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ABSTRACT

A scheme of teleporting a superposition of coherent states |a> and |—a> using a 4-partite state, a beam splitter and two

phase shifters was proposed by N. Ba An (Phys. Rev. A, 68, 022321, 2003). The author concluded that the probability
for successful teleportation is only 1/4 in the limit |a| — oo and 1/2 in the limit |a| — oo . In this paper it is shown that

the author’s scheme can be altered slightly so as to obtain an almost perfect teleportation for an appreciable value of
|a|2. We find the minimum assured fidelity i.e., the minimum fidelity for an arbitrarily chosen information state, which

we write MAF in this paper, for different cases. We also discuss the effect of decoherence on teleportation fidelity. We
find that if no photons are counted in both final outputs, MAF, is still nonzero except when there is no decoherence and
the initial state (the state to be teleported) is even coherent state. For non-zero photon counts, MAF decreases with in-

crease in |a| for low noise. For high noise, however, it increases, attains a maximum value and then decreases

with|a|2 . The average fidelity depends appreciably on the initial state for low values of |0:|2 only.
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1. Introduction

Quantum entanglement has generated much interest in
many ingenious applications in quantum information
science such as quantum teleportation [1-4], quantum
computation [5], quantum dense coding [6], quantum
cryptography [7] and quantum telecloning [8] as well as
fundamental studies in quantum mechanics related to the
Einstein-Podolsky-Rosen (EPR) paradox [9]. In a recent
paper [10], a new idea of two-way quantum communica-
tion called “secure quantum information exchange”
(SQIE) is also introduced. If there are two arbitrary un-
known quantum states |§>I y and|77>[ 5, initially with
Alice and Bob, respectively, then SQIE protocol leads to
the simultaneous exchange of these states between Alice
and Bob with the aid of the special kind of six-qubit en-
tangled (SSE) state and classical assistance of the third
party, Charlie. Teleportation of a two-mode entangled
coherent state encoded with two-qubit information has
also been studied in a recent paper [11-15]. Teleportation
has been demonstrated experimentally [14-16]. Telepor-
tation of an entangled multiparticle state and coherent
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superposition states have also been considered [17,18]. In
addition to scheme for discrete variables, the idea was
extended to continuous variables also both experiment-
tally [19] and theoretically [20-22]. Entangled coherent
states [23,24] have received much attention in the study
of quantum entanglement and quantum teleportation.
Effect of decoherence in teleportation has also been
studied by various authors [25,26]. However, Fan and Lu
An. [27] have used the terminology “coherent entangled
states” which is completely different from “entangled
coherent state”. The entangled states [23] used by Sand-
ers can be denoted as entangled coherent states in spite
the crucial difference the phase factor makes. Recently
teleportation of states such as

|l//>OC€+|0(>+€7|—a> (1.1
or
| ¢>Oce+|a>1|a>z +€7|—a>1|—0{>2 (1.2)

with |a> a coherent state and €, unknown complex
coefficients, have been investigated by van Enk and Hi-
rota[2] and X. Wang respectively [3]. However both the
publications involved teleportation between two parties
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only.

In a recent paper N. Ba An[4] proposed a scheme to
teleport a single particle state of form (1.1) within a net-
work consisting of four parties, a beam splitter and two
phase shifters and concluded that the probability for suc-
cessful teleportation is only 1/4 in the limit |a| — Oand
1/2 in the limit |a| — oo . We [28-34] reexamined
scheme of An and showed that an almost perfect teleport-
tation can be obtained for an appreciable value of |a|2.
Also, by including four parties, the security of the tele-
portation increases, as David cannot decipher the original
information until and unless he gets the results from all
Alice, Bob and Clair. In this paper we discuss effect of
decoherence on fidelity in such teleportation. We organ-
ize our paper as follows. In Section 2 we outline our tele-
portation scheme in Figure 1, which is self-explanatory
and consider the case of no noise. In Section 3 we con-
sider the effect of decoherence due to noise and in Sec-

tion 4 we give conclusions.

While considering the noisy case, we find that if no
photons are counted in both final outputs, the minimum
assured fidelity, which we shall write MAF in this paper,
is nonzero except when there is no decoherence and the
initial state is even coherent state. For non-zero photon
counts in all cases, MAF decreases with increase in |0:|2
for low noise. For high noise, however, the MAF in-
creases, attains a maximum value and then decreases
with |a|2. Various cases have been studied extensively
and the results plotted.

