavior. We build a model which describes a dy-
namic interdependence among physical accumulation, environmental change and division of labor under
perfect competition with environmental taxes on production, wealth income, wage income and consumption.
We simulate the model to demonstrate existence of equilibrium points and motion of the dynamic system.
The simulation demonstrates some dynamics which can be predicted neither by the neoclassical growth the-

ory Solow model nor by the traditional economic models of environmental change.
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1. Introduction

The purpose of this study is to study interactions between
environmental change and economic growth. In recent
years environmental issues have received more attention
than ever. Global warming threatens living conditions of
mankind and local environmental catastrophes are daily
reported in TVs. It is challenging for economists to ex-
plain economic mechanisms and consequences of envi-
ronmental changes. Environmental issues have increas-
ingly caused attention in the literature of economic
growth and development (see [1-3]). As mentioned by
[4], one can find three effects that are important in ex-
plaining the level of environmental pollution and re-
source use. The three effects are: 1) increases in output
tends to require more inputs and produce more emissions;
2) changes in income or preferences may lead to policy
changes which will affect production and thus emission;
and 3) as income increases, the economic structure may
be changed which will causes changes in the environ-
ment (see [5-7]). It is argued that the net effect of these
effects tends to result in the environmental Kuznets
curve. Kuznets [8] postulated that economic growth and
income inequalities follow an inverted U-curve. The en-
vironmental Kuznets curve refers to the same relation
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between environmental quality and per capita income. A
recent survey on the economic models for the curve is
given by [7]. Nevertheless, a large number of empirical
studies on the environmental Kuznets curve for various
pollutants find different relations—for instance, inverted
U-shaped relationship, a U-shaped relationship, a mono-
tonically increasing or monotonically decreasing rela-
tionship—between pollution and rising per capita income
levels (see [4,9,10]). The ambiguous or situation-de-
pendent relations between environmental quality and
economic growth and the inability of economic growth
theory for properly explaining these observed phenom-
ena implies the necessity that more comprehensive theo-
ries are needed.

Economic growth often implies worsened environ-
mental conditions. Growth also implies a higher material
standard of living which will, through the demand for a
better environment induces changes in the structure of
the economy to improve environment. As a society ac-
cumulates more capital and makes progresses in tech-
nology, more resources may be used to protect environ-
ment. Tradeoffs between consumption and pollution
have been extensively analyzed since the publication of
the seminal papers by [11,12]. Issues related to interde-
pendence between economic growth and environment
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have been examined from different perspectives. This
paper is concentrated on tradeoffs between economic
growth, consumption, and pollution. Pearson [13] classi-
fies determinants of the environmental quality into de-
mand and supply. The supply side includes the popula-
tion, levels of economic activities, structures of produc-
tion and consumption, efficiencies, use of different fuels
and materials, and external factors. The demand side
includes the price of environmental quality, preference,
and information and its acquisition. As reviewed by [7],
most studies of the environmental change take account of
either supply side or demand side, but not both within a
single analytical framework. As both production and
consumption pollute environment, it is important to take
account of all these effects within a compact framework.
This study attempts to make a contribution to the lit-
erature by examining interdependence between savings
and dynamics of environment with an alternative ap-
proach to consumers’ behavior. It is an extension of the
growth model with environment proposed by [14]. It is
similar to the dynamic model by [15] in many aspects.
Like in [15], we allow capital allocation between com-
modity production and pollution abatement; but different
the previous model in which labor is omitted in the
economy and neglect possible pollution due to consump-
tion, we allow labor allocation between commodity pro-
duction and pollution abatement and explicitly treat
consumption as a source of pollution. We also use an
alternative approach to household behavior. Rather than
taking account of environmental action by firms and
households, this study introduces environmental taxation
on firms (outputs), wealth income, and wage income.
There are models with environmental tax incidence (see,
[16,17]). Our approach differs from the traditional ap-
proaches mainly with regard to how the environmental
taxation affects behavior of households. The paper is
organized as follows. Section 2 introduces the basic
model with wealth accumulation and environmental dy-
namics. Section 3 examines dynamic properties of the
model and simulates the model, identifying the existence
of a unique equilibrium and checking the stability condi-
tions. Section 4 studies effects of changes in some pa-
rameters on the system. Section 5 concludes the study.
The appendix proves the analytical results in Section 3.

