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Abstract 
This paper constructed a retailer-leading supply chain system considering the extended warranty 
(EW) with single manufacturer and single retailer to study the influence of network externality on 
retailer-leading supply chain coordination. First of all, we analyzed and compared the retail price, 
EW price, EW quality, and the total system profit in centralized and decentralized model respec-
tively. Then we analyzed the influence of network externality on decision variables and system 
profits. We found that the network externality increased the loss of decision efficiency. After that, 
we considered the coordination of the supply chain system with extended warranty. Finally, some 
numerical examples were presented for further analysis. 
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1. Introduction 
In recent years, as the expansion of giant electric equipment retailers such as Gome, Suning and so forth, some 
retailers have more discourse power in supply chain. And changes of the dominant force in the supply chain 
have important impact on the node enterprises and the performance of the supply chain system. However, the 
intense competition makes profit of appliances retail so less that retailers start looking for new profit growth 
points, one of which is after-sales service. Among the after-sales services, extend warranty service by paying 
which is also called extended warranty, is noted widely. 

Researches on extended warranty mainly discuss the rationality and the related influence factors of the ex-
tended warranty from the theoretical and empirical perspective [1] [2]. Scholars focused on the following as-
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pects: one is the design of the extended warranty, which is researched from the points of view such as cost of 
extended warranty [3], range of extended warranty [4], customers’ risk preferences [5], period of extended war-
ranty [6], the additive demand [7] and so forth. The second is about the selection of supply chain extended war-
ranty mode and its optimization. Desai and Padmanabhan [8] studied the coordination of extended warranty dis-
tribution channels from manufacturers’ standpoint and its research results showed that the hybrid channel was 
manufacturers’ optimal choice. Wang and Hu [9] studied how attractive index of extended warranty influenced 
manufacturers’ choice of provision modes of extended warranty in the form of modeling. In addition, Zhang et 
al. [10] studied the effects of service level on supply chain and manufacturers’ optimal choice of extended war-
ranty sales channels.  

Obviously, the papers above provide some good ideas for the related researches of extended warranty, but 
currently the studies are confined to the situation of manufacturers dominating the supply chain. The problem of 
supply chain coordination that strong retailers dominate the supply chain and provide extended warranty (such 
as Gome and Suning described above) is not yet considered. 

In the meantime, many products, such as mobile phones, computers and so on, have the characteristics of 
network externality in the network economy era. And in the reality, the commodities such as mobile phones, 
computers with network externality are the target customers of extended warranty. Katz and Srapiro [11] de-
fined network externality as that a single consumer’s utility increases with the increase of the total number who 
buy the same products. Shankar and Bayus [12] summed up that the influencing factors of network externality 
were network scale and the intensity of network externality. And the intensity of network externality refers to 
the marginal effect of the network scale increasing per unit on demand. They also pointed out that the intensity 
of network externality depended on the factors such as customer preferences, characteristics of consumers’ 
background, customer loyalties and so on. After their researches, scholars carried out extensive researches and 
they mainly focused on topics about network externality such as price making strategy [13] [14], product devel-
opment strategy [15] [16], technology licensing and decisions of compatibility [17] [18], etc. Being different from 
traditional economy of scale, network externality performs more like economy of scale on the demand side. Net-
work externality influences consumers’ buying decisions by influencing consumers’ expectations so that manufac-
turers and retailers must take the change of market demand caused by the change of consumers’ expectations into 
account while making decisions. Consequently, the existence of network externality will affect the supply chain 
system so that the decision-making and coordination of supply chain system have new characteristics and laws. 

Furthermore, the potential consumer groups of extended warranty depend on sales of product so that the in-
fluence of network externality on sales of product further affects the demand of extended warranty. And the im-
pact of network externality on extended warranty majorly is providers’ service pricing, service quality and other 
decision-makings. However, previous studies rarely consider the influence of network externality on the supply 
chain and its coordination. Yi et al. [19] studied supply chain coordination for extended warranty from the pers-
pective of network externality and the results showed that under the influence of network externality, the im-
proved revenue sharing contract could make supply chain system to obtain the Pareto improvement and coordi-
nate supply chain. In conclusion, at present there is no research involving supply chain coordination for ex-
tended warranty provided by strong retailers under network externality. Therefore, this paper have built a supply 
chain model that strong retailers provide extended warranty under network externality and have analyzed the 
impact of network externality on decision-making of product pricing, extended warranty pricing and extended 
warranty quality and the decision-making efficiency. We also have discussed how to coordinate the supply chain 
dominated by strong retailers who provide extended warranty under network externality. 

2. Problem Description and Assumptions   
We consider a two-stage supply chain system composed of single manufacturer and single retailer who provide 
extended warranty. Retailer is a leader in the supply chain system and manufacturer is the follower. Based on 
the real case of the retail giants such as Gome, Suning and so on, we assume that the retailer besides selling 
goods, he also provides extended warranty for consumers. Consumers may choose to buy single product or pur-
chase the combination of goods and extended warranty. 