2. Teleportation Scheme and the Noiseless
Case

Let us deal here with a network consisting of four parties:
Alice, Bob, Clair and David. Because of the network
symmetry requirement, the four parties share a 4-partite
entangled state of the form

|E>1,2,3,4

= ! a) o) e la) —|-a) |-a) |-a) |-a) ):x=e™? (2.1)

oMkl e el - - xme

B} = g | hl sl sl @hg ) el )
2(1—x)
£
-F’.S.I
| 1) :NO[E+ a>o+ef|—a>0] s
> >

Figure 1. Numerals 0, 1, ---, 8 refers to modes. Out of |E)

1234’

D8

1,2,3 and 4 goes to Alice, Bob, Clair and David respectively.

Alice 1) converts state 1 to state 5 by using phase shifter P.S.1, 2) mixes state 5 with state 0 (information required to be tele-
ported) using a beam splitter, 3) modifies output in 7 to state 8 using phase shifter P.S.11, and 4) performs photon counting in
6 and 8. Bob and Clair also perform photon countings in modes 2 and 3 respectively. The result, conveyed to David by a clas-
sical channel helps him retrieve the information by making a suitable unitary transformation on state 4.

Copyright © 2012 SciRes.
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involving modes 1, 2, 3 and 4. State with mode 1 is sent
to Alice, mode 2 to Bob, mode 3 to Clair and mode 4 to
David. Consider teleportation from Alice to David and
let the state with Alice be,

|I>o =< |a>0 te |—a>0 22)

in the mode 0, with the normalization condition

|e+|2 +|e_|2 + 26:_2‘”"2 Re(ej e_) =1 We may call the state
|I ) , asthe initial state. The mean number of photons is
=, 1), =le| [1—452‘“‘2 Re(e)e. )}

which is nearly |a| for |a| 1. In terms of even and
odd coherent states [35], the state |I > can be written as

|I), =4, |EVEN,a), + A_|ODD,a), = cos§|EVEN, a), +sin§e‘¢ |oDD, a), (2.3)

where

|EVEN

Constants 4, and €, are related to each other by,

|ODD a

JT

la)—|-a) (2.4)

W

4, =(e, £ ) (122 )/2,ei=[2(lix2 )]_1/2 A, i[Z(l—xz )]_1/2 A (2.5)

and 6 and ¢ are defined by,
tangei"j =4 /A, (2.6)

The initial state of the whole system is then given by,
|‘I’>01234 :|1>0|E>1234. Alice allows mode 1 to pass

through phase shifter P.S.1I, which converts state |05>1 in

[¥)7254

:—\/m[€+(

e ([0)]-iv2a

.|

One of the output modes, say, mode 7 is allowed to pass
through phase shifter P.S.II which changes a state |77>7 to

| \P>6,8,2,3,4

1
!
+e_ (|0>6‘\/§a>8|a> o

2

This scheme of teleportation is shown in Figure 1.

‘i\/_ > x|0
where

Copyright © 2012 SciRes.

a), |a),|),

V2a) [0),|a), )|,
)~ o |-, |- ), ]

mode | to state |—ia>5 in mode 5. She then mixes
modes 0 and 5 with the help of a beam splitter which
changes [36] an input state |ﬂ>0|;/>5 to the state

in modes 6 and 7. The state after passing through the
beam splitter is then,

\/50{>6 |0>7 |a>2 |0{>3 |0{>4 _|O>s ‘i 2 0!>7 |—a>2 |—0!>3 |—0!>4) 2.7)
-~z a) o), |-a),|-a),|-a), )|

the state |z 77> the whole process changes the combined

state |‘I’>67’2§3,4 to state

O>6 ‘—\/506>8 |—06>2 |_a>3 |_a>4) (2.8)

Using the expansion‘i 2 a> [28-34,37],

‘NZE\/_a ,/ 1-x* ‘ODD\/Ea 2.9)
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|NZE,at) =(| ) +]
The output state becomes
|\P>s,s,2,3,4 = ﬁ' 0)5 |O>s (
1
2(1+27 ) (1+x*)

+[0), | NZEN2a) [,

' fjomo
4

2(1+x")

+

+ [0), [oDD2er)

where,

234

[{a})

Now, Alice performs a two-mode number measure-
ment on the modes 6 and 8 through two detectors D6 and
D8 at her station and conveys this result to David
through some classical channel. Bob and Clair also carry
out local photon number measurements of modes 2 and 3
by their detectors D2 and D3. After receiving this infor-
mation from Alice, Bob and Clair, David makes some
unitary transformation to retrieve the original informa-
tion. Let the measurement outcomes of Alice be ng and ng,
whereas n3 photons are counted by Bob and #; by Clair’s
detector.

