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Abstract

We have obtained exact static plane-symmetric solutions to the spinor field
equations with nonlinear terms which are arbitrary functions of invariant

2
1,=pP :(i(/775 1//) , taking into account their own gravitational field. It is

shown that the initial set of the Einstein and spinor field equations with a
power-law nonlinearity have regular solutions with a localized energy density
of the spinor field only if m =0 (i is the mass parameter in the spinor field
equations). Equations with power and polynomial nonlinearities are studied
in detail. In this case, a soliton-like configuration has negative energy. We
have also obtained exact static plane-symmetric solutions to the above spinor
field equations in flat space-time. It is proved that in this case soliton-like so-
lutions are absent.
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1. Introduction

The consideration of the nonlinear generalization of classical field theory is the
only possibility to overcome the shortcomings to the theory which considers
elementary particles as materials points. Indeed, with this theory, it is impossible
to get a finite quantity of mass, charge and spin of elementary particles as

prouved experimentaly. In order to describe the elemetary particles, it is necessary
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to take account the nonlinear terms in the field equations and their own gravi-
tational field. In these conditions, we obtain the soliton-like solutions which are
used in the formation of the fields configurations of elementary particles with
limited total energy and localized energy density. The concept of soliton is more
used in pure science for different purpose. It’s studied by many authors in the
gravitational theory. G.N. Shikin has investigated the basics of soliton theory in
general relativity. In his work, he has formulated clearly the requirements to be
fulfilled by soliton-like solutions [1]. In a remarkable paper on the soliton, A.
Adomou and G. N. Shikin have obtained exact plane-symmetric solutions to the
spinor field equations with nonlinear terms which are arbitrary functions of the
invariant S =y , taking into account their own gravitational field. They have
studied in detail equations with power and polynomial nonlinearities. They have
shown that the initial set of the Einstein and spinor field equations with a power-
law nonlinearity has regular solutions with a localized energy density of the spinor
field only in the case of zero mass parameter in the spinor field, with a negative
energy for the soliton-like configuration. They have also proved that the spinor
field equation with a polynomial nonlinearity has a regular solution with positive
energy. Their study has come out onto the non existence of soliton-like solutions
in the flat space-time [2].

The plane-symmetric solitons of spinor and scalar fiels are studied by B. Saha
and G. N. Shikin. They have considered a system of nonlinear spinor and scalar
fields with minimal coupling in general relativity. The nonlinear term in the
spinor field is given by an arbitrary function depending on the bilinear spinor
forms S=yy and P= (i(/775(//) . As for the scalar lagrangian, it is chosen as
an arbitrary function of the scalar invariant Q=¢_ ¢“ that becomes linear
when Q — 0. The spinor and scalar fields in question interact with each other
by means of a gravitational field. The gravitational field is given by a plane-
symmetric metric. They have obtained exact plane-symmetric solutions to the
gravitational, spinor and scalar field equations. They have also investigated the
role of gravitational field in the formation of the configurations with limited
total energy,spin and charge. In general, they have proved that the choice of
spinor field nonlinearity can lead to the elimination of scalar field contribution
to the metric functions, but having it contribution to the total energy unaltered
[3]. V. Adanhoum, A. Adomou, F. P. Codo and M. N. Hounkonnou have
obtained spherical-symmetric soliton-like solutions of nonlinear spinor field
equations in gravitational theory. The regularity properties of the obtained
solutions as well as the asymptotic behavior of the energy and charge densities
are studied [4].

The aim of the paper is to study the role of nonlinear spinor as well as the own
gravitational field in the formation of configurations of elementary particles with
localized energy density and limited total energy. In this optic, we choose the
nonlinear terms in the spinor field equations which are arbitrary functions of
I,=P = (il/7}/2!//)2 )

The rest of the present research work is organized as follows. Section 2 deals
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with fundamental equations and general solutions. In the first time, we have
established gravitational and spinor fields equations, using the variational
principle and usual algebraic manipulations. in the second time, we have obtained
and analized the general solutions of the basic equations established. In Section 3,
we have investgated in detail the polynomial nonlinearities equations. Section 4

addresses to the concluding remarks.