2. The Basic Model

The economy has one production sector and one envi-
ronmental sector. Most aspects of the production sector
are similar to the standard one-sector growth model (see
[18,19]). It is assumed that there are only one (durable)
good and one pollutant in the economy under considera-
tion. It should be noted that the traditional approach in
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the environmental economics usually assumes a single
pollutant. Nevertheless, many production processes are
accompanied by the emissions of multiple pollutants. For
instance, [20] develop a model of optimal abatement
with multiple pollutants. The pollutants can be either
technological substitutes or complements (see [21-23]).
Households own capital of the economy and distribute
their incomes to consume the commodity and to save.
Exchanges take place in perfectly competitive markets.
We assume a homogenous and fixed population. The
labor force is distributed between the two sectors under
perfect completion in labor market. We select commod-
ity to serve as numeraire (whose price is normalized to 1),
with all the other prices being measured relative to its
price.

2.1. The Production Sector

In the literature of environmental economics, pollution
may affect productivity through the channel that pollu-
tion directly affects production technology or the pro-
ductivity of any input (see [24-27]). We assume that
production is to combine labor force, N;(t) and
physical capital, K; (t) . We add environmental impact
to the conventional production function. The production
function is specified as follows

F (t) =AT, (E)Kimi (t) Niﬁi (t)’
Ao, f,>0, o + f =1,

where F (t) is the output level of the production sector
at time t, I';(E) is a function of the environmental
quality measured by the level of pollution, E(t) and
A, and f, are parameters. It is reasonable to as-
sume that productivity is negatively related to the pollu-
tion level, i.e., I';(E)<0 .

Markets are competitive; thus labor and capital earn
their marginal products. As the environmental quality is
given for individuals firms, it is not a decision variable
for firms. The rate of interest, r(t) and wage rate,
w(t) , are determined by markets. The marginal condi-
tions are given by

G (1 g ) F (t) W(t)

r(t)+ o, = <) ,

(M

2
where o, is the fixed depreciation rate of physical
capital and 7; is the fixed taxrate, 0 < 7, <1.

2.2. Consumer Behaviors
Consumers choose how much to consume and how much

to save. We apply an alternative approach to behavior of
the household. We denote per capita wealth by k(t) ,
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where k(t)= K (t)/N . Per capita current income from
the interest payment r(t)k(t) and the wage payment
w(t) is given by

y(t) = (1= 7)r()k(t) + (1 -7, )w(t)

where 7, and 7, are respectively the tax rates on the

interest payment and wage income. We call y(t) the
current income. The per capita disposable income is

§(t)=y(t) +k(t). 3)

The disposable income is used for saving and con-
sumption. At each point of time, a consumer would dis-
tribute the total available budget among saving, s(t)
and consumption of the commodity, C(t) . The budget
constraint is given by

(1+1z)c(t) +s(t) = y(t). 4)

where 7, is the tax rate on the consumption. It should
be noted that this study does not explicitly take account
of consumers’ awareness of environment. For instance,
consumers may prefer to environment-friendly goods
when their living conditions are changed. With regard to
how much money the economic agent should spend on
environmental improvement, [28] holds that at a lower
level of pollution, the representative agent does not care
much about environment and spends his resource on
consumption; however, as the environment becomes
worse and income becomes higher, more capital will be
used for environmental improvement. We may take ac-
count of changes in consumers’ behavior, for instance,
by assuming that the representative consumer spends a
proportion of the disposable income on environment or
the tax rate on the consumer’s consumption is explicitly
related to income and consumption level.

At each point of time, consumers decide S(t) and
c(t). For simplicity of analysis, we specify the utility
function as

U(t)=c®(t)s® ()E™(t), &. 4,1 >0,

where &, is called the propensity to consume and A,
the propensity to own wealth. A detailed explanation of
the approach and its applications to different problems of
economic dynamics are provided in [14]. It should be
noted that in [29,30], it is assumed that utility depends
negatively on pollution, which is a side product of the
production process. As reviewed by Munro [31], “envi-
ronmental economics has been slow to incorporate the
full nature of the household into its analytical struc-
tures. ... An accurate understanding household behavior
is vital for environmental economics.” Our approach to
household behavior is still over-simplified as, for in-
stance, we analyze an economy with a single good and a
single pollutant. We will deal with household behavior

Copyright © 2011 SciRes.

more realistically by, for instance, introducing multiple
goods into the utility functions and each good has dis-
tinct features with regard o pollution (and may be subject
to different environmental policies). We may also take
account of family structure in the modeling. How to take
account of different aspects of reality is illustrated by
[14], even though it may be difficult to construct practi-
cally meaningful and analytically tractable models.

