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Abstract

Quantum speedup of an open quantum system can be induced by the non-
Markovian effect of the environment. Although an environment with a
higher degree of non-Markovianity may seem like it should cause a faster
speed of quantum evolution, this seemingly intuitive thinking may not always
be correct. To clarify this point, we give a mechanism for controlling speedup
of a single qubit that is coupled to a hierarchical photonic-crystal (PC) envi-
ronment, which contains a defect single-mode cavity and a semi-infinite one-
dimensional (1D) waveguide. Via studying the dynamics of the qubit, we re-
veal that with a judicious choice of the qubit-cavity coupling strength and the
memory time of the waveguide environment, a speed-up evolution can be
achieved. In particular, we found that the quantum speedup is not entirely at-
tributed to the non-Markovianity, but to the increase of the total amount of
flow information. That is the intrinsic physical reason that the hierarchical
environment may induce the speed-up process. Our results may open new
perspectives for detecting quantum speedup in realistic environments.
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1. Introduction

In the theory of open quantum systems, controlling evolution speed of quantum
systems has recently attracted considerable attention, partially because of its
domination in practical physical process and usefulness in technological applica-
tions, such as quantum computation [1] [2], quantum optical control [3] and
suppressing quantum decoherence [4] [5]. For example, in order to reach the

fastest computation time, one needs to speed up the quantum evolution. On the
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other hand, if the quantum system is used as a quantum memory, the slowing
down the noisy dynamical evolution will be desirable in order to gain longer co-
herence time [6]. In this connection, a lot of efforts have been made to realize
controlling speedup in more general open systems. So far, many factors that can
trigger quantum speedup have been found, for example, strong system-environ-
ment coupling [7], structured environments [8] and external classical driving
fields [9].

In particular, the physical reason of quantum speedup for the above methods
has been found to be the non-Markovian effect of environment, which can in-
duce the information flowing from environment back to the system [10]-[15]. A
good example of this is the situation where a qubit is coupled to a single envi-
ronment with a Lorentzian spectrum [7]. In this setting, it has been found that,
the non-Markovianity is able to speed up the evolution of open systems, and
subsequently lead to a smaller quantum speed limit time (QSLT) bound [16],
expressed as the minimum evolution time for a quantum system to go from an
initial state to a target state. The QSLT plays a fundamental role in many opera-
tional tasks [1] [17] [18], and has close connection with quantum coherence [19]
[20].

More specifically, a simple monotonic relationship between the degree of non-
Markovianity and the actual evolution speed was presented in other physical
models [21]. And this non-Markovian-assisted speedup feature can be infer
from the behaviour of QSLT bound. In some sense, this may not seem surprising
since one may intuitively reason that the evolution speed should be faster if the
non-Markovianity is bigger. However, the transition from no-speedup to spee-
dup dynamical process is still poorly understood if the environment is not
formed by only a bath. So how to devise a feasible mechanism to speed up dy-
namical evolution of an open quantum system under multiple environments
becomes extremely significant.

The purpose of this paper is to examine the relationship between the quantum
speedup and the non-Markovianity in open quantum systems. To do so, we will
consider a qubit (a two-level system) coupled to a hierarchical PC environment
consisting of a defect single-mode cavity and a semi-infinite 1D waveguide. The
qubit is only coupled to the cavity, which is in turn connected to the waveguide
reservoir. The model under consideration can exhibit interesting crossover prop-
erties in the Markovian to non-Markovian transition [22] [23]. We are interest-
ed in the effect of the hierarchical environment on the evolution speed of the
system. It should be point out that, in the absence of the waveguide environment,
such as the case of a single qubit-cavity model, the speedup only takes place
within the strong coupling regime [24]. Therefore, we carry out our study in
both weak and strong qubit-cavity coupling regimes. As we shall show in this
work, even in the weak coupling regime, obvious accelerating phenomenon can
still occur by choosing an agreeable memory time, which can be characterized by
the time taken by some information to travel from the system to the waveguide

environment and back [25]. As for the mechanism of quantum speedup, some
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unexpected and nontrivial results are found. The non-Markovianity, ie, the
amount of backflow information, is only one of the reason for the quantum
speedup. We illustrate that the increase of the total amount of flow information
is the essential reason for the quantum speedup.