2. Fundamental Equations and Their General Solutions

The lagrangian of the nonlinear spinor and gravitational fields can be written in
the form [3]:
_ R R i, _ _
L—aﬁsp—gj(w V=V iy y ) -migy + Ly, (1)
with R the scalar curvature and y the Einstein’s gravitational constant. The
nonlinear term L, in spinor lagrangian characterizes the self-interaction of a

spinor field. L, =F (l p) represents an arbitrary function depending on the
_ 2
invariant /, = (il//}/S 1//) )
The metric of space-time admitting static plane-symmetric may be written as
[1]:
ds® = e¥df> —e*dx* —e*’ (dy2 +dz? ) 2)
Here the speed of light Cis taken to be unity and the metric functions «,f,y

depend exclusively on the spatial variable x. They satisfy the coordinate condition

having the form:
a=23+y. (3)
The general form of Einstein equation is:
4 4 l v 14
G, =R, —Eé'”R:—;(TH, (4)

where G; is the FEinstein’s tensor; R; is the Ricci’s tensor; 5; is the Kro-
necker’s symbol and 7, is the energy-momentum tensor.

Taking into account the metric tensor g, , the larangian (1) and the varia-
tional principle, we obtain Einstein’s field equations for the metric (2) under the
coordinate condition (3) [5] [6]:

Gy = (25" -2y '~ ) =11y, (5)
Gl =e™ (27" + %) =11, (6)

Gy = (B"+y" =28y - B*) =T, (7)
G; =G, T =T (®)

Let us write down the spinor field equations for the functions w and ¥ [2]

[6]:

i}/”V”l//—ml//+F,([p)l//=0, 9)
iv gy +my—F'(1,)i7 =0, (10)
DOI: 10.4236/jmp.2019.1010081 1224 Journal of Modern Physics


https://doi.org/10.4236/jmp.2019.1010081

A. Adomou et al.

with
oF
F'(I )=2iP—y°. 11
(1’) ! 8]p7/ ( )

The metric energy-momentum tensor of the spinor field is [5] [6]

v i vp (= — — — v
T, =58" (77, V. +r,V =V iy =V oy, ) -5, L, (12)
where L . with respect to (9) and (10) takes the form
1( _oL, oL oF(1,)
Ly =——|—24 Ny |+ L, =21,—LL+F(1). 13
Sp 2('/’ 0w | ow ‘//) N P o, (p) (13)
From (13), let us write explicitly the nonzero components of the tensor 7}, :
oF(1,)
0 _m2 _ mp3 _ P
Ty =T =T, _—Lsp_zlpT—F(lp) (14)
; or(1,)
R VAR v el
T, —2(W Vi -Vgr'y)+2, = F(1,). (15)

p

In (9), (10) and (12), v, denotes the covariant derivative of spinor, having
the form [3] [4] [7] [8]

oy _ oy _
V., y= -I,y or V,y= +T,W (16)

o ox*

where T, are the spinor affine connection matrices.
In curved space-time, the Dirac’s matrices y* are defined in the following
way.

Using the egalities
g (x) =€ (x)e (x) 1.,
7, (%)=€,(x)7. (17)

where 17, =diag(1,-1,-1,-1), 7, are Dirac’s matrices in flat space-time,

ez (x) are tetradic 4-vectors, we obtain:
Y=y ()=t =l el (18)
From
r ] d,ele’ —T" )y°y° 19
#(x)_zgpy( 165 ~ /40')7/ Y (19)
we get
1 —o— 1 . 1 s
Ty =—Ee‘2ﬁ7°7‘7$ r,=0, T, =Ee‘ﬂ‘7y27'ﬂ', T, =Ee'”"737'ﬂ' (20)
The Dirac’s matrices 7“ in flat space-time are chosen as in [8] [9].
Using Einstein’s sommation, we find

=——e“ay. (21)

Taking into account the obtained expression for y*“T’ . (21), we can rewrite
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the Equations (9) and (10) as follows