For the representative consumer, wage rate W(t) and
rate of interest r(t) are given in markets and wealth
k (t) is predetermined before decision. Maximizing
U (t) subject to budget constraint (4) yields

c(t)=£9(t), s(t)=29(t), ®)
where
_ P& _ _ 1
§_I+rc’ A=ph p_§0+/10'

In this study, the pollution does not directly affect the
household’s decision. This occurs because we omit, for
instance, space in our model at this initial stage. If we
explicitly introduce urban structure, then the pollution
will directly affect households’ decisions through the
decision on choice of residential location of households.

We now find dynamics of capital accumulation. Ac-
cording to the definition of s(t) the change in the
household’s wealth is given by

k(t) =s(t) - k(t). (6)

The equation simply states that the change in wealth is
equal to saving minus dissaving. As output of the pro-
duction sector is equal to the sum of the level of con-
sumption, the depreciation of capital stock and the net
savings, we have

C(t) +S(t) - K(t) + 5, K(t) = F (t), %)

where C(t) is the total consumption, S(t)— K(t)+
o, K (t) is the sum of the net saving and depreciation.
We have

C(t) =c(t)N, S(t)=s(t)N.

Let Nand K(t) stand respectively for the (fixed) the
population and total capital stock. The labor force is al-
located between the two sectors. As full employment of
labor and capital is assumed, we have

Ki(t) + K (1) =K(t), N(t)+ N (t)=N. (8

We now describe dynamics of the stock of pollutants,
E(t) . We assume that pollutants are created both by
production and consumption. We specify the dynamics
of the stock of pollutants as follows

E(1)=0, (1) +,C() - Q) ~6EW).  ©)

in which q;,q,, and @, are positive parameters and
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Q. (1) = AT.(E)K= ()N (), A, e, >0,(10)

where N, (t) and K,(t) are respectively the labor
force and capital stocks employed by the environmental
sector, A, o, and f, are positive parameters, and
I'.(E)(=0) isa function of E. The term #; F means
that pollutants that are emitted during production proc-
esses are linearly positively proportional to the output
level (see [32]). The parameter, 6, means that in con-
suming one unit of the good the quantity 6, is left as
waste. In [33-35], consumption degrades environment.
The parameter 6, depends on the technology and envi-
ronmental sense of consumers. The parameter 6, is
called the rate of natural purification. The term 6 E
measures the rate that the nature purifies environment.
The term, K% N/ in Q, means that the purification
rate of environment is positively related to capital and
labor inputs. The function, T, (E) implies that the pu-
rification efficiency is dependent on the stock of pollut-
ants. It is not easy to generally specify how the purifica-
tion efficiency is related to the scale of pollutants. For
simplicity, we specify I', as follows Fe(E) =6,E",
where 6, >0 and v>0 are parameters.

We now determine how the government determines
the number of labor force and the level of capital em-
ployed for purifying pollution. We assume that all the tax
incomes are spent on environment. The government’s tax
incomes consist of the tax incomes on the production
sector, consumption, wage income and wealth income.
Hence, the government’s income is given by

Y. (t)=7,F(t)+ 7, C(t) + 7, Nw(t) + 7, r (t)K(t).
)
Ono [36] introduces tax on the producer and uses the
tax income for environmental improvement in the tradi-
tional neoclassical growth theory. For simplicity, we
assume that the government’s income is used up only for
the environmental purpose. As there are only two input
factors in the environmental sector, the government
budget is given by

(r(t) + ) K, (t) + w(t)N, (t) =Y, (t). (12)

We need an economic mechanism to analyze how the
government distributes the tax income. We assume that
the government will employ the labor force and capital
stocks for purifying environment in such a way that the
purification rate achieves its maximum under the given
budget constraint. The government’s optimal problem is
given by

Max Q, (t) s.t.:

(r(t) + 6 ) K (1) + w(t) N, () = Y, (t).

The optimal solution is given by
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(r(t) + 0, )K, (t) =Y, (t), w(t)N,(t) = BY,(t).(13)
where

A
ae+ﬁe ae+ﬂe

We have thus built the dynamic model. We now ex-
amine dynamics of the model.

3. The Dynamics and Its Properties

This section examines dynamics of the model. First, we
introduce a new variable by z(t)=K;(t)/K,(t). We
now show that the dynamics of the economic system can
be expressed by the two-dimensional differential equa-
tions system with z(t) and E(t) as the variables.