This paper introduces the following parameters: w represents manufacture’s wholesale price of unit good; c 
represents manufacture’s production cost of unit good; p represents retailer’s retail price of unit commodity; sp  
represents retailer’s unit price of extended warranty; sq  represents the quality level of extended warranty and 
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the corresponding cost of extended warranty is 2 2skq , k represents the average cost factor of extended warran-
ty and that is the level of control of retailer’s average cost providing extended warranty; g represents the unit 
profit of commodity, and g p w= − ; i

jπ  represents the profits of node enterprises or supply chain system, the 
superscript ,i C D=  respectively represents centralized decision-making model and decentralized decision- 
making model, subscript , ,j r m sc=  respectively represents retailer, manufacturer and the supply chain sys-
tem. 

Assuming that consumers formed the expected market size of the product eQ , and their expectations deter-
mine their willing to pay for the market size ( )ef Q . According to the connotation of network externality de-
fined by Katz and Srapiro [11], we have the following retailer’s linear inverse demand function considering the 
network externality (A similar demand function design also can be found in the papers [11] [14] [18] [19], and 
that demand function captured the fact that if consumers believe that high sales of the product increase their util-
ity, then under a given price they need more products). 

( )ep a Q f Q= − +  

Among them, a is the market size, and a c> . In order to analyze it conveniently, referencing document [18], 
we further assume that ( )e ef Q Qµ= , ( )0,1µ ∈  is the coefficient measuring the intensity of network exter- 

nality. The intensity of network externality depends on factors such as consumers’ personal preferences, con-
sumers’ characteristics of background, customer’s loyalty and so on. In addition, under retailer’s advertising and 
consumers’ rational expectations, we have eQ Q= . As a result, the retailer’s inverse demand function is: 

( )1p a Qµ= − −  

And then, by using the formula we have the following retailer’s commodity demand function under the condi-
tion of network externality: 

1
a pQ

µ
=

−
−

 

Referencing documents [7] [9], the demand of extended warranty is influenced by three factors and they re-
spectively are sales of commodity Q, extended warranty price sp  and quality of extended warranty sq .Thus, 
the demand function of extended warranty is as follows: 

ss sQ Q p qβ γ− +=  

Among them, β  and γ  respectively represent the sensitive coefficient of extended warranty price and the 
quality of extended warranty 0β > , 0γ > . By sQ Q≥  we know that, when s sp qβ γ> , it means part of 
consumers who buy the product with the extended warranty, hereinafter referred to as part of the extended war-
ranty; when s sp qβ γ= , it means all consumers who buy the product with the extended warranty, hereinafter 
referred to as all the extended warranty.  

3. Centralized Decision-Making Model (Model C) 
The retailer and manufacture fully cooperate in this pattern. They sell commodity and provide extended warran-
ty and also jointly decide the retail price of commodity, extended warranty price and extended warranty quality.  

The profit function of the supply chain system is: 

( ) 2

, ,

1max
2s s

C
s s sp p q

p pQ Qc kqπ − −= +                               (1) 

. s ss t p qβ γ≥  
By constructing the Lagrange function, we will solve the above optimal value problem with inequality con-

straints. The function is as follows: 

( ) ( )2

1 1
1
2

C
sc s s s s s s

a p a pp p pL pc kqq qλβ γ β γ
µ µ

   − −
− −= + + − −   − −  

+


               (2) 

The optimal strategy of supply chain system needs to meet the following: 
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( )

2
0; 2 0;

1 1

0; 0; 0;

C C
s

s s
s

s s s s s

sc sc

C
c

s

s
s

a c p p a p p q

p p q p q

L L
p p

L
kq

q

λβ γ β
µ µ

γ γ β γλ λ λ β γ

∂ ∂
= = +

∂ ∂

∂
= = = ≥

+ − − −
= − + =

− −

− − − ≥
∂

 

(1) When 0λ = , s sp qβ γ> , that’s part of extended warranty. In order to judge the sufficient condition of 
the existence of the optimal solution, we construct the corresponding Hesse matrix:  

2 2 2

2

2 2 2

2

2 2 2

2

2 1 0
1 1

1 2
1
0

s s

s s ss

s s s s

L L L
p p p qp

L L LA
p p p qp

L L L
q p q p q

k

µ µ

β γ
µ

γ

 ∂ ∂ ∂    − − ∂ ∂ ∂ ∂∂ − −      ∂ ∂ ∂ = = − − ∂ ∂ ∂ ∂ −∂      −∂ ∂ ∂      ∂ ∂ ∂ ∂ ∂ 

 

If and only if order principal minor determinant 1
2 0

1
A

µ
= − <

−
, 

( )
( )2 2

4 1 1
0

1
A

β µ

µ

− −
= >

−
,  

( )( )
( )

( )( )
( )3

2 2

2 2

2 2 1 2 1
0

1 1
A

k k k kβ γ µ β γ µ

µ µ

− − − − − −
= − < − <

− −
 hold, the optimal solution exists. It’s easy to know 

that when 0 1 1
4

µ
β

< < − , 2 0A > ; when 20 1
2

k
k

µ
β γ

< < −
−

, 3 0A <  hold. Moreover, when 1β > , 

2 kγ β< , we have 20 1
4
11

2
k

k ββ γ
< − < −

−
. Therefore, the following condition (I): when 1β > , 2 kγ β< , 

20 1
2

k
k

µ
β γ

< < −
−

 hold, then 1 0A < , 2 0A > , 3 0A <  hold, the optimal solution exists. 