. a1 l ! _ . aF([P) 5 _
ie %y 8X+2a v m!//+2lP—aI 7w =0, (22)

P

77 =0. (23)

Further setting y (x)="V,(x) with V,(x)= , for the components

of spinor field one deduces the following set of eq| g%i is rom (22)
V4’+%a’V4 +ime”V, —2PF'(1P);“V3 =0. (24)
V3’+%a’V3 +ime“V, —2PF'(1,)e“V, = 0. (25)
V2’+%a’V2 —ime“V,+2PF'(I,)e"V, = 0. (26)
V]'+%a'Vl —ime“V, +2PF'(I,)e“V, = 0. (27)

The functions V;, V,, V; and V, are connected by the relations
VE-VP-Vi+V]}=cste and ViV, +V,V, =V, +VV,. (28)

The set of Equations (24)-(27), leads to the system of equations for invariant

functions S=yyw, P=igy’y and R=yy 7'y :

S'+a'S+4F'(1,)Pe"R=0 (29)
R'+a'R+2me* P+4F'(1,)Pe"S =0 (30)
P +a'P+2me“R=0 (31)

Immediately, the solution of the system of equations of the invariant functions
is
PR +8% =Ce M, (32)
C = const.

Using the spinor field equation in the form (9) and the conjugate one in the

form (10), we obtain the following expression for Tl1 from (15):
T =mS-F(1,) (33)

Let us now solve the Einstein equation. In view of 7;' =7, the difference

0 2
(Oj - (2j of the Einstein equations leads to

"—y"=0. (34)
By integrating, the Equation (34) has the solution

B(x)=r(x)+Ax (35)

where A is the integration constant; another integration constant has been

chosen equal to zero since the functions f and y depend only of the spatial
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variable x.

From (3), we have
a"=28"+y". (36)

Taking into account (34), we obtain from (36) the following equalities
1 1
ﬂ"(x)zga"(x), }/"(x)zga"(x). (37)

The solutions to the Equation (37) using (3) and (35) lead to the following
expressions for S(x) and y(x):

ﬁ(x)z%(a(x)+3x), 7(x)=%(a(x)—28x) (38)

where B is the integration constant. Taking into account the expressions (35)
and (38), we deduce easily 4=5B.

The Equation (6) being the first integral of (5) and (7), is a first order
differential equation. Inserting (38) into (5) and substituting the result into (33),

1
we get the Eintein equation [lj under the form

(@) -4 ==3xe™ [ ms—F(1,)]. (39)

In order to solve the Equation (39), it is necessary to choose massless spinor
field, Ze, m =0 according to unified nonlinear spinor theory of Heisenberg.
The mass term should be obtained after quantization. For details, refer to [10]

[11] and references therein.

From (31), for m=0, o' = _1dr . Therefore (39) becomes
P dx
dP = +dx. (40)
\/A2P2 +34C2F(1,)

Thus, the general exact solutions of Einstein equations and nonlinear spinor

field equations are:
J- dP
JAP+35CF(1,)

=+(x+x,), x, =cste. (41)

Let us remark that the general solutions depend on the analytics explicits
forms of F(Ip). Indeed knowing F(Ip), we can find P(x) from (41). If
P(x) is known, we can determine «(x) from (31) and if a(x) is known,
we can determine easily S(x) and y(x) from (38).

Taking into account P(x)= Coefa(x) , we can establish the regular properties
of the obtained solutions and on the other hand to establish the regularity of the
metric functions and the matter fields in the whole space-time. Studying the
energy density T, , we can establish the localization properties of the solutions
and the finiteness of The total energy [2] [8].