The work is organized as follows. In Section 2, we describe the system of in-
terest. In Section 3, we construct the measure of actual speed of quantum evolu-
tion based on information geometric formalism, while in Section 4, we investi-
gate how the hierarchical environment affects the speed of quantum evolution.
In order to clarify the mechanism for quantum speedup, we explore the interre-
lationship between the non-Markovianity and the quantum speedup in Section 5.

We summarize our conclusions in Section 6.

2. Physical Model

We consider a two-level atom (transition frequency @, ) embedded in a planar
PC platform consisting of a defect single-mode cavity and a semi-infinite 1D
waveguide (see Figure 1). The atom is coupled to the defect cavity while the cav-
ity is coupled to the 1D waveguide. That is to say, the qubit is coupled to a hie-
rarchical environment. The total Hamiltonian of the open system can be written
as(fi=1).

H =%az +w.d'a+) oblb, +Q(c7+a+H.c.)+2(gkbk+a+H.c.), (1)
% P

¥

where o, =0’ and o, are the transition and inversion operators of the atom;

b, (b,j yand a (a') are the annihilation (creation) operators for the 4th field
mode and the cavity mode, respectively; g, is the coupling strength between
the cavity mode and the 4th waveguide field mode, which is characterized by the
frequency @, . The frequency of the cavity mode is described with @, and Q
is the coupling strength between the atom and the cavity mode. We assume that
the 1D PC waveguide along x-axis is semi-infinite, that is, the termination of the
waveguide imposes a hard-wall boundary condition on the field. The waveguide
with one end located at x =0 1is coupled to the defect cavity at x = x,. In expe-
riment, the strong coupling between PC defect cavities and PC waveguides has
been realized [26]. For simplicity, we assume @, = @, = ®, . The photon disper-

sion relationship of the one end waveguide field can be given by [27]
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Figure 1. The implementation of the model. The qubit of interest is coupled to a defect
cavity while the cavity is coupled at x=x, to a 1D semi-infinite waveguide, whose ter-

mination liesat x=0.
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w, =, +v(k—k)), (2)

where v is the photon group velocity, and %, is the carrier wave vector with

,, = @, . Then the coupling strength between the cavity and the waveguide is
g, =JTu/nsinkx,, (3)

with the decay rate I' of the cavity.

e,Od,6>,

which denotes the excited state of the atom with the cavity and the waveguide

In the single-photon limit, the initial state is assumed to be |(0(0)> =

being in the vacuum state. After time ¢> 0, the total state can be generally writ-

ten as

|¢7(f)> = A(l)e‘[wof |e,0d,6>+B(t)e‘icmt |g,1d’6>+zck (t)e—[(ukl
3

8.0,.1,), ()

where the state |ik> (|1 d>) accounts for the waveguide field mode (cavity mode)
having one excitation. By putting the above equation into the Schrodinger equa-

tion, we obtain

A(t)=-iQB(t), (5)
B(t) ==iQA(t)-iY g,C, (1)e ™), (6)
C, (t)=—ig,B(r)e" " ", 7)

By formal time integration of Equation (7) and substituting it into the Equa-

tion (6), we can obtain
B(t)==iQA(e)- [, f(t=1') B(t')dr, (®)

where f(1—1')=)]| gk|2 ¢(=2)") is the memory kernel of the waveguide
reservoir. Throughkmtegrating of f(t—1') over kand replacing this into Equa-
tion (8) we acquire
B(1)= —iQA(t)—gB(t)Jrge"’kO’“ B(1-1,)0(1—1,), 9

where ¢ =2kyx,, t,=2x,/v is the memory time of the waveguide environ-
ment, which denotes the finite time taken by a photon to perform a round trip
between the defect cavity and the mirror, and ©(r) is the Heaviside step func-
tion. Clearly, for ¢>¢,, which ensures that the third term of the right hand side
of Equation (9) is not zero, the dynamical evolution is greatly influenced by the
phase ¢ . Specifically, due to the existence of the mirror, the light emitted in the
present can interfere with the radiation in the pase. This interference process
plays a key role in the dynamics of the open system, and can be witnessed by the
factor e .