From Equation (2.11), it is clear that Alice’s result of
photon countings of modes 6 and 8 is either 1) zero in
both outputs, or 2) zero in mode 6 and non-zero even in
the mode 8, or 3) non-zero even in the mode 6 and zero
in the mode 8, or 4) zero in mode 6 and odd in the mode
8 or 5) odd in the mode 6 and zero in the mode 8. We
considered [24] different cases of results of photon
counting in modes 6 and 8. For n, and n;, also, we dis-
tinguish in two cases, viz., (a) n, + n3 is even or (b) np +
n3 is odd.

Case I: If Alice’s measurements result in zero photons
in both modes, we find that the state with David is the
non entangled state,

P =08 <\P | 0, 0> 0,0

)

2x° (1-x°) |4

S.A.KUMAR ET AL.

~a)=2x|0)) /N2 (1-x) (2.10)
e e ), -l
{222 [0} [<. {alh, <. {-a).. ]

fral), +e [, ] @11)
~N2a) [0),[. |{a)),, < |{-a}),, |
(<. [i-a}),,, += al).,, ]}
), |a),|a), 2.12)

) (et ) )y -l-ah), ] @13)

It may be noted that sign ~ has been used in Equation
(2.13) because normalization of the state has not been
done. Also prime in |T ’> reminds that a unitary trans-
formation U is to be done by David resulting in tele-
ported state |T >=U |T ’) . We may write the states

ta,+ a)z3 in terms of even and odd coherent states of
modes 2 and 3 (see Al in Appendix A).

For case | (a), where, n, + n3 is even, David’s state
collapses into the state |ODD,a> which is the odd co-
herent state. By applying unitary transformations, it can’t
be converted to state |I> for arbitrary values of 4, .
This gives maximum fidelity equal to 1 for information

|ODD, ) and fidelity zero for information |EVEN, ).
The MAF is thus zero in this case.

For case | (b), however, where n, + n3 is odd,
David’s state collapses into the state |E VEN,a) . Again,
unitary transformation can’t convert it to state |I > in
this case and maximum fidelity is equal to 1 for informa-
tion |E VEN,a) and fidelity zero for information

|ODD, ) . MAF is again zero in this case.

The probability of getting the state (2.13) is,

|2 B 2x7 (l—x6 )cos2 (g]

i

68 68<

where 4, are related to 6 by Equation (2.6). The
proba‘t>2ility P, approaches zero for an appreciable value
of |a| .

Copyright © 2012 SciRes.

23468 (1_

(2.14)

x8)<1+x2) - (1—x8)<1+x2)

Case Il: If Alice’s measurements result in non-zero
even photons in the mode 6 and zero photon in the mode
8, we find that the state with David is,
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)
|:€+ {a}>234 & |{_a}>234J

The above state can be written in terms of even and

(2.15)

2
I7) [g}ak—ef}ah]=A+GijfﬂﬂﬂlaL+A7P+x|EV&Va>
+X

Applying the unitary transformation

Equation (2.16) reduces to

and leads to the fidelity F given by,

odd coherent states of modes 2 and 3 (see A2 in Appen-
dix A).

For case Il (a), where n, + n3 is even, David’s state
collapses into the state,

F=(T|1){1|T)=

(2.16)
U =|EVEN,a), ,(ODD,a|+|0DD,a), ,(EVEN ,a| (2.17)
IT) 4, /i | EVEN. ), + A /i” |oDD,a), 2.18)
2
[l—xz( Al _2)] (l—xzcosé’)2

= : 5 (2.19)

1+ 3% =22 (|A+|2—|A_|2) 1+x* —2x% cos @
. The MAF is the Case Il1: If Alice’s measurements result in zero pho-

This is minimum at &= cos™'
minimum value of F, F —(1 x*) . This is quite
close to unity for appreciable value of a|

For case Il (b), where n, + n3 is odd, David’s state
collapses into the state,

7)~[ e la), +e |-a),]

(2.20)
= A,|EVEN,a),+A_|ODD,a),

This is an exact replica of state |I )0, and hence no
unitary transformation is required for this case. The fi-
delity is obviously unity.

Probability for getting the state (2.15) is

Py = 6 (W|NZE,0) , (0, NZE|¥)

68 68 <
:[1+xg_x (14x*) (A| |4 f )} o1
41+ x") (1427 )

23468

[1+x8 —x2<1+x4)cos0J

4142t )(1427)

This is very close to 1/4 for an appreciable value of
o

7)~[ =

Applying the unitary transformation,

U=|EVEN, a),,(EVEN, a|-|0DD, a),, (ODD, c|

Equation (2.25) becomes an exact replica of state |I ) 0
and hence the fidelity comes out to be unity. The prob-

Copyright © 2012 SciRes.

|a), +€_|-a), | = 4.|EVEN,a), - 4.|ODD,a),

ton in the mode 6 and non-zero even photons in the mode
8, we find that the state with David is,

|T,> |:_ <, {_a}>234 te |{a}>234:|

The above state can be written in terms of even and
odd coherent states of modes 2 and 3 (see A3 in Appen-
dix A)

For case 111 (a), where n, + ns is even, David’s state
collapses into the state,

) [-el-a)+efa),]

(2.23)
—4, /1 X |oDD.a), - 4. /”x |EVEN, ),

After applying the unitary transformation,
U=-|0DD, a),,(EVEN, a|

+|EVEN, a),,(ODD, a|

(2.22)

(2.24)

Equation (2.23) reduces to Equation (2.18) and hence
the fidelity for this case is same as Equation (2.19).