Let us resolve the spinor field equations in the following paragraph . We can

get a concrete form of the functions ¥ by solving Equations (24)-(27) in a
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(24

more compacte form if we pass to the functions V; = e_?Wg , 0=1,2,3,4:

W (x) = (1), (x) =0 (12)
W (x)-¢(x)W,(x)=0 (43)
W, (x)+ 4 ()W, (x) =0 (44)
W (x)+¢(x)W, (x) =0 (45)

With ¢(x) = 2F'(Ip)Pe”’ . Let us find from the set of first-order Equations
(42)-(45) to a set second-order equations for the functions W,, W,, W,, W,.
We have:

Wl”—%m—#m 0 (46)
WJ—%W{—#WZ 0 (47)
- C-gw, =0 (48)
m”—%’w—#m 0 (49)

The solution of the Equation (46) is
W, (x)=C, exp(_f¢(x)dx)+iC2 exp(—j¢(x)dx) (50)

where C, and C, are integration constants.
From (45), the solution of the Equation (47) is

W, (x) ==C, exp([ ¢ (x)dx) +iC, exp(~ ¢ (x) dx). (51)

Solving analogously Equations (48) and (49), we obtain the following expres-
sions for W, and W,:

W, (x) = Cy exp([ ¢ (x) dx) +iC, exp(~[ #(x)dx), (52)
W, (x) = Cyexp([ ¢(x)dx) - iC, exp(~ () dx) (53)

with C, and C, are integration constants.
Let us determine the link between the integration constants C, C,, C,, C,,

C; and C, which are in the solutions of Einstein’s and spinor fields equations.

a
From V;=e *W;, we get

P=4(CC,-C,Cy)exp(-a), (54)
R(x)= 2[(C22 - Cj)exp(—Zj¢(x)dx)+(C32 - Clz)exp(Z.[qﬁ(x)dx)} exp(—a), (55)
S(x)= 2[(C12 —Cf)exp(2j¢(x)dx)+(€22 —Cf)exp(ZIqﬁ(x)dx)}exp(—a). (56)

Substituting the expressions (50), (51), (52) and (53) obtained previously in
(32), we have
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C=16(C,C,-C,C,) . (57)
Later, comparing the expression of P(x) in(54) and P(x)=Cye™“, we have
C, =4(CC, -C,Cy). (58)
Thus, we have obtained the general solutions of the Equations (46)-(49) which
contain four arbitrary constants C,, C,, C, and C,.

In the following section, we shall analyze the general solutions obtained in the

previous section choosing the nonlinear term in the concrete form.

3. Analysis of the Results: Concrete Form of Nonlinear Term
in Spinor Lagrangian

Let us study the solution to linear Equation (Dirac’s equation). Note that this
solution is necessary for comparing with solutions to nonlinear spinor equations
in order to clarify the influence of nonlinear terms in the nonlinear field
equations in the formation of configuation of elementary particles.

In the linear case L, =0 for m =0 we have from (22)

_ 1

ie'“yl[ﬁx +5a'jl//:0 (59)

Taking into account (41), we get

P(x)= Cye ) (60)
As P(x) =C,e™”, from (60), we obtain the expression of the metric function:

a(x)zA(x+x0) (61)
From (38), we find the following expressions of £ and y:

ﬂ(x)ng(on) (62)

7(x):—§A(x+x0) (63)

With L, =0, the energy density is
T, =0 (64)

From (64) it follows that, the energy density of the system is not localized. In
sum, the soliton-like solutions are absent in the linear case.

Let us now consider a concrete type of nonlinear spinor field equation in the
form L, = F(Ip ) =AP™ where A is a nonlinearity parameter and n is a
power of nonlinearity. In the first case, For n =1, we find Heisenberg-Ivanenko

type nonlinear spinor field equation [10]
_ 1
ie 7" (BX +Ea’jl//—ml//+2iP/1)/5y/ =0, (65)

Substituting F(1,)=AI, = AP* into (41), we obtain the similar expression
as for a linear spinor field, only now the constant A’ is replaced by
A +340C;.
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We have

P(x) = Cyelr ol 436 (66)

From the relation P=C,e™”, we get

a(x)=—(x+x,)y 4" +371C; . (67)