Performing the Laplace transformation for the Equations (5) and (9), we ac-
quire

1

;l(s): o . (10)
S+

PR WO
2 2

DOI: 10.4236/jmp.2019.1010078

1180 Journal of Modern Physics


https://doi.org/10.4236/jmp.2019.1010078

J. Wangetal.

By numerically solving the above equation, we can obtain the amplitude

A(r).
3. Measure of Dynamical Evolution Speed

The quantum speed of dynamical evolution for open quantum systems characte-
rizes how fast a system under the environment driving can evolve. Via evaluat-
ing the speed of quantum evolution, one could use the method of differential
geometry [28]. The geometric length between an initial state and its target state
for open systems can be measured by using the Reimannian metric g’ , and
then the squared infinitesimal length between two neighboring quantum states
p and p+dp yields [29] [30]

ds’ = g’ (dp,dp). (11)

We consider a evolved path p, and p, with ¢€[0,7], the line element of
the path can be given by d/=,/g’(8,p,,0,p,)dt . Hence, the instantaneous

dl .
S=<= V&' (8,p,.0,p,), (12)

speed can be expressed as

and the average speed is
1 e
v, = ;jOSdt. (13)

If the evolved state is in the form of its spectral decomposition,

P =.p |¢k><¢k| with 0< p, <1. The instantaneous speed can be rewritten
k

as [28]
5= s Loy or (BB G
4y & ko P 5 | P
where ¢’ (x,y) isa symmetric function defined as
1
c (x,y)=—— (15)
() f (x/y)

with f (t) being the Morozova-Cencov (MC) function which fulfills

f(t) = tf(l/t) and f(l) =1 [31]. It is intuitively clear that the instantaneous
speed of quantum evolution refers to two separate contributions as expressed in
Equation (14). The first one, which is common to all the MC functions, depends
only on the populations p, of the evolved state. The second one, which is re-
sponsible for the chosen Riemannian metric, is instead only due to the cohe-
rence of the evolved state. Different types of MC functions f (t) represent dif-
ferent Riemannian metrics employed to evaluate the evolution speed. It has been
proven that [30] the Wigner-Yanase information metric with

f(t)= (l +At )2 / 4 can lead to a definitely tighter QSLT for the amplitude
damping dynamics in the form of Equation (1). Therefore, in the following we

will focus on the Wigner-Yanase information metric.
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4. Controllable of Quantum Speedup

In this section, we study the role of the hierarchical environment on the quan-

tum speed of evolution. If the atomic system is initially in the state

|‘P(O)> = Ble)+41-B*|g) (0<B<1), and the environment is in the vacuum
state Od,() , the reduced density matrix of the atom at time ¢reads

PP p1-5 P,
- 1-pp

where P = |A(t)|2 denotes the excited state population of the atom. The spec-

(16)

tral decomposition of p, (t) can be expressed as

P (Z) = ,;ka |¢k><¢k

, (17)

with
p.=(1£4)/2 and |4,)=(a,|e)+|g))/1+a?
where ﬂ:m and at:(Zﬂzf;i/’i_l)/(zﬁ ll_ﬂz\/Ft) )

According to Equations (14) and (17), we can investigate the speed of dynamical
evolution in this open quantum system. It is easy to find that, for all the incohe-
rent initial states such that S =1, the instantaneous speed is independent on the
choice of MC functions. That is to say, the second term of Equation (14) is iden-
tically zero in this case. The speed arises only from the population of the evolved
state, and thus can be seen as the classical Fisher information metric [30]. In the
following, we focus on the Wigner-Yanase information metric and consider two
cases: 1) the atom-cavity coupling is in the weak coupling region with Q<TI’
and 2) the atom-cavity coupling is in the strong coupling region with Q>T".

We first consider the situation where the atom-cavity coupling is weak. Fig-
ure 2(a) shows the variation of the average speed of quantum evolution with
respect to the phase ¢ for different memory time ¢, with Q=0.01I". Clearly,
for each line (a fixed 7,), the minimum evolution speed occurs at the point
where the phase ¢ =mn. Also, in the center region (from ¢=mn/2 to ¢=3n/2),
the average speed slows down with the reduction of the memory time, while in
other regions (from ¢=0 to ¢=n/2, and from ¢=3n/2 to $=2m), de-
creasing the memory time will greatly increase the speed of quantum evolution.
The changes of average speed V, with respect to Q and ¢ are plotted in
Figure 3(a). We find that, in the weak coupling regime determined by the in-
equality Q <I', increasing the atom-cavity coupling strength €, can speed up
the quantum evolution for a given phase ¢.