The corresponding optimal strategy of the supply chain system is: 

( )( )( )
( )( )

( )
( )( )

( )
( )( )

2

2 2 2

2 1
; ;

2 2 1 2 2 1 2 2 1
C C C

s s

k k k
p p q

k k k k k k

a c a a c a cβ γ µ γ

β γ µ β γ µ β γ µ

+ − − − −
= =

−

− − − − − − − − −
=  

(2) When 0λ ≠ , s sp qβ γ= , that is all the extended warranty. We order s sq pβ γ= , and substitute it into 
Equation (1). Then we have: 

( )
2

1
21 1c s s

C
s

a p a pL c kp p pβ
µ µ γ

     − −
− −     − −     

= +  

In order to judge the sufficient condition of the existence of the optimal solution, we construct the corres-

ponding Hesse matrix: 

2 2

22 2

2

2 1
1 1

1
1

s

s s s

L L
p p p p

A
L L

p p
k

p p

µ µ
β

µ γ

 ∂ ∂  − −   − −∂ ∂ ∂ ∂   = =   ∂ ∂ − −     −∂ ∂ ∂ ∂   

. If and only if order principal minor deter-

minant 1
2 0

1
A

µ
= − <

−
, ( )

( )
( )
( )

2 2 2 2

2 2 22 2

2 1 1
0

1 1
A

k kβ µ γ β µ γ

γ µ γ µ

− − − −
= > >

− −
 hold, the optimal solution exists. It’s 

easy to know that when the following condition (II): 1β > , 2 2k kβ γ β< < , 
2

20 1
k
γµ
β

< < −  hold, 1 0A < , 

2 0A >  hold, the optimal solution exists. 
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Using the same method, we can attain that under the conditions (I) and (II) in this paper, all models have the 
optimal solutions. It is not stated anymore due to limited space. 

The corresponding optimal strategy of the supply chain system is as the following: 

( ) ( )
( )

( )
( )

( )
( )

2 2 2

2 2 2 2 2 2

1
; ;

2 1 2 1 2 1
C C C

s s

a c a a ck
p p q

k k k
a cβ µ γ γ βγ

β µ γ β µ γ β µ γ
+ − − − −

− − − − −
=

−
= =  

Furthermore, as we have shown in Table 1, we can obtain the values of sales of commodity, the sales of ex-
tended warranty, profits of node enterprises and total profit of the system. 

4. Non-Cooperative-Decentralized Decision-Making Model (Model D) 
In this pattern, the retailer firstly decides the retail price of the commodity, extended warranty price and ex-
tended warranty quality. Then the manufacturer decides the wholesale price. 

The manufacturer’s profit function is as the following: 

( ) ( )
1

max D
mw

a pQw c w cπ
µ

−
= =− −

−
                                  (3) 

The retailer’s profit function is as the following: 

( ) 2

, ,

1max
2s s

D
r s s sp p q

kw Q p Q qpπ − −= +                                  (4) 

. s ss t p qβ γ≥  

 
Table 1. Equilibrium values summary sheet.                                                                   

 
Part of extended warranty: 

1β > , 2 kγ β< , 20 1
2

k
k

µ
β γ

< < −
−

 

All of extended warranty: 

1β > , 2 2k kβ γ β< < ,
2

20 1
k
γµ
β

< < −  

 C Model D Model C Model D Model 

Q  
( )( )
( )( )

2

2

2
2 2 1

a c k
k k

β γ
β γ µ
− −

− − −
 ( )( )

( )( )

2

2

2
4 2 1

a c k
k k

β γ
β γ µ
− −

− − −
 ( )

( )
2

2 22 1
a c k

k
β

β µ γ
−
− −

 
( )
( )

2

2 24 1
a c k
k

β
β µ γ

−
− −

 

sQ  
( )

( )( )22 2 1
a c k

k k
β

β γ µ
−

− − −
 

( )
( )( )24 2 1

a c k
k k

β
β γ µ

−
− − −

 ( )
( )

2

2 22 1
a c k

k
β

β µ γ
−
− −

 
( )
( )

2

2 24 1
a c k
k

β
β µ γ

−
− −

 

p  ( )( )( )
( )( )

2

2

2 1
2 2 1

a c k ak
k k

β γ µ
β γ µ

+ − − −

− − −
 ( )( )( )

( )( )

