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ABSTRACT 

Recently, price contract models between suppliers and retailers, with stochastic demand have been analyzed based on 
well-known newsvendor problems. In Bernstein and Federgruen [6], they have analyzed a contract model with single 
supplier and multiples retailers and price dependent demand, where retailers compete on retail prices. Each retailer 
decides a number of products he procures from the supplier and his retail price to maximize his own profit. This is 
achieved after giving the wholesale and buy-back prices, which are determined by the supplier as the supplier’s profit is 
maximized. Bernstein and Federgruen have proved that the retail prices become a unique Nash equilibrium solution 
under weak conditions on the price dependent distribution of demand. The authors, however, have not mentioned the 
numerical values and proprieties on these retail prices, the number of products and their individual and overall profits. 
In this paper, we analyze the model numerically. We first indicate some numerical problems with respect to theorem of 
Nash equilibrium solutions, which Bernstein and Federgruen proved, and we show their modified results. Then, we 
compute numerically Nash equilibrium prices, optimal wholesale and buy-back prices for the supplier’s and retailers’ 
profits, and supply chain optimal retailers’ prices. We also discuss properties on relation between these values and the 
demand distribution. 
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1. Introduction 

Recently, price contract models between suppliers and 
retailers with stochastic demand have been analyzed 
based on well-known newsvendor problems. Cachon [1] 
has reviewed models with one supplier and one retailer 
under several types of contracts. In a market, however, 
many retailers exist and they compete in order to attract 
the maximum number of consumers. In this context, 
Yano and Gilbert [2] have been interesting in contracting 
models in which the demand is stochastic and depends on 
price. Wang et al. [3] and Petruzzi [4] have studied de-
centralized price setting newsvendor problems under 
multiplicative retail demand functions. Song et al. [5] 
have analyzed theoretically the optimal prices and the 
fraction of a total profit under individual optimization to 
that under supply chain optimization. 

In Bernstein and Federgruen [6], they have analyzed a 
contract model with single supplier and multiple retailers 
and price dependent demand, where retailers compete on 
retail prices. Each retailer decides a number of products 

he procures from the supplier and his retail price to 
maximize his own profit. This is achieved after giving 
the wholesale and buy-back prices, which are determined 
by the supplier as the supplier’s profit is maximized. 
They have proved that the retail prices become a unique 
Nash equilibrium solution under weak conditions on the 
price dependent distribution of demand. They, however, 
have not mentioned the numerical values and properties 
on these retail prices, the number of products and their 
individual and overall profits. 

In this paper, we analyze the model numerically. We 
first indicate some numerical problems with respect to 
the theorem of Nash equilibrium solutions, which Bern-
stein and Federgruen [6] proved, and we show their 
modified results. Then we present Nash equilibrium 
prices, optimal wholesale and buy-back prices for the 
supplier’s and retailers’ profits, and optimal retail prices 
under supply chain optimization, analytically and nu-
merically. We also discuss the properties on a relation-
ship between these values and the demand distribution. 

In the next section, we present the competing retailers 
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model introduced in [6], and we discuss the sufficient 
conditions on the existence and the uniqueness of the 
Nash solution. In Section 3 we investigate the model 
with exponential and uniform distribution functions and 
with linear and Logit demand functions. In Section 4, we 
present numerical results and discuss the behavior of 
Nash equilibrium solutions and properties of the profits 
and prices. 

2. Competing Retailers’ Model 

The model of competing retailers for one supplier  
and  retailer introduced in [6], is shown 

in Figure 1. 

S
N , 1iR i  N

This model is set under wholesale and buyback pay-
ment scheme. The supplier  incurs retailer S , 1iR   

 a wholesale price  for each product, com-

bined with an agreement to buyback unsold inventory at 
. We assume that the supplier has ample capacity to 

satisfy any retailer demand and produce products at a 
constant production cost rate  , which includes the 

transportation cost to retailer . When and  are 

given, each retailer  orders his quantity and cho- 

oses his retail price . A salvage rate  is 

adopted in the supply chain. To avoid trivial setting, the 
model parameters are chosen as  and 
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Figure 1. Competing retailers’ model 

iG (.)  and a probability density function ig (.) . In addi-
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This result reduces the no-cooperative game in the (p, 
y)-space to a p-space game. In this space the retailers 
compete only on prices (reduced retailer game). Then, 
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is the critical fractile, and 
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3.1 Exponential Case 
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Figure 2. Two competing retailers’ model 
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2) Logit demand function 
Now, the problem is studied with a logistic demand 

function, expressed by 
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r {1, 2}i  Then by (7) fo

1 2
1

( ) 1

1

i i
i i

i i i i i i
i i

p w

p b p w p w
a a

p b

 

            

1) Linear demand function 
With the linear demand given by (8) and , we 
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r quantities are given by The optimal orde
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   
           


             

  

equal to The supplier profit function is 

   
2

M

p   
 
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2
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w
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
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 The retailers’ profit functions are given by
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
   
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2) Logit demand function 
With the Logit function given by (10), we obtain 
and as  

2 2 21 2p w a a

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The optimal order quantities are given by 
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1
1

2
2

The supplier profit function and retailers’ profit func-
tions are obtained in the same way as for the linear de-
mand function. 