For case Il (b), where n, + n3 is odd, however
David’s state collapses into the state,

(2.25)

(2.26)

ability of getting the state (2.22) is same as Equation
(2.21).
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Case IV: If Alice’s measurements result in odd pho-
tons in the mode 6 and zero photon in the mode 8§, we
find that the state with David is,

|T,> [e+ {a}>234 te |{_a}>234J

The above state can be written in terms of even and
odd coherent states of modes 2 and 3 (see A4 in Appen-
dix A)

For case IV (a), where n, + n3 is even, David’s state

(2.27)

collapses into the state,

7} ~[e. @), +e |-a),]

(2.28)
= A,|EVEN,a), +A_|ODD,a),

This is an exact replica of state |I )O and hence no
unitary transformation is required for this case and the
fidelity is unity.

For case IV (b) where n, + nj is odd, David’s state
collapses into the state,

, —x’ 1+x7
[T ~[ &, |a), —€_|-a), |=4, 7 |0PD.a), + A | | EVEN,a), (2.29)
This is exactly the same as case II (a). Probability of getting the state (2.27) is
[1+x4—x2( A+2—|A_|2)] 1+x* —=x*cos @
Py = 2345 (¥|ODD, 0} (((0,0DD|¥),,, ., = 4(1+x4) - [ 4(1+x4) ] (2.30)

”lz”his is very close to 1/4 for an appreciable value of
laf

Case V: If Alice’s measurements result in zero photon
in the mode 6 and odd photon in the mode 8, we find that
the state with David is,

|T’> ~[€+ {_a}>234 tE |{a}>234:|

In terms of even and odd coherent states of modes 2
and 3, the above state becomes,

(2.31)

)~ |-a), +e_|a),]= 4

This is exactly the same as case I (a).
The average fidelity i.e., F, =Y PF, isseen to have
the minimum value =1

Fppon=1-2(1+2*) x> for 4.=0.For |of =5

av,min
the value of F,, . is 0.9999, which is very close to
unity and we lead to the conclusion that the teleportation

is almost successful.

3. Effect of Noise on Teleportation

Following van Enk and Hirota [2-28] we assume that the
initial state and the entangled state suffer losses, i.e., the
modes 0, 1, 2, 3 and 4 are attenuated as they travel

For case V (a), where n, + nzis even, David’s state
collapses into the state,

|T'> ~|:e+ _a>4 T |a>4:|

= 4, |EVEN,a), - A_|ODD,a),

(2.32)

This is exactly the same as case III (b).
For case V (b), where n, + nsis odd, David’s state
collapses into the state,

1_
1+

2 2
iz |oDD,a), - A %|EVEN,0:)4 (233)

through a noisy channel and photons are transferred to
reservoir modes making each of modes 0, 1, 2, 3 and 4 to
have transformations of the type,

|a>|0>R—>‘\/;a>‘ma>R 3.1

where the second state |O> . refers to the part of “reser-
voir” which interacts with the state |a> in question and
n is the noise parameter, which gives the fraction of
photons that survive the noise. The part of reservoir cou-
pled to mode 0, 1, 2, 3 and 4 will be denoted
by RO,R1,R2,R3 and R4 respectively. In presence of
noise, the state to be teleported (Equation (2.2)) develops
into the state,

|1>0|0>R0 _)|[>0,R0 =< |a>0|k>R0 tE |_a>o|_k>ko & =\/;O!,k: VI-na (3-2)

Here RO refers to the part of reservoir coupled to
mode 0 having the information state |I >O. If RO con-

Copyright © 2012 SciRes.

tains more than one reservoir modes coupled to state |O>

then, |k>R0 stands for
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[1[&), W =Sl =0-n)laf. 63)

1
|E) s = m

where

with similar arguments, in the presence of noise the en-
tangled state given by (2.5) develops into the state,