Lemmal

The economy is governed by the 2-dimensional dif-
ferential equations

2=A,(z,E), E=A.(z,E), (14)

where the functions in (14) are only dependent on Z(t)
and E(t) which are given in the appendix. Moreover,
all the other variables can be determined as functions of
z(t) and E(t) at any point of time by the following
procedure: K by (A6) — K; and K, by (A2) — N;
and N, by (A3) - F by (1) » rand w by (2) - Q,
by (10) - y by (3) — cand sby (11).

As the expressions of the analytical results are tedious,
for illustration we specify the parameter values and
simulate the model. We specify the parameters as fol-
lows

[,=E", I,=E™, b=01,b =02, N, =5,
a,=03, A=1, =07, 5,=07, A =05,
4 =006, & =0.15, 5 =0.05, 6; =0.1,
6,=0.1, 6,=005 7,=7 =7 =1, =005. (15
The population is fixed at 5. The propensity to save is
much higher than the propensity to consume the com-
modity and the propensity to consume the renewable

resource. Under (15), the dynamic system has a unique
equilibrium point. The equilibrium values are given as in

(16)

K=2555 E=0.78, F =728, Q, =1.30,

N, =4.68, N, =0.32, K, =18.68,

K, =6.87, r=0.061, w=1.03, c=1.22. (16)

The two eigenvalues are —0.55 and —0.14 . This
guarantees the stability of the steady state. Hence, the
dynamic system has a unique stable steady state.

Lemma 2
If the parameter values are specified as in (15), the
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dynamic system has a unique stable equilibrium.

With the initial conditions, z(0)=3.0 and E(0)=
0.5, we plot the motion of the system as in Figure 1. The
length of the simulation period is 40, which is long
enough for the system approach its unique equilibrium
point. The national capital stock and capital stocks em-
ployed by the two sectors are increased over time. The
disposable income, current income, the output level of
the industrial sector, the wage rate and consumption level
are all increased. The labor force shifts from the produc-
tion sector to the environmental sector over time. The
rate of interest falls as the capital intensity is increased.
The level of pollution rises initially and then falls.

As far as the standard one-sector neoclassical growth
theory (i.e., the Solow model) is concerned, our model
predicts the same growth pattern. Nevertheless, our eco-
nomic structure contains environmental aspects. We now
show that our model identifies the environmental
Kuznets curve. To see clearly the relation between the
current income and the environmental change, we plot
the two variables in 20 years as in Figure 2. It should be
remarked that in this study we assume that the environ-
mental tax rates are not dependent on the economic and
environmental conditions. It is more realistic to assume
that the tax rates are related to these conditions. It ex-
pected that within this modeling framework (without
other externalities and endogenous knowledge), if the tax
rates are, for instance, positively related to the economic
conditions, then the equilibrium level of pollution should
be lower and it would take less time for the system to
start experiencing environmental improvement.

4. Comparative Dynamic Analysis

This section examines effects of changes in some pa-
rameters on the motion of the economic system. First, we
study the case that all the parameters, except the speed
that consumption pollutes the environment, are the same
as in (15). We increase the parameter in the following
way: 6.: 0.1 = 0.12. The simulation results are dem-
onstrated in Figure 3. In the plots, a variable AX; (t)
stands for the change rate of the variable X; (t) in per-
centage due to changes in the parameter value. We will
use the symbol A with the same meaning when we
analyze other parameters. The rise in the speed that con-
sumption pollutes the environment, reduces the national
and two sector’s capital stocks, wage rate and level of the
consumption good, the interest rate. The labor force em-
ployed by the environmental sector rises initially and
then approaches to the same equilibrium value as before.
The level of pollution is increased over time. Hence, if
the consumers have less awareness of environment, all
aspects of the living conditions are deteriorated. When
the consumers pollute more environment with same level
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Figure 2. The Environmental Kuznets Curve.

of consumption, there are more pollutants. As the envi-
ronmental condition is deteriorated, the productivity be-
comes lower, which leads to less capital and lower wage
rate. As the dynamic system has a unique stable equilib-
rium, it approaches its steady state.

We now raise the propensity to save the following way:
Ay: 0.6 = 0.62. The simulation results are demon-
strated in Figure 4. The effects of a rise in the propensity
to save are quite similar as the effects of a rise in the
saving rate in the Solow model. The output of the pro-
duction sector, wage rate, capital stocks and income are
increased. It should be noted that different from the So-
low model, the short-term as long-term consumption
level is increased in our model. This occurs partly be-
cause as the consumers save more out of the income,
capital is increased. As capital is increased, some work-
ers shift their jobs in the environmental sector to the
production sector. Hence, although the rise in the pro-
pensity to save tends to reduce consumption, the net ef-
fect is to raise consumption. The environment is im-
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proved over time mainly because a higher propensity to
save leads to increases in the environmental sector total
effort, Q,(t).