3. zation 

W
an ord antities to maximize the overall profit of 
the supply chain, the wholesale and buyback prices are 
meaningless because they are payments between the 
supplier and the retailers. As the whole of the supply 
chain is equivalent to a single retailer with who
price  and buyback 

3 Supply Chain Optimi

hen the supplier and the retailers determine the prices 
d the er qu

lesale 

1 2( , )c c 1 2( , )  , and by using (3), 

the optimal order quantity (the amount of products) is 

given by 1( ) ( )I i i
i i i

p c
y p d p G

i ip 
  

   . By u
 

sing (4), the 

overall expected profit of the supply chain is 

2

1
( ) ( ) ( )I i i

i i i i
i i i

p c
p p c d p L

p v




 
    
 ,       (11) 

wh  ere, the retail prices 1 2( , )p p are given. The optimal

retail prices 1 2( , )I Ip p  in the integrated supply chain 

maximize the profit function given by (11). 

ote th

4. Numerical Examples 

4.1 Geometric Analysis of the Nash Solution 

The system of equations on 1 2( , )p p  that solves the 

profit functions for the two retailers is obtained in Section 

3. In the case of exponential demand and linear functions, 

we den e right hand sides of two equations in (9) by  

2 2( )f p  and 1 1( )f p , respectively. Then the equations 

(9 e ) becom 1 2 ( )p f 2p  and Note that in 

s sa
2 1( ).p f p  

tisfied 
1

other case by ( , )p p  form 

1 2 2( )p f p

 the equations 1 2

  and 2 1 1( )p f p  similarly. Geom

he 

etrically, 

Nash to analyze the
ution, we

 behavior 
ot the f

of th
ncti

e system around t
ons ( )i isol  pl u f p  fo

le solutions fo
 solution 

r 1p and 2p  

r the equa-in Figure 3. There are multip
e Nashtions, but there is a uniqu 1 2( , )p p  with 

( 1, 2)i ip w i  , which has been proved in the theorem 

of Section 2. 
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P1

P2 

w2 

 

w1 

1 2( , )p p

 

Figure 3. Nash solution and system of equations 
 

Given wholesale and buyback prices, we derive these 
Nash retail prices, and profits of the supplier and two 
retailers. We compute them for all combinations of 
wholesale and buyback prices, which are integers and 
satisfy  and i

U
i i ic w w  i iv b w  , where  is 

set as the upper bound for the optimal wholesale price for 
the supplier, and derive optimal wholesale and buyback 
prices for the supplier. We also compute the overall prof-
its and retail prices under the supply chain optimization, 
and compare them with the ones under individual i-
mization. 

.2 Numerical Results 

U
iw

opt

4

In numerical examples we set parameters as shown in the 
following:  

1 2( , ) (0,0)   , 

1 2( , )) (100,100   ， 1 2( , ) (1,1)   ， 

12 21( , ) (0.3,0.3)    (linear function ) , 

0.03  ， 1 2( , ) (0.005,0.005)C C  ， 

1 2( , ) (1,1)k k  , (Logit function). 

The program is coded by C and the computations are 
mpiler on PC. In Table 1, we 

d Logit functions, wher- 

cost parameter settings are considered:  
etric) and 

done by using Fujitsu C co
assume exponential demand an
eas in Table 2 the linear function is assumed. In these 
tables two 

1 2( , ) (30,30)c c   (symm 1 2( , ) (30, 20)c c   

(anti-symmetiric). 
The values in tables are the optimal p for supplier, 

the profit for each retai m of 
supplier’s and retailers’ profits), optimal whole-sale and 
buyback prices for the supplier, Nash ilibrium retail 
prices and order es in paranthesis () 
are th

function

i 

rofit 
ler; entire expected profit (su

 equ
 quantities. The valu

e total profit, optimal retail prices and order quanti-
ties for retailers under the supply chain optimization. 

