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ABSTRACT

The grouping of sensors is a calculation method for partitioning the wireless sensor network into groups, each group
consisting of a collection of sensors. A sensor can be an element of multiple groups. In the present paper, we will show
a model to divide the wireless sensor network sensors into groups. These groups could communicate and work together
in a cooperative way in order to save the time of routing and energy of WSN. In addition, we will present a way to show
how to organize the sensors in groups and provide a combinatorial analysis of some issues related to the performance of

the network.
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1. Introduction

A wireless sensor network consists of spatially distribut-
ed autonomous sensors to monitor physical or environ-
mental conditions, such as temperature, sound, pressure,
etc. [1-5]. The sensors cooperate with each other to mon-
itor the targets and send the collected information to the
base station [6-8]. Sensors are battery-powered devices
having a limited lifetime, restricted sensing range, and
narrow communication range [9-11], and densely de-
ployed in harsh environment [12-15]. Organization of
sensors in the form of groups is very important, which
would facilitate transferring data and routing from one
group to another, and it also offers an easy way to analyze
the WSN problems such as coverage, localization, con-
nectivity, tracing and data routing [16-20].

2. Sensors Grouping Strategy

A Group of sensors is a collection of overlapped sensors
in a single area. Let us define the degree of overloaded
sensors by the maximum number of sensors overlapped
in the same area, here we denote to the maximum cover-

age degree of an area by
D, :(Sws'+1""lsk):x

1

where x=0,1,2,---,k, where D, is an area notation
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called », s,,s,,---,s, are the overlapped sensors, and
x the number of overlapped sensors. The overlapped
sensors that create a degree of an area

D, =(s;,8,1,++,5, )=k Create a group of sensors de-
noted by G* ={s,,s,,,-,s,} we call & the coverage
degree. Figure 1 shows four groups G,,G,,G;,and G, .
The maximum degree of sensor s, and senor s, is
D, =(s,,s,)=2 that occurs in the area of intersection,
which means that there is one and only one area covered
by two sensors and that is the maximal overlapping that
could be produced, so sensor s, and s, create a group
of two sensors denoted by G* ={s,,s,}. Sake of con-
venience, we denote to the group of sensors that build up

the WSN by
G z{Gz,Ga,GA} ={SZ,S3},{Sl,S3,S4},{Sl,S4,S5,S6} ,

which we call it the mother network group or simply the
mother group.

2.1. Counting the Sub-Areas of Sensors Group

Here we start by asking, how many sub-areas are gener-
ated if & unit disk sensors are partially overlapped? As-
suming there is no fully overlapping between sensors,
and all sensors are homogenous (sensors have the same
sensing range). Say F (k) is the function to count the
number of sub-areas, definitely F(0)=0. F(1)=1,
F(2)=3, F(3)=7, F(4)=13(see Figure 2). What
is F(k)? k>1.

Theorem 1: the sub-areas number of a sensors group
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Figure 1. Partitioning the WSN into group.
G* is

k-1
1+[1;j+2(k—i):l+k(k—l) W)

Proof: suppose we have a group of sensors
G* ={s,,5,,5;,5,} @s shown in Figure 3, we can see
that the number of areas inside each sensor’s range is
seven. Using Top-down approach from s to s,, the
number of areas for the top sensor (sl) is seven (red
areas namely 1, 2, 3, 4, 5, 6, 7). The number of areas
inside the sensor’s range s, are seven, namely (4, 5, 6,
7, 8, 9 10), but the red colored areas, 2, 3, 4, 5, already
counted in s, so there are only 3 blue colored areas
inside sensor’s range s, , namely 8, 9, 10. For the sensor
55, it has seven areas inside its sensing range, the 3, 5, 6,
7 are red areas already counted in sensor’s range s, , the
area 10 is blue area already counted in sensor’s range s, ,
thus still two black areas in sensor’s range s,, namely
11, 12. For sensing range of s,, there are seven areas
inside it, three are red areas (4, 5, 6), two are blue areas
(9, 10), and one area is black (11), so there is still one
area only in s, (13). Therefore, the number of areas
from top to down is 7 + 3 + 2 + 1 = 13. Generally, counting
the sub-areas from top to down, the top sensor contains

k
1+ (2) areas, the second sensor inside the group
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Figure 2. (a) the number of sub-areas of G' (b) the num-
ber of sub-areas of G? (c) the number of sub-areas of G*
(d) the number of sub-areas of G*.
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Figure 3. The 13 areas of group G*.