2

2

3 2 1
4 2 1

a c ak k
k k
β γ µ

β γ µ
+ − − −

− − −
 ( ) ( )

( )

2 2

2 2

1
2 1
c
k

ka aβ µ γ
β µ γ

+ − −
− −

 ( ) ( )
( )
2 2

2 2

3 1
4 1

a c a
k

kβ µ γ
β µ γ

+ − −
− −

 

sp  
( )

( )( )22 2 1
a c k

k kβ γ µ
−

− − −
 

( )
( )( )24 2 1

a c k
k kβ γ µ

−
− − −

 ( )
( )

2

2 22 1
a c

k
γ

β µ γ
−
− −

 
( )
( )

2

2 24 1
a c

k
γ

β µ γ
−
− −

 

sq  
( )

( )( )22 2 1
a c

k k
γ

β γ µ
−

− − −
 

( )
( )( )24 2 1

a c
k k

γ
β γ µ

−
− − −

 ( )
( )2 22 1

a c
k

βγ
β µ γ

−
− −

 
( )
( )2 24 1

a c
k

βγ
β µ γ

−
− −

 

rπ   
( ) ( )
( )( )

2 2

2

2
2 4 2 1k

a c k
k

β γ

β γ µ

− −

 − − − 
  

( )
( )2 2

2 2

2 4 1k
a c k
β γ

β
µ− −

−
  

 

mπ   
( ) ( ) ( )

( )( )

22 2

22

2 1

4 2 1

a c k

k k

β γ µ

β γ µ

− − −

 − − − 
  

( ) ( )
( )

2 2 4

2 2 2

1

4 1

a c k
k

β µ

β µ γ

−

− −  

−  

scπ  
( ) ( )
( )( )

2 2

2

2
2 2 2 1

a c k
k k

β γ

β γ µ

− −

 − − − 
 

( ) ( ) ( )( )( )
( )( )( )

2 2 2

22

2 6 2 1

2 4 2 1

a c k k k

k k

β γ β γ µ

β γ µ

− − − − −

− − −
 ( )

( )

2 2

2 22 2 1
a c k

k
β

β µ γ
−

− −  
 ( ) ( )

( )

2 2 4 2

2 2 2

6 1

2 4 1

a c k k

k

β β µ γ

β µ γ

− − − 
− −  
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According to backward induction, we order p w g= + . The manufacturer’s wholesale price can be obtained 
as follows: 

( )w p a c p= + −                                         (5) 

We put Equation (5) into Equation (4) and construct Lagrange function about retailer’s profit: 

( ) ( )2

1 1
1
2s s s s

D
r s s

a p a pp a c p pqq kp qL p β γ β γ
µ

λ
µ

   − −
− + − − + − −       − −

+
 

= +
 

 

Retailer’s optimal strategy has to meet the following: 

( )0; 0; 0; 0; 0;s s s s
s s

D D D
r r r p q p qL L L
p p q

β γ βλ γλ= −
∂ ∂ ∂

= = =
∂

≥≥
∂ ∂

  

(1) When 0λ = , s sp qβ γ> , that’s part of extended warranty. By satisfying condition (I) we can obtain re-
tailer’s corresponding equilibrium strategy:  

( )( )( )
( )( )

( )
( )( )

( )
( )( )

2

2 2 2

3 2 1
; ;

4 2 1 4 2 1 4 2 1
D D D

s s

a c a a ck k k
p p q

k k k
c

k k k
aβ γ µ γ

β γ µ β γ µ β γ µ

+ − − − − −

− − − − − − −
=

−
=

−
=   

Then by putting Dp  into Equation (3), we can obtain manufacturer’s wholesale price of the commodity un-
der the optimal decision: 

( )( )( )
( )( )

2

2

3 2 1

4 2 1
D

k k
w

k

a c c

k

β γ µ

β γ µ

+ − − −

− − −
=   

(2) When 0λ ≠ , s sp qβ γ= , that’s all of extended warranty. Being similar to the analysis method of the 
first part (1), by satisfying condition (II) we can obtain the corresponding optimal decision: 

( ) ( )
( )

( )
( )

( )
( )

( ) ( )
( )

2 2 2

2 2 2 2

2 2

2 2 2 2

3 1
; ,

4 1 4 1

3 1
;

4 1 4 1

D D
s

D D
s

a c k
p p

k k

k
q w

k k

a a c

a c c a c

β µ γ γ
β µ γ β µ γ

βγ β µ γ
β µ γ β µ γ

+ − − −
=

− − − −

− + − −

=

− −
=

−
=

−

 

Furthermore, as we have shown in Table 1, we can obtain the values of sales of commodity, the sales of ex-
tended warranty, profits of node enterprises and total profit of the system. 

5. Equilibrium Analysis 
In this section, based on the contents of Table 1, we will compare the differences of the equilibrium values of 
the supply chain with the extended warranty under centralized decision-making model and decentralized deci-
sion-making model and emphatically analyze the affection of network externality on the equilibrium results and 
differences of equilibriums. 