( |0!>1 |a>2 |a>3 |0!>4 |K>R1234 - |_a>1 |—a>2 |—0(>3 |—0(>4 |_K>R1234) (3:4)

|K>R1234 :|k>R1 |k>R2 |k>R3 |k>R4 :‘\/1—77a>R1 ‘\/ 1 _na>R2 ‘\/ 1 _ﬂa>Rl ‘\/1—77(Z>R1 (35)

or

|K>R12 = H|k1i>R1i |k2i>R2,- ’Z:'kli|2 :Z|k2i|2 = (1—77)|0{|2 (3-6)

We assume that the reservoir modes remain unaffected
by phase shifter and the beam splitter and following the

)
4,6,8,R0,R1234

same steps as in Section 2, the state |‘I’>

is
4,6,8,R0,R1234
seen to be

=0}, o\ [ (e + € )([{at), [ -l=a])l-)]

2@—ﬁ)
1—x?
21— x*

+

{ | NZE2a) |0),[<.

{a}>234 |r>— <- |_{ a}>234 |—r>]

3.7

+|0),| NZEN2a) [~ e, [{=a}), |-r)+e [{a)),,, |_r'>]}

1 [1-x*
+- /ﬁ{‘ODD,ﬁa}JO)g [, [{a}) 1+ e J=ab) )]
10), |opD3a) [, [ |- < [t} 1]}
where
—(12 ’

|{ia}>234 :|ia>z|ia>3|ia>4 ,X=¢€ : ’|F>E|k0>RO|K>R1234 and|r>5|_k0>R0|K>R1234 (3'8)
Tilde in |‘P> or anywhere else reminds that deco- of different cases the information coefficients e, in

herence because of noise is being accounted for. It
should be noted that the result of photon counting in
modes 6 and 8 is always zero in one of the two modes
and 1) zero or, 2) non-zero even or 3) odd in the other
mode. In Section 2, we concluded that 1) fidelity is unity
when total photon counts n, +ng +n, +n, are odd. In
this case further, if ny =0, no unitary transformation is
required; 2) if n, =0, this requires a unitary transforma-
tions which changes the states |+a)to| «); and 3) for
other results no unitary transformations exist which may
convert perfectly the state in mode 2 to the information
state. This was also the reason behind conclusion of N.
Ba An that the teleportation is not possible when the re-
sult of photon counting is even. Here also, we apply the
same unitary transformations as in Section 2 above with
a change that « is now replaced by « . For discussion

Copyright © 2012 SciRes.

(3.7) will be expressed in terms of A, by using (2.4).
Also, as discussed earlier, for obtaining fidelity we use
the initial information |1> and not the decohered in-
formation |I >, as our aim is to teleport the information
|I ) . (3.7) may be compared to (2.13) and it may be seen
that the state |‘P> 65234 8@ 5-mode state which reduces
to the teleported state |7), with Bob after photon
counting measurements in modes 6 and 8. The state|‘1’> ,
however contains five reservoir modes also and hence
after photon counting measurements it leads to state |T >
of modes 2-4, RO and R1234, which contains the tele-
ported state with Bob entangled with the reservoir states.
The reduced state with Bob can be expressed by a re-
duced density operator  pg, =Try .0 Where
Pr :|T ><T | The fidelity of teleportation should obvi-
ously be
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P (el {1 |7)=7in]

where |1> . is the considered state in mode 4 identical
with the state |I ) o We can now discuss the various re-
sults of photon counting. We shall report the MAF for

(3.9)

|T’> ~(6+ |k>1eo te |_k>Ro)|:|{a}>z34|K>mz34 _|{_a}>234|_K>R1234:|

For case | (a), where, n, + n3 is even, the fidelity
F,. (see BS in Appendix B) can easily be found by (3.9).
Although no unitary transformation for successful tele-
portation is possible, we still have a nonzero fidelity in
this case. Putting

0 . 0
|A+|=cosz and|A_|=smE

. :2x2 (l—pg)coshzz
" p(l+x2)(1—x2p6)

where
(3.12)

p=exp[-(1-n) e |-z =l 7

We note that, unlike the previous noiseless case where
MAF was zero, MAF is nonzero here in general. It is
zero only when there is no decoherence and the initial

~ 2x° (1 +pt )cosh2 7

= at 0=0,F . =

> % min

Foin p(1+x2)(1+x2p6)

Case Il: If Alice’s measurements result in non-zero
even photons in the mode 6 and zero photon in the mode
8, we find that the state with David is,

|T'> ~[e+ {a}>234 |r>— € |{—a}>234 |—r>] (3.14)

For case Il (a), where n, + n3 is even, David may ap-
ply the same unitary transformation as in Section 2 above,
with the only change that & is now replaced by « .
The fidelity Fj,; (see (B17) in Appendix B) can again
be found by (3.9).