contains k-1 areas, the third sensor contains k-2
areas... the last sensor contains one area (k—(k—l)).
Totally, there are

1+[§]+(k—1)+(k—2)+---(k—(k—1)) of areas. Gen-

erally, there count of areas is

F(k)=1+@+ (k—i)

Lo K k(D)
a2’ 2
k(k-1) k(k-1)
" 2 " 2
—1+k(k-1)

k-1
i=1

=1

In addition, we can proof theorem 1 by counting the
areas of a group basing on the degree of coverage, if an
area covered by k sensors then it called k-covered area.
For agroup G* there is only one area is k-covered (the
maximum degree of coverage), in the remainder areas,
there are k areas arel-covered, k areas are 2-coverd, k
areas are 3-coverd... k areas are k-1 covered. Let ﬁ/’.‘ be
the number of areas that j-covered inside a group of sen-
sors G*. For example, S’ means, there are five areas
1-coverd in G*. In Figure 4(a), the group of sensors
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G® ={s,,5,,535,54,55} , the number of 1-coverd areas is
five. We can count the sum of areas of sensors group
G* as below:

F(k)= B+ B+ 5+t
=k+k+k+--+1 K—1times
=1+k(k-1)

Lemma 1: for sensor range belongs to a group G*,
there are only one area k-covered, k area 1-coverd, k ar-
eas are 2-coverd, k areas are 3-coverd... and k areas k-1
covered.

Lemma 2: for a group G*, all sensors have the same
characteristics, for example, the number of areas, the de-
gree of coverage for each area, the number of intersec-
tion points located on the border of the sensor, and the
number of intersection points located inside sensor’s
range.

2.2. Counting the Intersection Points
of a Sensors Group

Counting the intersection points of k-overlapped sensors
is an easy combination problem. Before proving, here we
denote to the number of intersection points by P(k),
clearly P(0)=0, P(1)=0, P(1)=0, P(2)=2,
P(3)=6, P(4)=12...thenwhatisthe P(k)? k=2

Theorem 2: the number of intersection points of sen-
sors group G* is

P(k)<k(k-1) @)

Proof: Assuming that there are & sensors and each
sensor has two intersection points with each neighbor
sensor, since each sensor has 2(k—1) intersection points
with others, applying this method to all sensors, we get
the total amount of intersection points as 2k(k-1).
However, while calculating, every single point has been
repeatedly counted twice, thus the right answer in regards
to the intersection points quantity should be k(k-1).

We can use top down approach to calculate the num-
ber of intersection points, as shown in the Figure 5(a)
G® ={s5,,5,,85,5,,85} . s is the top sensor; s, is the
bottom sensor of the group. The number of intersection
points inside (internal) and on the border of sensing
range of the top sensor (s,) is (k—1)(k+2)/2. In the
second node (s, ), there are -2 of intersection points. In
the third node (s, ), there are -3 of intersection points.
In the fourth node (s,), there are k-4 of intersection
points, and there is O intersection points in the bottom
Sensor.

Totally the number of intersection points is
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Wéw—i)ﬂ(’“”

i=2

P(k)<

Another method to count the intersection points of a
group, we can imagine that the number of intersection
points as the number of 2-permutation of & sensors, for
example, S'is a set of overlapped sensors
S ={s,,5,,85,5,} . The 2-permutation of S is:

— — 1
where & >1< KEZD(E=2)t k(k-1)
(k—2)!