Conclusion 1: Whether all consumers purchase extended warranty or not, in the situation of centralized deci-
sion-making model and decentralized decision-making model, all the followings are established: extended war-
ranty price sp , extended warranty quality sq , commodity sales Q and extended warranty sales sQ  have posi-
tive correlations with the intensity of network externality µ  while commodity retail price p have negative cor-
relation with µ . 

Demonstration: In the case of centralized decision-making model, when part of consumers buy extended 

warranty, which is 2 kγ β< , 20 1
2

k
k

µ
β γ

< < −
−

. It’s easy to judge the following equations: 

( ) ( )( )
( )( )

2

22

2 2
0

2 2

d

d 1

C
s kp a c k

k k

β γ

γ µµ β

− −
>

 − − − 

= , 
( ) ( )( )

( )( )

2

22

2 2
0

2 2 1

d

d

C
s a c kq

k k

γ β

µ

γ

β γ µ

− −
>

 − − − 

=  
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( ) ( )( )
( )( )

22

22

2 2
0

2 2 1

d

d

C aQ c k

k k

β γ

β γ µµ

− −
>

 − 

=
− −

, 
( ) ( )( )

( )( )

2

22

2 2
0

2

d

2 1d

C
s k a c k

k k

Q β β γ

β µµ γ

− −
>

 − − 

=
−

 

( ) ( )( )
( )( )

2

22

2
0

2 2

d

1d

C k a c k

k

p

k

β γ

β γ µµ

− −
− <
 − − − 

=  

The same theory proves that it’s true when all consumers buy extended warranty. In the case of decentralized 
decision-making model, that conclusion is also true. 

Conclusion 2: Whether all consumers purchase extended warranty or not, all the followings are established: 
D Cp p> , D C

s sp p< , D C
s sq q< . Specially, the value of their differences is related to the intensity of network 

externality µ . 
Demonstration: We take the situation of part of consumers buying extended warranty as an example, we or-

der  

( )( ) ( )
( )( ) ( )( )

2 22

2 2

2 2 1

2 2 1 4 2 1
D

p
C

a c k
U

k k k
p p

k

β γ µ

β γ µ β γ µ

− − −

   − − − − − − 
− =


=


,  

( ) ( )( )
( )( ) ( )( )

2

2 2

2 2 1

4 2 1 2 2 1s

C
p

D
s s

a c k k
U

k k
p

k
p

k

β γ µ

β γ µ β γ µ

− − −

   − − − − − − 
= −


=


, 

( ) ( )( )
( )( ) ( )( )

2

2 2

2 2 1

4 2 1 2 2 1s

C D
sq s

a c k
U

k
q q

k k k

γ β γ µ

β γ µ β γ µ
= − =

 

− − −

 − − − − − −  
,  

and we can obtain  

( ) ( ) ( ) ( )( )( )( )

( )( )( ) ( )( )( )

22 2

2 22 2

4 2 3 2 1 1d

d 2 2 1 4 2 1

p a c k k k kU

k k k k

β γ β γ µ µ

µ β γ µ β γ µ

− − − − − −

− − − − −
=

−
,  

( ) ( ) ( ) ( ) ( )( )
( )( )( ) ( )( )( )

2 22 2 2

2 22 2

2 2 8 2 1
 

d

d 2 2 1 4 2 1

sp
a c k k k kU

k k k k

β γ β γ µ

µ β γ µ β γ µ

− − − − −

− − − − − −
= , 

( ) ( ) ( ) ( ) ( )( )
( )( )( ) ( )( )( )

2 22 2 2

2 22 2

2 2 8 2 1d

d 2 2 1 4 2 1

sq
a c k k kU

k k k k

γ β γ β γ µ

µ β γ µ β γ µ

− − − − −

− − − − − −
=  

Because of 2 kγ β<  and 20 1
2

k
k

µ
β γ

< < −
−

, it’s easy to judge that 0pU > , 0
spU < , 0

sqU < , 

( )d
0

d
pU

µ
> , 

( )d
0

d
spU

µ
<  and 

( )d
0

d
sqU

µ
< , then the conclusion above is proved. In the same way, it’s true 

when all consumers buy extended warranty. 
Conclusion 3: Whether all consumers purchase extended warranty or not, profits of node enterprises and 

supply chain system are related to the intensity of network externality µ . 
Demonstration: We take the situation of part of consumers buying extended warranty for example, when 

2 kγ β< , 20 1
2

k
k

µ
β γ

< < −
−

, then we can obtain 
( ) ( )

( )( )( )
2 3 4

22
0

2 4 2 1

d

d

D
r a c k

k k

β

β γ

π

µ µ

−
>

− − −
= ,  
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( ) ( ) ( )
( )( )( )

22 2

22

d 2

4 1d
0

2

D
m a c k k

k k

π β

µ

γ

β γ µ

− −
>

− −
=

−
, 

( ) ( ) ( )( ) ( )( )( )
( )( )( )

22 2 4 2 2

32

2 4d

d

2 1
0

2 4 2 1

D
sc

a c k k k k

k k

β β γ β γπ

µ

µ

β γ µ

− + − + − −
>

− − −
= , 

( ) ( ) ( )
( )( )

22 2

22

2
0

2 2d 1

d C
sc a c k

k k

β γ

βµ γ µ

π − −
>

 − − − 

= . In the same way, it’s true when all consumers buy extended warranty. 