On the other hand, if the atom-cavity coupling is in the strong coupling re-
gime with Q >1T", the behavior of the evolution speed is different from the case
where the coupling is weak. As shown in Figure 2(b) and Figure 3(b), there is
not a linear relationship between the speed of quantum evolution and the
coupling strength. That is to say, periodicity of distribution about speedup re-

gion in the strong coupling case can be found. Thus, in the strong atom-cavity
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Figure 2. The average speed of quantum evolution ¥, between the time zero and 't =10 (in units of 1/T") as a function of
phase ¢ for various values of memory time I't, with f= 1/ V2 . (a) The atom-cavity coupling strength is weak with
Q=0.01T ; (b) The atom-cavity coupling strength is strong with Q=2I".
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Figure 3. The average speed V, as a function of ¢ and Q for I't, =2 and ﬂ=1/\/5. (a) The atom-cavity coupling

strength is in the weak coupling regime with Q <TI'; (b) The atom-cavity coupling strength is in the strong coupling regime with
Q>T.

coupling regime, the speed of quantum evolution can be controlled to a speed-
up or speed-down process.

Clearly, the evolution speed is greatly influenced by the memory time as well
as the atom-cavity coupling. It should be noted that the above analysis only takes
into account the situation where the memory time is shorter than the evolution
time of the system, Ze, ¢, <7 . In this case, the presence of the mirror mainly
determines the evolution speed, which can be seen from the Equation (9). The
emitted light will be reflected back and thus affect the evolution speed, owing to
the feedback effect of the mirror. On the other hand, if the memory time is far
longer than the evolution time, the emitted light will not been reflected back
when the quantum system has already decayed. As expected, the average speed
has no change with varying the phase ¢, as shown in Figure 2. This is due to
the fact that the light emitted in the past cannot interfere with the light emitted
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in the present [22]. In this limiting regime with I'z, >> 1, the waveguide behaves
as being infinite, hence as a fully Markovian reservoir for the cavity. According-

ly, this system is actually reduce to a qubit coupled to lossy cavity.

5. Mechanism of Quantum Speedup

Previous results [7] [8] show that the non-Markovian effect of the reservoir can
lead to speedup of quantum evolution. In order to understand the mechanism of
quantum speedup in our model, in what follows we further study the relation-
ship between the evolution speed and the non-Markovianity.

The non-Markovian effect means that the environment would cause the in-
formation flowing from environment back to the quantum system. When con-
sidering the framework to characterize non-Markovianity proposed by Breuer,
Lane and Piilo [32], the total amount of information flowing back to the system

is defined as

N = max Odta(t, 2 (0)). (18)

p12(0)¥0>

where o-(t,,ol’2 (0)) = %D(p1 (t). 0 (t)) denotes the changing rate of the trace

distance D(p1 (1), p, (t)) = %tr|p] (1) p; (t)| between states p,, () evolving

from their respective initial states p,,(0). The rate G(t, Pia (0)) can be used
to monitor the flow direction of information. It is negative for an information
flowing from system to the environment, and positive for the information flow-
ing in the opposite direction. Based on this, an evolution is non-Markovian if
and only if O'(l, Pr (O)) >0 for a pair of initial states. For our model, the op-
timal pair of initial states has been proven to be p,,(0)=|+)(x| [33], where
[£)= 5 (1)212).

When the atom-cavity coupling is weak, the speed that the information flow-
ing out of the qubit is far lower than the evolution speed of the environment, so
the backflow of information cannot happen, and thus the non-Markovianity
converges to zero over the entire range of phase, as shown in Figure 4 (dashed
line). However, in the strong coupling regime with Q= 2I", the evolution of the
atom has disturbed the environment, which eventually results in the backflow of
information, ie., the non-Markovian effect. Thus we see a oscillating variation
relationship between the non-Markovianity and the phase.

It is worth noting that the reason of the quantum speedup is not just due to
the non-Markovian effect of the environment. By contrasting the average speed
shown in Figure 2(a) and the non-Markovianity shown in Figure 4 (dashed
line), we can find that evolution speed varies depending on the value of ¢ in
the weak atom-cavity coupling regime. Instead, the non-Markovianity remains
unchanged when the coupling strength is weak. That is to say, the
non-Markovianity, ie., the backflow of information, cannot seen an essential

reflection to the speedup of quantum evolution.
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Figure 4. The non-Markovianity as a function of ¢ for various values of atom-cavity

coupling strength Q with I't, =2 and S :1/ V2.