We may find the value of MAF by putting

|A+|:cosg and |A7|:sin§
2 2

and choosing the phase factor ¢ between A4, and 4 ,
¢=m/2 so as to make (AfAf2+AfA:2 minimum.
Figure 2 shows variation of MAF with |a| for different
values of 7. It is again seen that, for the noisy case
MATF increases, attains a maximum value and then de-
creases with |a|2. This maximum value decreases as
|oz|2 increases.

For case Il (b), where n, + n3 is odd, no unitary

Copyright © 2012 SciRes.

at @=0,F . =

>~ min

each case so that minimum success of teleportation is
evident.

Case I: If Alice’s measurements result in zero photons
in both modes, we find that the state with David is the
non entangled state,

(3.10)

we find that the expression (B4) of fidelity has one
minimum. The minimum isat =0 if

cosh2y >(1+x2p8)/(x2 +p8)
orat f=m if
cosh2y <(1+x2p8 )/(x2 +p8)
These minimum values are respectively,

2x° (1+p8) sinh® y
p(l—xz)(l—xzpﬁ)

state is an even coherent state.

For case I (b), where, n, + n3 is odd, the fidelity F),
(see B10 in Appendix B) again has one minimum. The
minimum is at =0 if cosh2y > l—xng)/(x2 —pg),
or at f=n if cosh2y <(1—x2p8 /(xz—p ) . These
minimum values are respectively,

at@=mn

(3.11)

2x° (1 -pt ) sinh® y

p(l—x2)<l+x2p(’) ato=m

(3.13)

transformation is required. The fidelity Fj,, is given by
the expression (B22) in Appendix B. We can find the
MAF by adjusting the phase factor ¢ between A, and
A_and by varying 6.

Variation of MAF with |0:|2 for different values of 7
is shown in Figure 3. For the noisy case, it is seen that
MAF decreases uniformly with increase in |0:|2 for small
noise. However on increasing noise, a maximum appears
at |05|2 =0 followed by another maximum and the
maximum value decreases on increasing noise.

Case Il1: If Alice’s measurements result in zero pho-
ton in the mode 6 and non-zero even photons in the mode
8, we find that the state with David is,

|T") ~[— €, {—a}>234 |-r")+e_ |{a}>234|r'>J (3.15)

For case Il (a), where n, + nj is even, after the re-
quired unitary transformation (see B26), this lead to
Fy = Fyp . Discussions of the previous case are valid
here also.

For case 111 (b), where n, + n3 is odd, the results for
fidelity are F, = F .
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Figure 2. Figure showing variation of MAF with |a/ for
different values of  for non zero even counts.
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Figure 3. Figure showing variation of MAF with |af* for
different values of 5 for odd counts.

Case IV: If Alice’s measurements result in odd pho-
tons in the mode 6 and zero photon in the mode 8, we
find that the state with David is,

7)~[e. [-a), =)+ e |a),|r)]

For case IV (a), where n, + n3 is even, this is exactly
the same as case II (b).

For case IV (b), where n, + n3 is odd, this is exactly
the same as case II (a).

Case V: If Alice’s measurements result in zero photon

in the mode 6 and odd photon in the mode 8, we find that
the state with David is,

T)~[=< [=a) |=r)+ e |a), )]
For case V (a), where n, + n3 is even, this is exactly
the same as case (III b).
For case IV (b), where n, + n3 is odd, this is exactly
the same as case III (a).
The variation of average fidelity

(3.16)

(3.17)

|4
F,=Y.PF,
i=I

with |a|2 for different values of @ at 6 =0.9 isshown
in Figure 4.

Copyright © 2012 SciRes.
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4. Conclusions

We conclude that, the scheme proposed by N. Ba An can
lead to almost successful teleportation for an appreciable
mean number of photons if we write |E VEN, a) as a
superposition of the vacuum state |O> and the non-zero
even photon state |NZE,a> , and distinguish between
these results (zero and non-zero even) for even photon
counts. Also, by including four parties, the security of the
teleportation increases, as David cannot decipher the
original information until and unless he gets the results

from all Alice, Bob and Clair.

For the noiseless case we find that fidelity is unity
when total photon counts n, +n, +n,+n, are odd. In
this case further, if ny =0, no unitary transformation is
required. For even photon counts ng+n,+n,+n,, a
unitary transformation is required and the fidelity is close
to unity for an appreciable mean number of photons.
These results agree with our results for teleportation by
entangled coherent state [29] with similarly modified van
Enk and Hirota’s scheme.