Conclusion 4: Whether all consumers purchase extended warranty or not, under the influence of 
double-marginalization, supply chain system profit of the decentralized decision-making model is always less 
than the optimal system profit under centralized decision-making model. Specially, their difference is related to 
the intensity of network externality µ . 

Demonstration: We take the situation of part of consumers buying extended warranty for example, we order 

( ) ( ) ( )

( )( )( ) ( )( )( )

32 22

22 2

2 2 1

4 2 1 2 2 1
L C D
sc sc sc

a c k

k k k k

β γ µ

β γ µ β γ
π π π

µ

− − −
= =−

− − − − − −
,  

( ) ( ) ( ) ( ) ( )( )( ) ( ) ( )( )( )
( )( )( ) ( )( )( )

32 22 2 2 4

3 22 2

4 2 1 2 1 1 16 4

4 2 1 2 2 1

d

d

L
sc

a c k k k k k k

k k k k

β γ µ β γ µ µ β β γ γ

β γ µ β γ µ

π

µ

− − − − − − + − − +

− − − − −
=

−
,  

because of 2 kγ β<  and 20 1
2

k
k

µ
β γ

< < −
−

, it’s easy to judge that 0L
scπ > , 

( )d
0

d

L
scπ

µ
> , then the conclu-

sion is proved. In the same way, it’s true when all consumers buy extended warranty. 
The conclusions 1 and 3 show that simply from the perspective of the node enterprises, network externality 

increases the profits of the node enterprises, which plays a positive and active role. However, from the perspec-
tive of supply chain operation, conclusions 2 and 4 show that comparing with the situation of centralized deci-
sion-making model, network externality increases the efficiency loss of decentralized decision-making and wi-
dens the gap of supply chain total profits of centralized decision-making and decentralized decision-making. 

6. Two-Part Tariff (Model SP) 
From the previous section we know that network externality increases the efficiency loss of supply chain deci-
sion-makings. In this section, we attempt to use two-part tariff to coordinate the supply chain system with ex-
tended warranty. 

Because of retailer’s leading role, we assume that as a principal the retailer hands over products to manufac-
turer for manufacturing what they need and provides a contract ( SPp , T ) to manufacturer. It means that the re-
tailer gets a fixed fee T (such as slotting allowances and fees) from manufacturer by setting a lower retail price. 
After that, the manufacturer will decide whether to accept the contract and specifically make optimal decisions. 
The above ideas can be modeled as follows: 

( ) 2

, ,

1max  
2SP SP SP

s s

SP SP
r ss s

p p q
p Q p Qw kq Tπ = −+ +−                            (6) 

. s ss t p qβ γ≥  

( )arg maxSP SP SP
mw w c Q Tπ∈ = − −                               (7) 

( ) *SP DR
mw c Q T π− − ≥ ( ) *SP DR

mw c Q T π− − ≥                           (8) 

In the above model, Equation (7) is manufacturer’s incentive compatibility conditions and Equation (8) is 
manufacturer’s individual rationality constraint (participation constraint) conditions. Among them, *DR

mπ  is 
manufacturer’s optimal profit under decentralized decision-making model. 

Similar to the method above, we can get the equilibrium values of two-part tariff model, as shown in Table 2. 
Conclusion 6 Whether all consumers purchase extended warranty or not, all of the followings are established:  
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Table 2. Equilibrium values of two-part tariff model.                                                           

 Part of extended warranty All of extended warranty 

SPw  
( )( )( )

( )( )

2

2

2 1
2 2 1

a c k ck
k k

β γ µ
β γ µ

+ − − −

− − −
 ( ) ( )

( )

2 2

2 2

1
2 1

a c k c
k

β µ γ
β µ γ

+ − −
− −

 

SPp  
( )( )( )

( )( )

2

2

2 1
2 2 1

a c k ak
k k

β γ µ
β γ µ

+ − − −

− − −
 ( ) ( )

( )
2 2

2 2

1
2 1

a c k a
k

β µ γ
β µ γ

+ − −
− −

 

SP
sp  

( )
( )( )22 2 1

a c k
k kβ γ µ

−
− − −

 ( )
( )

2

2 22 1
a c

k
γ

β µ γ
−
− −

 

SP
sq  

( )
( )( )22 2 1

a c
k k

γ
β γ µ

−
− − −

 ( )
( )2 22 1

a c
k

βγ
β µ γ

−
− −

 

SPQ  
( )( )
( )( )

2

2

2
2 2 1

a c k
k k

β γ
β γ µ
− −

− − −
 ( )