We can use the Recurrence relation to find the number
of intersection points of a group of sensors. We can find
the recurrence relation of the number of intersection points
as below:

f(n) = f(n—1)+2(n—1)
P(k)<in>0 ®)
f(1)=0

which can be easily solved using generation function
[21]. (See the proof of theorem 3), the solution is
n(n—1)+cyco =0 ,50 P(n)=n(n-1).

2.3. Counting the Number of Intersection Points
That Located within the Sensing Rang of a
Sensor Associated to a Group (Internal
Points and External Points)

In Figure 5(c), we can see that when & = 3 the number of
intersection points located in the black sensor are 5, in
Figure 5(b) & = 4, the number of intersection points lo-
cated in the red sensor are 9, when k& = 5 the number of
intersection points are 14.

Theorem 3: for a group of sensors G*, the number of
intersection points within the sensing range of sensor is

£ (s,) - (k-1)(k+2) _ k(k+1)_1
2 2

Proof: it is easy to realize that the number of intersec-
tion points (internal and external) of the sensor is satis-
fying the recursive relation:

f(n)=n+f(n—1)
E, (si)z nx2 4
f(2):2

JST



136 A. HAWBANI

/3 B
2 g3
I 4 ‘I
3
N 1 A 2//
! \
2 3 \\ZE 3 _/ ]/ S5
1 y
S4 EON Y
(®)
<7 TN
oI 1 ~N \ S,
e ‘\ %
‘ /’_J\ \
v, 12Xy
r2 NG s
PN /3 7\ '
\ =~
1 2 e
1
\\,// S
.
(b)

SOrs.

,/ ~. 9
/5 I\ P L
P AL AR N
4 L%, 375 .
I Apteel \ S5 [ =43 4
I\ 4 \ 7~ ~_ \
10/ 1%\ v l/\ /\
W 13/ \184 s A2 679w TN
N o 2 B R D
NE) 1617.(/ 1927 \ T <.~ ]
Ay N\
Sy 20,755 \\-k/\ /5
@ (b)
_/1—‘:\_ N
/ zf AN
/ 2N
\ (N 1)
S\ N5z 97
~V"~7

Figure 5. (a) Intersection points of group G°®, (b) intersec-
tion points of group G*, (c) intersection points of group
G®.

So finding the solution to this recursive relation is the
proof of the theorem.
Suppose the generation function is

A(x)=3 f (n)x"

n=0

In addition, suppose that /(0) =2
Then
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_ ( £(n-1))x" énxn

= xg(f(n))x" +§nx"
A(x)-2=x4(x)+ 1_xx)2

A(x):Tx (1—x)3

n(n+1)

E, (S;)ZT—l

The external intersection points of sensors are the
points located on the border of a sensor. However, the
internal points are those points located inside the sensors
but not on the border.

Lemma 3 (the number of external points): the number
of intersection points located on the border of a sensor,
which belongs to a group of sensors G* is
B, (s,)=2(k-1).

Proof: from Figure 5, it is easy to realize that the
number of intersection points (external) of the sensor is
satisfying the recursive relation:

f(n):2+f(n—1)
B,(s;)=n>2
f(2)=2
We can solve this relation using generation function as
in the proof of theorem 3. Therefore, the solution to this
recursive relation is the proof of this theorem
B, (sl.) = Z(n —1) .
Lemma 4 (the number of internal points): the number

of intersection points located inside a sensor (not includ-
ing the points located on the border) is

Proof: from Figure 5, it is easy to realize that the
number of intersection points (internal) of the sensor is
satisfying the recursive relation:

f(n):n+f(n—l)—2
W, (s;)=n=3 5)
f(3):l

We can solve this relation using generation function as
in the proof of theorem 3. Therefore, the solution to this
recursive relation is the proof of this theorem.

W,,(sl.):@ﬂ, >3
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From lemma 3, and lemma 4, we get the number of in-
tersection points of a sensor that belongs to a group of
sensors G"E, (s,) by counting the intersection points
located on the border of the sensor (external points) and
the intersection points located inside the sensor (internal
points).