In the cases of Tables 1 and 2, optimal whole sale 
prices and buybacks determined by the supplier give 
more profits to the supplier than retailers. In the symme- 

Table 1. Exponential demand and logit  

1 2 1 2 
Ci 30 30 30 20 
( )M p 32.195 35.792 

( , )i i ip y 10.227 10.227 7 3.843 

Entire 
expected 
profits 

52.649 
(62.430) 

58.552 
(7

8.91 1

0.153) 

iw  98 98 100 88 

ib  47 47 47 47 

175.420 
(172.428)

175.420 
(172.428) 

175.376 
(182.095) 

168.444 
(161.07) 

0.311 0.311 0.276 0.418 

ip  

iy  
(0.606) (0.606) (0.444) (0.965) 

 
ential demand and linear function Table 2. Expon

ia
 0.1 0.3 0.5 0.7 

( )M p  2531.42 2352.36 2176.38 2003.38 

( , )i i ip y 513.03 481.51 450.56 414.12 

Entire 
expected 
profits 

3557.49 
(4303.71)

3315.38 
(3999.12) 

3077.51 
(3700.00) 

2832.62 
(3407.00)

1 2( )w w 87 87 87 87 

1 2( )b b 75 75 75 74 

1( )2p p 110.31 110.97 111.69 112.55 
) (87.08) (88.46) (89.96) (91.56

2  
(4 ) 

2  
(4 ) 

2  
(4 ) 

2  
(4 ) 1 2( )y y 3.51

0.26
4.55
1.75

5.59
3.20

6.05
4.57

 
tric cost cases ptim il pr f two retailers 
bec  same. red to supply ptimiza-
tio ail pric gher and the s of or-
ders are smaller in the individual optimal case. It is be-
cause u er the n opti ation m amount f de-
mand a  satisf  dec sing re  prices  in-
creasing orde ies s i div ti-
mal case the r o  o fit, 
which leads to er w le pr nd a sult 
retail prices b ig he mm ost 
ase, the optimal wholesale price to the retailer with the 

smal ther 
retailer, which leads to m rofits he fo -
tailer. The reaso  that th ailer w mall w
price sets he il d m nt r-
der, which im at m ou ur 
in t d the supplier can sell more products to cus-
tom pa  w it he 
dem epe th ri  ly, 
and the wholes prices tail pri nd th
quantities chang ore. 

In both cases  entire pected profits in indi-
vidual optimal is a 0 to of er 
supply chain o n t n c of 

, the o al reta ices o
ome the

n, the ret
Compa chain o
es are hi quantitie

nd  chai miz ore s o
re ied by rea tail  and
 r quantit , wherea n the in idual op

 supplie wants to btain its wn pro
 high holesa ices a s a re

ecome h her. In t  anti-sy etric c
c

ler production cost is smaller than that to ano
ore p
e ret

for t
ith s

rmer re
holesale n is

 t less reta price an ore qua ities of o
plies th ore am nts of demand occ

otal an
ers. In 
and d

rticular, ith Log demand function t
nds on e retail p ces more intensive

ale , re ces a e order 
e m
 the  ex the 

 cases bout 8  85 % that und
optimizati n. Whe he chai onsists 
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Table 3. Uniform de and unct

i 

mand linear f ion 

1 2 1 2 
Ci 30 30 30 20 

 
( )M p  1200.548 1473.307 

( , )i i ip y  242.306 242.306 228.119 380.888

Entire 
expected 
profits 

1685.160 
(2041.22) 

2082.314 
(2515.01) 

iw  89 89 89 82 

ib  77 77 77 73 

ip  116.154 
(96.902) 

116.154 
(96.902) 

115.532 
(97.788) 

112.445
(90.259)

iy  22.105 
(37.717) 

22.105 
(37.717) 

21.233 
(34.608) 

32.826 
(58.887)

 
one supplier and one retailer, it is shown in Song et al. 
(2008) that the fraction is 3/4(in linear case) or 
2 / 0.736e   (in Logit case). The competition among 
retailers makes retail prices lower, which makes the frac-
tion higher. 

In Table 3, the uniform distribution of demand is  
assumed with the symmetric production costs 
( ( 1 2, ) (30,30)c c  ), and the ia , which corresponds to 

the width of the uniform distribution, is changed from 0.1 
to 0.7. It implies that large ia  means the high variance 

of dem s are 
higher, d profits f the su lier and tailers d rease. 
This is because when the va ce inc es, the antity 
of order m t be in to apply t ation of 
demand, whereas the lso inc d 
to obtain pro its le

W changes the optimal wholesale prices an

buyb es for t r are almo e. Note
that even  it is c ared w  result  the exponential
case shown in Fig e 2, whi h has m variance
these unif  dist tions,  difference on the
is very small.  o h and 
buyback prices e  t nce
of the demand d

tail prices. In numerical ex-
am

rant-in-Aid for Scientific 

 

t with revenue sharing,” Man-

hain modeling implications and in-
sights,” Work usiness, University 
of Illinois, Urb 4. 

 

5. Concluding Remarks 

In this paper, we first show the sufficient condition that 
unique Nash equilibrium retail prices exist and they are 
greater than wholesale prices. We then give the equations 
whose solutions are those re

ples we compute these equilibrium prices, optimal 
wholesale and buy-back prices for the supplier and sup-
ply chain optimal retailers’ prices, and discuss properties 
on these values. In future research, a two-supplier prob-
lem and other types of problems will be modeled and the 
properties will be discussed analytically and numerically. 
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