According to the equality (38), we define the functions £ (x) and ;/(x) as

follows
ﬁ(x)%[—(“xo),//f +372C; + A | (68)
y(x)=—%[(x+x0).//12 +3AC; +2Ax} (69)
The invariant 7, = P> and the functions g, =¢”, g, =—¢*,
g, = gy =—¢” are regular in all space.
The energy density 7, has the following expression:

2 2
Too _ Cgez(“xo)JA +37AC§ (70)
hence we obtain for &(x) the energy density per unit invariant volume
2 2 zAx
g(x) — 7;)0 /_3g _ Cgez(ﬁxo)JA +3 7ACh o3 (71)

We conclude from (70) and (71) that a localization of the energy density and
the energy density per unit invariant volume are absent. The total energy diverges.
The Equation (65) has no soliton-like solution.

In the second case when F(IP ) =AP* and n>1, From (41), we have

P(x)= 4 in>1. (72)
J327AC] sinh[ A(n-1)x]
From (14), the energy density is
) =
Ty = A(2n-1) n>1. (73)

\37AC; sinh[ A(n—1)x] ,

We remark that, from L, = AP?; (72) and (73), when x—0, P(x) —©
and T, > .

It follows that the energy density is not localized and the total energy does not
finite value.

When A =-A?, from the relation (41), we deduce that:

1

n-1

P(x)= 4 (74)

N3ZAC; cosh[ A(n—1)x]

1

-1
From (74), it follows that P(x) has its maximum value {L} ;

J3yACE
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n>1 when x=0 and P(x)—>0 when x—>too.Inthiscase T, is

2n

n-1

4 n>1 (75)

J3ZACY cosh[ A(n—1)x]

From the expression (75), it follows that the energy density 7, of a nonlinear

T) =-A*(2n-1)

spinor field is negative and localized in space when the nonlinear term of the
equation is chosen under the form L, = F(Ip) =—A’P* with —A? <0 [2][12]
[13].
The energy density per unit invariant volume is:
—4n

3(n-1) 2
3

" (76)

0 2 2 A
e(x)=T1y -3, =-A"(2n-1)C}

3yCy A cosh[ A(n—1)x]

From (76), it follows that the energy density is negative and localized. Indeed,
when 4>0; n>1 and for x — +oo;e — 0. Furthermore, &(x) has its mini-

—4n

5 4 3(n-1)
mal value —A*(2n-1)C; { —— when x=0.

3y C2A?
The total energy of spinor field is defined by
[Te(x)de=["1[-3,dx.

E, =

Thus

A
A 3(n71) EAX
e dx<oo. (77)

5

E, =["-A(2n-1)C}
! L° ( )G 37CiA* cosh[ A(n—1)x]

&(x) is a regular, negative and localized function therefore the total energy

E, islimited and negative.

fSince the obtained solution is regular and has a localized energy density T, ,
the total energy £, negative, limited and the metric functions regular and
limited, it is a soliton-like solution. Moreover, this solution can be used to
describe the configuration of the elementary particles.

From (50)-(53), we can obtain the concrete form of the functions 7 (x) in

their more compact form.

v (x)= (Cled(x) +iCe W ) : e%. (78)
V,(x)= (—Cle“(x) +iCye ™™ ) : e_%. (79)
Vi(x)= (C3eg(x) +iC,e ™ ) : ei%. (80)
V,(x)= (C3ea(x) —iCe ) : e_%. (81)
where C;; C,; C, and C, areintegration constants. Furtermore,
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e 1
¢ 2 =[P(x)/C, > with P(x) defined by the expression (74).
, 2nA
O'(X)ZJ.CD(X)(]JCZ:ZJ.F (IP)Cdez—mtanh[A(n—l)x] (82)
P(x) is a regular function, then o(x) and V;(x) are also the regular
functions.

In sum, for a massless field (ie. m = 0) and F(Ip)z—AQIZ; n>1; the
solutions of the equations of the spinor and gravitational fields have an energy
density &(x) and total energy E, negative, regular and localized.

Let us now study the influence of the proper gravitational field in the for-
mation of the configuration of elementary particles.