)= mls) e, ()= " ato-2)
:[W}(z(n—l))

n(n—3)+2+4(n—1)

2
B n?—3n+2+4n—4
2
_ nt+n-2 :n2+n_1: (n+l)_1
2 2 2

(6)

2.4. Counting the Number of Areas within the
Sensing Rgnge of a Sensor That Belongs to a
Group G

Theorem 4: The number of areas inside the sensor s,
that belongs to a group of sensors G* is

0 (s,.):1+[g,k22

k(k-1)
O (Si):1+ 2

P(k)
[ (s,.):1+T

Proof: it is easy to realize that the number of areas in-
side the sensor is satisfying the recursive relation:

f(n)=n+f(n—1)—1
Qn(s[): n>1 @)
f(1)=1
We can solve this relation using generation function as

in the proof of theorem 3. Therefore, the solution to this
recursive relation is the proof of this theorem

n(n-1)
0,(5)-1+ 221

2.5. Counting the Number of Areas Located
within the Sensing Range of a Sensor That
Belongs to Multiple Groups

In Figure 1, the network sensors group is:
G ={¢"¢*G*,G*}

:{SO},{SZ,SS},{Sl,SS,S4},{Sl,SA,SS,SG}
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Our goal is to count the number of areas inside the
sensor s, that associated to multiple groups. The groups
to which s, belongs can be defined as following:

Say that s, e G*,G",G°--- then we can define the
mother group of s, as:

G ={Cbi~“-G,-b.Gf,"‘}=({S,~"‘},{S,-,“‘},{S_,-'_"}'_")-

s, €G!G/ ,G; -+, where a, b, c are the positive integers
numbers that represent the degree of coverage.

As shown in Figure 1 we can define the mother group
of sensors sy, s, 8,, 8, 8, S and s; asbelow:

Since s, € G* only, then the mother group of sensor
so i Gy ={Gy}={s,

Since s, € G°,G*, then the mother group of sensor
s, is G, = {Gf,Gf} = {{sl,s3,s4},{sl,s4,s5,s6}}

Since s, € G*, then the mother group of sensor s, is
G, = {GZZ} {sz,s3}

Since s, eG*,G,
s, is G, G§,G4}

Since s, € GG

then the mother group of sensor

sz,s3 sl,sg,s4}}
then the mother group of sensor

s, is G, —{Gf,GA} {{Sl,S3,S4} {sl,s4,s5,s6}}
Since s, € G*, then the mother group of sensor s, is

G; = {Gg} = {{sl,s4,s5,s6}}
Since s, € G*, then the mother group of sensor s, is

G, =_{Gé} = {{sl,s4,s5,s6}}

It is clearly that the mother group of sensors of the
whole network is equal to the union of mother groups of
all sensors as shown below:

G" = G,UG, UG, UG, UG, UG, UG,
= {SO}U{{Sl,Sg,S4},{Sl,S4,S5,S6}}
U{syos3 U{{s255} {51, 85.8, ]
U{{sl,s3,s4},{sl,s4,s5,se}}
U{{sl,s4,s5,se}}U{{sl,s4,55,se}}
- U ¢ ={¢".¢".¢",¢*}

Gl eG"

=<{SO},{S2,S3},{S1,S3,S4},{Sl,s4,S5,S6}>

Let us now count the number of areas inside a sensor;
these areas are generated by intersection of multiple
groups of sensors. For facilitate, let us define Q, (s,.) as
the number of areas inside a sensor s, , which are gener-
ated by overlapping of a group of sensors G/. As ex-
pIained above, the mother group of s, is
G {Gf,G“} ({51,538, } {81,545, ]} , according to
theorem the number of areas which created inside