While finding the fidelity with decoherence considera-
tions, we consider the information|[ > =€, a>+e_ |—a>,
keeping in mind our aim, viz., teleportation of this quan-
tum information state. We investigated cases with and
without noise, and calculated the minimum assured fidel-
ity (MAF), which tells the minimum amount of fidelity
which is always assured to be obtained for successful
teleportation. Our results for the noisy case reduces to
those for noiseless case by putting 7=1.
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Appendix A
Case I: If Alice’s measurements result in zero photons in both modes, we find that the state with David is,

1-x2
2

2

NI
2

2
1T ~(e, +€)(|a), —|—a>4){ L*x | EVEN, EVEN), , +——|0ODD, ODD)ZJ

(AT)

+(e+ + ef)<|a>4 +|—0{>4)[

(|EVEN,0DD), , +|0DD, EVEN), )]

Case Il: If Alice’s measurements result in non-zero even photons in the mode 6 and zero photon in the mode 8, we
find that the state with David is,

2 2 23

NI

+(e+|a>4+e_)|—a>4{ . (|EVEN,ODD>2’3+|ODD,EVEN>2,3)]

2 2
™ ~(e |a) —e |-a) | 22 even. eveny. +=* |opp.opp
+ 4 4 2,3

(A2)

Case Il1: If Alice’s measurements result in zero photon in the mode 6 and non-zero even photons in the mode 8, we
find that the state with David is,

2

NI

+<e+|—a>4+e)|a>4[ 5 (|EVEN,ODD>2’3+|ODD,EVEN>2’3)}

2
7Y ~(e. |-a), +e. |a>4){ I+x | EVEN, EVEN), , + 5

2
= opp, 0DD)2J
(A3)

Case IV: If Alice’s measurements result in odd photons in the mode 6 and zero photon in the mode 8, we find that
the state with David is,

1-x2
2

2

NI

a>4—e_)|—a>4{ 5 (|EVEN,ODD>2’3+|ODD,EVEN>2’3)]

2
1T ~(e, |a), + <. |—a>4){ L | EVEN, EVEN), , +——|ODD, 0DD>2’3}
(A4)

NE

+

Case V: If Alice’s measurements result in zero photon in the mode 6 and odd photon in the mode 8, we find that the
state with David is,

2
7Y ~(e. |-a), +e. |a>4){ 1+2x | EVEN, EVEN), , +

NI
2

2
l—2x |opD, 01)1))4

(A5)

+e, |_a>4—e)la>{

(|EVEN,0DD), , +|ODD,EVEN), , )]

Appendix B

Case I: If Alice’s measurements result in zero photons in both modes, we find that the state with David is,

|T,> N(e+ |k>R0 e |_k>R0)|: |{a}>234 |K>R1234 —|{—a}>234 |_K>R1234:| (BI)

For Case | (a), where, n, + n3 is even, David’s state collapses into the state,

7)=[e. (la)]r)=l-a),l-)+ e (la), | )=l ),]-n)] (B2)

In terms of even and odd coherent states, the above state becomes
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[AJE(|r>‘|—r>+|r’)—|—r’>)+A_ tj; (|7y+]-r)-| r’>—|—r’>)]|EVEN,a>4

3
NH
§|_

—

(B3)
: [ X (el o) ()0 r'>+|—r'>>]|ow,a>4}
Here,
N=2(l—x2p6)[(l—x2p2)+ (=)l S —|A7|Z)J(l—x4 ) (B4)
The fidelity F,, is found to be
Fas- (1—x42))(i—x2p6) (125" ) | cosh® 7 4] [ sinh ) "
~(5 ") (|4, cosh® [ [ sinh? )
where
p=oo~(1-0)laf |z -lef V7 (39

This reduces to the result of Section 2, F, :|A_|2 ,onputting n=1.
For Case | (b), where, n, + n3 is odd, David’s state collapses into the state,

) =[e. (lad]r) =) =)+ e (la) | ) +-a ), |-)] (B7)

In terms of even and odd coherent states, the above state becomes

i | P (2 ) v
+ [A+\/§(|r>—|—r>+| r’>—|—r'>)+A_ i:ij (|r>+|—r>—| r’>—|—r’>)]|ODD,a>4}

N:2(l+x2p6)[(l—x2p2)+ (=)l f —|,47|2”(1—x4 ) (BY)

The fidelity F,, is found to be

F,= 2¢° )[(l—xng)(

p(l—x4)(l+x2p6

—(x2 —ps) ( |A+|2 cosh’ ;(—|A7|2 sinh® ;g)}

(B8)

Here,

A+

? cosh? ;(+|A_|2 sinh? ;()
(B10)

This reduces to the result of Section 2, F,, = |A+|2 ,onputting 7=1.
Case II: If Alice’s measurements result in non-zero even photons in the mode 6 and zero photon in the mode 8, we find
that the state with David is,

)~ [ [{ed)n 1) - e [}, |7 (B11)