If we raise the environmental tax rate on consumption
as follows: 7,: 0.05 = 0.07, then the dynamic path of
the economic system is shifted as illustrated in Figure 5.
Initially, the economic system suffers and the environ-
ment deteriorates. But soon the economic conditions are
improved and the environment becomes better.

5. Concluding Remarks

This study built a model which describes a dynamic in-
terdependence among physical accumulation, environ-
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Figure 3. Consumption Pollutes the Environment More
Rapidly.
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mental change and division of labor under perfect com-
petition with environmental taxes on production, wealth
income, wage income and consumption. We synthesized
the growth mechanism in the neoclassical growth theory
and the environmental dynamics in traditional models of
environmental economics within a comprehensive
framework with an alternative approach to household
behavior. We simulated the model to demonstrate exis-
tence of equilibrium points and motion of the dynamic
system. The simulation demonstrates some dynamics
which can be predicted neither by the neoclassical
growth theory Solow model nor by the traditional eco-
nomic models of environmental change. We may extend
the model in some directions. For instance, we may in-
troduce leisure time as an endogenous variable. Munro
[31] correctly points out: “In the unitary model, the
household acts as if it is a single individual maximizing a
single utility function in the face of one budget constraint.
It is a simplifying modeling assumption that is widely
used in most branches of economics, but it is wrong. The
fact that the unitary model is inaccurate is well-known
and has been known for many years now.” It is important
to take account of family structure as well as economic
structure in analyzing relations between growth and en-
vironmental change. As demonstrated by [37], consum-
ers voluntarily pay significant price premiums to acquire
environmental attributes in environment-friendly prod-
ucts. Whether fast economic growth will hurt or improve
environmental quality is also dependent on the pollutant
(see [9]). We may analyze this issue by introducing mul-
tiple goods into the model. Another important extension
of this research is to study dynamic interdependence
among economic growth, health and environment (see
[32,38-40]).
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Appendix

We now show that the dynamics can be expressed by a
two-dimensional differential equations system. From (2)
and (13), we obtain

Ki

=GN (A1)
Ne

K

e

where we omit time index and & = S, o, / o, 5 By (Al)
and (8), we solve

zK K
A T S A2
ozl z+1 (A2)
N =Ny oM (A3)
lI+a 7+

From wN, = Y, in(13) and (11), we have
WN,

=R+, NEY+7, Nw+7, rK .

where we use ¢ = £ Y . Insert the definition of § in the
above equation

(,\/I; -7, 67, N —Z'WNJW=Z'i F+r, K+ (Ad)

(Tet &+ 1)K,

where 7, =1-17, and 7, =1-17,. Substituting (2)

into (A4) yields

[£—rc§?WN —TWNJEZ
yij N

K . K (A3)
T, T

T+ (76 - z'()51<)Fi"‘ %,

in which 7;=1-17; and 7, =7,7,& + 7, Substitut-

ing (1), (A2) and (A3) into (AS), we solve

AT, Q,(2) N
(r&-rnd)(z+1)" | z+a

(A6)

K=0Q(z, E)
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where

a,(2) E@_ BT (e 7, +1,)(2+1)

—riz—airof(z+l).

I

We express K as a function of z(t) and E(t).From
(A2), K, and K, are functions of z. From (A3), N,
and N, are functions of z. By the following procedure,
we can express other variables as functions of z (t) and
E(t) atany point of time: F by (1) — r and w by (2)
—Q, by (10) -y by (3) — cand s by (11). By these
results and from (9) we get the following differential
equation

E(t)= A, (z(t), E(t)) =
0; (1) +6.C(t) - Q.(1) - 6, E(1).
We do not provide explicit expressions of the func-
tions as it is straightforward to do so and the expressions

are too tedious. Taking derivatives of (A9) with respect
to t yields

(A7)

K A —, A8
0z *OE (48)

where we also use (A7). Multiplying the two sides of (11)

with N and using (5), we have
K=ANY(z,E)-K, (A9)

where we use (5). From (A8) and (A9), we solve

-1

) a0l o0
2 =A,(z,E)=|ANY(z, E) - K — A, = || =2 .
=Mz ){ ¥z E) aE}(azj

(A10)
We have thus proved Lemma 1.
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