5, €Gis Oy(s,)= 1+3(32 ) =4 (indicated in Figure

6 by numbers 1, 2, 3, 4. The number of areas which

are created inside, s, € G;',is O, (s,) =1+@ =7.
The total number of areas inside a sensor s, which,

associated to multiple groups is denoted by O'(s,).
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these areas are created by intersection of sensors belong
the mother groups G, .form the first glance, the Q" (s, )
seems like

Q*(Si): 2 0, (s)

(6f<ar)

However, this form is not correct, because s, is an
element belongs to every sup-group of G, this means
that there is one area will be counted ¢ times. Let us
denote the length of mother group by & which indi-
cates the number of sub-groups inside the mother group
of the sensor. So the corrected count of areas inside s, ,
which belongsto G, , is:

[0) (s,.)= Z Qk(s,.) -9+1 9)

(G,-keG,-*)

Below we can count the number of areas of sensors of
Figure 7

Q*(Sl): > O (5)=0(51)+ 05 (s:)

(Gfer)

=1+ 2(2_1)+1+ 3(3_1) =2+4
2 2
<6-2+1<5
Q*(Sz):( kz*)Qk (SZ):QS(SZ)
:1+M:4—1+1:4
Q*(Ss)z( I{Z*)Qk(SS,):QS(SS,)
=1+M=4—1+1=4
Q*(Sél):( AZ*)Qk (54)=05(s4)
=1+M:2—1+1:2

2.6. Number of Distributed Messages

One of our aims is to find the number of distributed
messages that will be generated during communications
of sensor s, associated to mother group G, . Let us
define the number of messages by M, .For ease, let
G,| be the order of G .|G/| Indicates the number of
sensors that belong to every sub-group inside the mother
group G, , but not including s,, with no repetition,
(some sensors might belong to more than one sub-group).
For example Figure 1, the order of G ={Gj}={s,} is
G,| =0 the order of

*

G :{Gf’Gf}:{{Sl’s3’s4}’{Slvs4155’56}} is |Gl*|:4.
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Figure 6. The number of areas inside sensor s, by group

of sensors G;.
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Figure 7. Example of groups of sensors.

To generalize this idea, we can write the equation further.
We have s, associated to the mother group

G = {Gl.",Gl.’”l,---,Gl.“"i, the order of mother group of
s, is as the equation below

*

G,

i

= > k|-(%+c)

(6f<ar)

Here the integer number 4 is the count of sub-
groups of G . In addition, c is the repetition.

It is clear that |G,|=0 since the degree of sub-group
G, is one and the there is only one sub-group. Applying
this calculation to mother group of sensor
5,€G, = {Gf,Gf} ={{51,53,5,} {51,545, 5} } , the order
|G| =3+4-(2+1) =4,

heorem 4: The number of distributed messages sent
form s, , associated to a mother group G, , is
M, =Q* (Si)X|Gi*|

Proof: The number of messages depends on the degree
of overlapped sensors. The more the degrees of coverage
are, the more the areas will be generated. Therefore, the
more messages will be generated. When a target moves
within the range of a sensor (s, ), it will send notifica-
tion messages to all neighbors but certainly not to itself.
Since the sensor contains a certain number of intersection
areas and a certain number of sensors cover these areas,
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the sensor will send a notification message to all the
sensors that cover the same area. Q" (s,) is the number
of areas inside s, which belongs to G;, and |G*| is
the order of G, , then

M, =0 (s,)x|G]].
The number of messages of the network in Figure 1
G ={G¢"G¢*G°.G"|
={So} {5283} {50 55080 } {51054085056 }

3. Conclusion

We had introduced a new method of organizing the sen-
sors of WSN into groups, which would be easy to man-
age and communicate. This new idea could be applied in
coverage algorithms in order to control one node and one
target at any given moment, and it could be used to speed
up the routing algorithms as well.
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Distributed messages of network shown in Figure 1.

A. HAWBANI

ET AL.

G| 0'(s) M,
So 0 1 0
M 5 10 50
S 1 2 2
S3 3 5 15
Sa 4 8 28
Ss 3 7 21
Ss 3 7 21
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