For case 11 (a), where n;, + n3 is even, David’s state collapses into the state,

7)~[e. |a),|r)- < |-a),|-r)] (B12)

In terms of even and odd coherent states, the above state becomes
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e e AR R S ] )

(B13)
i 501 o,
David may apply the unitary transformation
U =|EVEN,a), ,(ODD,a|+|0DD,a), ,(EVEN,a| (B14)
found in Section 2 and get the state
|7)= Nlﬁ HAH(V%H))”— ijﬁi (|V>—|—r>)}|EVEN’a>4
(B15)
L 20 oo
I+ x I-x
Here,
N[2(142tp )= (1= ) [ (A A F) |(1-2%) (B16)
The fidelity F,,, for this case is found to be
F, :Z{[(Xe* —ve )4 e —ver )([A.f -|af )] (14 p")
4 4 [AL A [(1+2*) (cosh? z+sinh® 7) -2+ | (B17)
+(1=x")(4,747 + 4247 ) cosh ysinh 1 | (1—p1°)(1—x4)}
where
X=l4 Y =% 2% and Z=2" 0 p N (1) (1-24) (BI8)

This reduces to equation (V.22) for 77 =1 (the noiseless case).
For case 11 (b), where n, + n3 is even, David’s state collapses into the state,

7)=[<. |a),|r)+e |-a),|-n)] (B19)

In terms of even and odd coherent states, the above state becomes

|>ﬁ{[F (CHE 1j§i<|r>—|—r>>}|w,a>4

: : (B20)
e <|r>+|—r>>]|ow,a>4}
where
N 2(1=xp") = (1= p*) | (| - ) (1) (B21)

No unitary transformation is required in this case.
The fidelity Fj;, for this case is calculated to be,
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252 (1—x* 2 2 . 2
Fp= * ( X ) X{PAJ coshZ+|A_| smhl} <1+p10)

pli=x'p )= (=) (Al ) (L () ()

10
+|:|A+|2|A7|2 (cosh2 y +sinh? ;()+(A+2Ai2 +A3Aiz)cosh;(sinh;d (1 b )}

(B22)

It is seen that Fj,, =1 for the noiseless case 7 =1.
Case I11: If Alice’s measurements result in zero photon in the mode 6 and non-zero even photons in the mode 8, we
find that the state with David is,

)~ - e [{=a}), |-+ [{ah), )] (B23)
For case 111 (a), where n;, + n3 is even, David’s state collapses into the state,
7)~[~ <. [-a),[=r)+e |a),|r)] (B24)

In terms of even and odd coherent states, the above state becomes

e | e R PR EE

(B25)
1-x* , 1-x* ,
L fE a2 0 oo
The required unitary transformation for this case is,
U=|EVEN, a),, (ODD, a|-|ODD, a),, (EVEN, | (B26)
This leads to the teleported state,
, 1 1+x* , 1+x* ,
|T>:WHA+\/W(|F>+|—F>)+A 1_x2<|r>—|—r>>}|EVEN,a>4
(B27)

{ = <|r'>+|—r'>>}|0DDaa>4}

For case 11 (b), where n; + ng is odd, David’s state collapses into the state,

7)~[e. |-a),|-r)+e |a),|r)] (B28)

In terms of even and odd coherent states, the above state becomes

|7)= 2\/% HA\/E(IWMH'))—A\/E(|r')—|—r’))}|EVEN,a)4

(B29)
1-x* , 1-x* ,
- 1_xz<|r>+|—r>>]|omoc>4}
For this case required unitary transformation is
U=|EVEN,a),, (EVEN, a|-|ODD, a),, (ODD, | (B30)

The teleported state becomes
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| | - o e,

| s =5 1) Jomn,|

1+x2 —-X

(B31)

Case IV: If Alice’s measurements result in odd photons in the mode 6 and zero photon in the mode 8, we find that the
state with David is,

)~ e )l +e [{mal) =) (B32)

For case 1V (a), where n, + n3 is even, David’s state collapses into the state,

|7)~[e. |a),|r)+e[-a),]-r)] (B33)
For case IV (b), where n, + ns is odd, David’s state collapses into the state,
|T>~[€+ |a),|r)—< |—0‘>4|—r>] (B34)

Case V: If Alice’s measurements result in zero photon in the mode 6 and odd photon in the mode 8, we find that the
state with David is,

|T’> ~[e+ {—0{}>234 |—r'>+€_ |{a}>234 |r'>:| (B35)

For case V (a), where n, + n3 is even, David’s state collapses into the state,

7)~[e. |-a),|-r)+e_|a),|)] (B36)
For case V (b), where n, + n; is odd, David’s state collapses into the state,
7)~[~<. [-a),[-)+ e |a),|)] (B37)
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