( )
2

2 22 1
a c k

k
β

β µ γ
−
− −

 

SP
sQ  

( )
( )( )22 2 1

a c k
k k

β
β γ µ

−
− − −

 ( )
( )

2

2 22 1
a c k

k
β

β µ γ
−
− −

 

SP
mπ  

( ) ( ) ( )
( )( )( )

22 2

22

2 1

4 2 1

a c k

k k

β γ µ

β γ µ

− − −

− − −
 

( ) ( )
( )( )

2 2 4

22 2

1

4 1

a c k
k

β µ

β µ γ

− −

− −
 

SP
rπ  

( ) ( ) ( )( ) ( )( )( )( )
( )( )( ) ( )( )( )

2 2 2 2 2

22 2

2 6 2 1 2 2 1

2 2 2 1 4 2 1

a c k k k k k

k k k k

β γ β γ µ β γ µ

β γ µ β γ µ

− − − − − − − +

− − − − − −
 

( ) ( ) ( )( )( )
( )( ) ( )( )

2 2 2 2 2 4

22 2 2 2

6 1 2 1

2 2 1 4 1

a c k k k

k k

β β µ β µ γ γ

β µ γ β µ γ

− − − − +

− − − −
 

SP
scπ  

( ) ( )
( )( )( )

2 2

2

2
2 2 2 1

a c k
k k

β γ

β γ µ

− −

− − −
 ( )

( )( )
2 2

2 22 2 1
a c k

k
β

β µ γ
−

− −
 

 
SP Cp p= , SP C

s sp p= , SP C
s sq q= , SP C

sc scπ π= , D SP
r rπ π< , D SP

m mπ π= . 
Demonstration: The equal equilibrium values can be seen directly. We take retailer’s profit rπ  under the 

situation of part of consumers buying extended warranty for example, by 2 kγ β<  and 20 1
2

k
k

µ
β γ

< < −
−

, 

we can obtain 
( ) ( ) ( )

( )( )( ) ( )( )( )

32 22

1 22 2

2 2 1
0

2 2 1 4 2 1
SP D
r r

a c k
U

k k k k
π π

β γ µ

β γ µ β γ µ
= −

− − −
>

− − − −
=

− −
. It’s true when all con-

sumers buy extended warranty. 
Conclusion 6 states that two-part tariff can optimize the decision-making efficiency of supply chain system 

and obtain the supply chain system Pareto improvement and can also achieve the perfect coordination of supply 
chain ( )SP C

sc scπ π= . But in that situation, the manufacturer only obtains retained profit and retailer grabs super 
profit. 

7. Analysis of Example 
Next, we further analyze the above conclusions by an example. Without loss of generality, we assume that  

1000a = , 100c = , 4β = , 2γ =  and (1) when part of consumers buy extended warranty, according to con-
dition (I) we assume 12 10k = , 0 11 14µ< < ; (2) when all of consumers buy extended warranty, according to 
condition (II) ,we assume 8 10k = , 0 11 16µ< < . Then we respectively make comparison diagrams of prod- 
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uct price, extended warranty price, extended warranty quality, commodity sales, extended warranty sales, profits 
of node enterprises and supply chain system under mode C (centralized decision-making), model D (decentra-
lized decision-making )and model SP (two-part tariff) as follows: 

(1) Comparison figures of retailer’s retail price and product sales about µ  under each model. 
Figures 1-4 show that whether all consumers purchase extended warranty or not, the retail price and sales are 

influenced by network externality under C, D and SP model. It concretely shows: along with the augment of µ , 
retail price decreases and commodity sales increases with the increase of the intensity of network externality µ . 
This means that in the market environment with stronger network externality, the retailer tends to increase sales 
by lower the commodity price in order to expand the follow-up potential consumers of extended warranty. 

(2) Comparison diagrams of retailer’s extended warranty price, extended warranty quantity and extended 
warranty sales about µ  under each model. 

Figures 5-10 show that whether all consumers purchase extended warranty or not, the price, quantity and 
sales of extended warranty are influenced by network externality under C, D and SP model. It concretely shows: 
the price, quantity and sales of extended warranty increases with the increase of the intensity of network exter-
nality µ . It shows that in the market environment of stronger network externality, the retailer will prefer ex-
tended warranty pricing strategy with higher quality and higher price. On the one hand, providing high quality 
extended warranty can attract more consumers to buy extended warranty. On the other hand, it will obtain higher 
extended warranty sales revenue by setting higher prices. 

 

 
Figure 1. Comparison of retail price when part of consumers buy extended warranty and µ  changes. 