Note that regarding to the measure of the non-Markovianity, the calculation is
based on that one proposed in [32]. There are several other measures of the
non-Markovianity, which is not agree with each other generally. However, it has
been proven that they are equivalent for the dynamics in the form of the Equa-
tion (16). Therefore, our conclusion is invariant with respect to the definition of
the non-Markovianity.

The total amount of flow information consists of two parts: the information
flowing from system to environment and the information backflow from envi-
ronment to the system. Why only the backflow information will speed up the
quantum evolution? What is the effect of the information flowing from system
to the environment on the evolution speed?

In what follows we focus on these questions. Based on the measure of non-
Markovianity, the absolute value of changing rate |0'(t, Pia (0))| describes the
changing of information, which consists the information flowing from system to
environment and the reverse flow. Thus, the total amount of flow information

can be defined as

Nooa = 215}2)().[(140'(’:,01,2 (0))| (19)

Figure 5 shows the X, asa function of ¢ for various values of memory

total
exhibits the same behavior as the
will lead

to the speed-down (speed-up) process of quantum evolution. Take the case in

time ¢,.Itis interesting to find that the N

total

average speed of evolution. In detail, the decrease (increase) of N,

the weak-coupling regime (Figure 5(a) and Figure 2(a)) as examples, when
Q=0.01' and I't, =2, we find that the changing trend of N and the V,
are the same, while the value of non-Markovianity is always zero, as shown in

total

Figure 4 (dashed line). That is to say, the change of evolution speed is due to the
flow of information from system to environment in this case. As shown in Fig-
ure 6(a), we find a small decay of atomic excited-sate population due to the in-
formation flowing out. The decaying-degree of population P increase with
decreasing the phase ¢ (in the region from ¢=0 to ¢=mn), and thus lead to
the speedup of quantum evolution. It is also confirm that the minimum speed

occursat ¢ =m in the weak-coupling case (see Figure 2(a)).
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Figure 5. The total amount of flow information N

total

between time zero and the time I't =10 as a function of ¢ for various

values of memory time ¢, with f= 1/ V2 . (a) The atom-cavity coupling strength is weak with Q=0.01T"; (b) The atom-cavity

coupling strength is strong with Q=2I".
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Figure 6. The time dependence of the atomic excited state population

Tt
(b)

P with = 1/ V2 . (a) The atom-cavity coupling strength

t

isweak with Q=0.01' and I't,=2;(b) The atom-cavity coupling strength is strong with Q=2I" and It, =2; (c) The limit

case with Tz, >1.

While in the strong-coupling case with Q=2I" and I't, =2, the backflow
of information happens, which can result in the partial atomic re-excitation, as
shown in Figure 6(b). In this case, the speed of quantum evolution depends on

the total amount of flow information N This is a newly noticed phenome-

total *
non. Overall, a remarkable result we find that, the changing in the evolution
speed is attribute to the flow of information, regardless of the direction in which
the information flows.

Our conclusion applies also to the more standard and basic case of an atom in
a lossy cavity, which corresponds to the limit case with I't, >1. As shown in
Figure 6(c), P, exhibits a monotonic decay in the weak atom-cavity coupling,
while the strong atom-cavity couplings can lead to the backflow of information,

and thus increase the Accordingly, the strong atom-cavity couplings can

total *

speed up the quantum evolution (see Figure 2(a) and Figure 2(b)).

6. Conclusion

In summary, we have studied a two-level atom that is coupled to a hierarchically
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structure environment consisting of a PC defect cavity and a semi-infinite 1D
waveguide. We investigated how the atom-cavity coupling and the memory time
affect the quantum speedup. We found that the information flow volume con-
sisting the information flowing from system to environment and the backflow
information is the main physical reason of the speed-up process. The potential
candidates which can verify our prediction can be systems such as InGaAa
quantum dots coupled to a GaAs PC membrane [34], and nitrogen-vacancy

(N-V) centers embedded in a two-dimensional planar PC [35].
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