In order to determine the role of the own gravitational field in the formation
of regular localized solutions of soliton-like type to nonlinear spinor field equa-
tions, it is necessary to consider solutions to Equation (9) in flat space-time
when f=a=y=0 in(2).In this case, from (41) we get

P =C, =cste. (83)
The explicit form of V;(x) is:
Vi (x)= (CleM" +iC2e’M"). (84)
V,(x)=(-Ce™ +iCye ™). (85)
Vy(x)=(Cie"™ +iCe™). (86)
Vi(x)=(CeM —iC,e™). (87)

where o(x)=Mx; M =cste and T, =cste.

We deduce that, the proper gravitational field of elementary particles plays an
important role in the aim to obtain the regular solutions which possess a localized
energy density and limited total energy of the nonlinear equations with the
nonlinear term depending on P,

The last point is addressed to the spinor current vector and the total charge.
Using the general solutions of the Equations (24)-(27), we can write the com-
ponents of the spinor current vector j* =yy“y :

+=0,0

I =y
(AR A AT AR AA RS
j'= [Cf cosh’ o(x)+C; cosh® o(x)+ C} sinh® o (x) + C; sinh? O'(x)] e “7.(88)
=y
N LAATA YA ATAA T
j' =0. (89)
=Ty
A A A A
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Jji= —2[C12 cosh o (x)sinh (x)—C; cosh o (x)sinh G(x)J e, (90)
P =T vy
A AR A A T
2 =0. (91)
Since the field configuration is chosen to be static plane symmetric, the spatial

components of the spinor current vanishes. Alone the component ;° is non-

zero. This assumption leads to the following relations between the constants:
j'=j2=7=0 and *=0=C=C, =a. (92)

The component ;° defines the charge density of spinor field that has the

following chronometric-invariant form given by the expression

1

p(x)= (joj0 )E =2a’ cosh [20'(x)} e, (93)
The total charge of the spin is defined by
0=["p(x)3 dx (94)

The spin tensor is given by the expression as in [9] [11]
S :11/7{710’“'+o"’v ﬂ}w. (95)
4

The spatial density of the spin tensor §*°,i,k =1;2;3 from (95) is:

gk =%‘/7{ ‘o +oty by :%WOU”{‘/L (96)

Here i, j, k take the value 1, 2,3 and i # j # k. Thus, for the projection of spin

vector on the x, y and z axis, we get:

S23,0 _ |iV1*V2 n V;V] " V;V4 + I/:V;Je—a—Zﬂfy (97)
A AT A A A A i (98)
S <[V -V 4V VY, Je (99)
Thus, we have
§?0 =870 =0. (100)
S0 =42 cosh[ZO'(x)] e, (101)

From (101) the chronometric invariant spin tensor is defined by:
1

S§20 = (SB’OSB’O )5 = a’ cosh[ 20(x)]e™. (102)

We remark that the total charge and total spin are not limited because from
(93), p(x) isnotalocalized function since when x — +o0, we have

p(x) — too. Thus, we can note that the nonlinearity of the spinor field equation

and the consideration of the proper gravitational field of the elementary particles

are the necessary conditions but not sufficient in order to obtain the limited total

charge and total spin to confirm what are got experimentaly.
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4. Concluding Remarks

In this research work, we have obtained the analytic general solutions of non-
linear spinor and gravitational fields equations which are regular, localized
energy density and finite total energy. These solutions are soliton like solutions.
They can be used in order to describe the configuration of elementary particles.
In flat space-time and linear cases, the soliton like solutions are absent. The role
of the own gravitational field is crucial for the formation of soliton-like con-
figuration of nonlinear spinor fields. In the case of the study of polynomial
nonlinearities L, = AP*, n>1, we remark that the obtained solutions are
regular, localized energy density and finite quantity of total energy in the exclu-
sively case where A =-A”. Emphasize that the total charge and total spin are
not limited in the all metric case. Our perspective, in the forthcomming research
work, is to examine the spherical symmetric soliton-like solutions to the spinor

field equations with nonlinear terms L, = F(/,) which are arbitrary functions

_ 2
of I, :(i://yst//) .
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