 

 
Figure 2. Comparison of retail price when all consumers buy extended warranty and µ  changes.    
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Figure 3. Comparison of product sales when part of consumers buy extended warranty and µ  
changes.                                                                        

 

 
Figure 4. Comparison of product sales when all consumers buy extended warranty and µ  
changes.                                                                         

 

 
Figure 5. Comparison of extended warranty price when part of consumers buy extended warran-
ty and µ  changes.                                                                  
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Figure 6. Comparison of extended warranty price when all consumers buy extended warranty price 
and µ  changes.                                                                    

 

 
Figure 7. Comparison of extended warranty quantity when part of consumers buy extended war-
ranty and µ  changes.                                                                   

 

 
Figure 8. Comparison of extended warranty quantity when all consumers buy extended warranty 
quantity and µ  changes.                                                              
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Figure 9. Comparison of extended warranty sales when part of consumers buy extended warranty 
and µ  changes.                                                                      

 

 
Figure 10. Comparison of extended warranty sales when all consumers buy extended warranty 
quantity and µ  changes.                                                              

 
Throughout the above illustrations, by comparing C model with D model, we found that equilibrium values 

under the decentralized decision-making model deviated from the optimal values of centralized decision-making 
model and the differences of them increased with the increasing of the intensity of network externalities µ . 
This showed that the decision-making efficiency of supply chain under decentralized decision-making model 
was inferior to the situation of centralized decision-making model and network externality intensified the effi-
ciency loss. At the same time, by comparing C model, D model with SP model, we found that the price, quantity 
and sales of extended warranty under two-part tariff were better than the equilibrium values under decentralized 
decision-making model and agreed with the optimal values under centralized decision-making model. That 
showed two-part tariff could perfectly improve the decision efficiency of supply chain node enterprises. 

(3) Comparison figures of the profits of manufacturer, retailer and the supply chain about µ  under each 
model. 

Figures 11-16 showed that whether all consumers purchase extended warranty or not, profits of the manufac-
turer, the retailer and the supply chain system under C, D and SP model were influenced by network externality. 
It concretely showed: profits of the manufacturer, the retailer and the supply chain system increased with the in-
crease of the intensity of network externality µ . At the same time, we found that (1) Whether all consumers 
purchase extended warranty or not, product price, extended warranty price and quantity under the decentralized 
decision-making model deviated from optimal values of centralized decision-making model and the manufac-
turer and retailer made decisions from the point of maximizing their self-interest so that the system profit under 
the decentralized decision-making model was always lower than optimal values of centralized decision-making  
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Figure 11. Comparison of manufacturer’s profit when part of consumers buy extended warranty 
and µ  changes.                                                                     

 

 
Figure 12. Comparison of manufacturer’s profit when all consumers buy extended warranty quan-
tity and µ  changes.                                                                  

 

 
Figure 13. Comparison of retailer’s profit when part of consumers buy extended warranty and µ  

changes.                                                                              
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Figure 14. Comparison of retailer’s profit when all consumers buy extended warranty quantity and 
µ  changes.                                                                           

 

 
Figure 15. Comparison of profit of supply chain when part of consumers buys extended warranty 
and µ  changes.                                                                    

 

 
Figure 16. Comparison of profit of supply chain when all consumers buy extended warranty quan-
tity and µ  changes.                                                                   
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model and the differences of them increased with the increasing of the intensity of network externality µ ; (2) 
Under two-part tariff, the supply chain system could obtain the Pareto improvement and manufacturer only ob-
tained retained income, while retailer could obtain higher profits; (3) Two-part tariff could perfectly coordinate 
the supply chain system with extended warranty. The same as the optimal values of centralized decision-making 
model, systematic total profit under the contract was better than profit under decentralized decision-making 
model. 

8. Conclusions 
Under the condition of network externality, we structured a two-stage supply chain system with extended war-
ranty and the leading retailer. Firstly, in the centralized decision-making and decentralized decision-making 
mode, we respectively discussed and compared commodity pricing, extended warranty pricing, service quality 
decision-making and system profits of the node enterprises and we analyzed the effect of network externality on 
each decision variables and profits. Then we tried to use the two-part tariff to coordinate the supply chain system. 
Finally, we further analyzed it by the example. We got the following conclusions. 

(1) The intensity of network externality had an important impact on the optimal decision of two-stage supply 
chain system with extended warranty. The extended warranty price, the extended warranty quality, product sales, 
extended warranty sales, node enterprises profits and the systematic total profits were positive related to the in-
tensity of network externality µ  and commodity retail price had negative correlation with µ . 

(2) Network externality exacerbated the efficiency loss of decision-making. 
(3) Two-part tariff could perfectly coordinate the supply chain system with extended warranty. As the optimal 

values in the centralized decision-making model, systematic total profit under the contract was better than profit 
under decentralized decision-making model. Because of retailer’s dominant position and stronger bargaining 
power, manufacturer only obtained retained income, while retailer grabbed the excess profits. 

In this paper ,there are some shortcomings, for example: (1) We only considered the situation of commodity 
sales affected by price and extended warranty affected by price and quality under the network externality, with-
out considering the situation of goods and extended warranty affected by the promotional effort; (2) We only 
considered complete rationality of the node enterprises in supply chain with the goal of maximizing profit, 
without considering the situation of supply chain node enterprises affected by fairness. Those are directions 
which can be extended and finished later. 
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