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Abstract

Plasma echo theory is revisited to apply it to a semi-bounded plasma. Spatial echoes associated
with plasma surface wave propagating in a semi-bounded plasma are investigated by calculating
the second order electric field produced by external charges and satisfying the boundary condi-
tions at the interface. The boundary conditions are two-fold: the specular reflection condition and
the electric boundary condition. The echo spots are determined in terms of the perpendicular
coordinate to the interface and the parallel coordinate along which the wave propagates. This im-
proves the earlier works in which only the perpendicular coordinate is determined. In contrast
with the echo in an infinite medium, echoes in a bounded plasma can occur at various spots. The
diversity of echo occurrence spots is due to the discontinuity of the electric field at the interface
that satisfies the specular reflection boundary condition. Physically, the diversity appears to be
owing to the reflections of the waves from the interface.

Keywords

Plasma Echo, Semi-Bounded Plasma, Boundary Condition

1. Introduction

Plasma echoes in an infinite plasma have long been known theoretically [1] [2] as well as experimentally [3].
Spatial echoes were theoretically investigated in a static situation where the non-propagating electric field is
directed perpendicular to the interface of a semi-bounded plasma [4] [5]. If the perpendicular direction is
designated as the x direction, the electric field E as well as the distribution function f is spatially one-
dimensional: E=E(x,t) and f =f(xv,t), where x>0 (x<0) is the plasma (vacuum) region. In this
case, the corresponding Vlasov equation takes the form of a first order differential equation, and can be solved
by satisfying the specular reflection boundary condition at the interface x=0: f(v,0)=f(-v,0) [6]. This
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differential equation approach with the specular reflection boundary condition for a semi-bounded plasma has
been shown to be entirely equivalent with the Fourier transform (with respect to x) under the recipe that the
E(x) is extended into the region x <0 in an odd function manner, E(x)=-E(-x) [5]. This odd function
extension of E(x) gives rise to a surface term in the Fourier transform of the Poisson equation, which plays a
significant role in the determination of the echo spots. It appears that this surface term, which the earlier authors
entirely neglected, gives rise to diversity of echo spots [5]. Physically, the surface term manifests the reflection
of the electric field at the boundary.

The echo phenomena is the result of a quadratic interaction of the two primary waves launched by two
external charges at different locations (spatial echoes) or different times (temporal echoes). In response to the
external charges, the plasma distribution function f (x,v,t) is modulated with the exponential phase gt
which is derived from the singularity at o =kv of the linear response function. This term is called the free
streaming term since x=vt is the characteristic line of the Vlasov equation for a free particle. This rapidly
modulating exponential phase makes the f (x,v,t) more and more oscillatory as t or x increases, and con-
sequently, Lfdv will become vanishingly small due to almost complete phase mixing. Therefore, in the first
order, the phase mixing obliterates any appreciable effect on the macroscopic variable such as density pertur-
bation. However, the second order distribution function which is a product of two first order distribution
functions is not phase-mixed when or where the condition for a constructive interference is met, thereby the
second order electric field does not vanish, resulting in an echo. It is evident from the expression for the product
of two free-streaming exponentials ™ e*2(2™2) that a constructive interference can result in at a certain
time (temporal echo) or a certain spot (spatial echo) such that k x, +k,x, =v(kt, +k,t,).

In this work, we investigate spatial echoes in a semi-bounded plasma, taking a full account of the boundary
terms which originate from the oddly continuation of the electric field. This work is an extension of the earlier
paper by Lee and Lee [5]; the distribution function and the electric field are now spatially two-dimensional,
allowing for the z-dependance. Therefore, the echoes are associated with the surface wave which is propagating
in the z-direction. The second order electric field endowed with the additional z-dependance can be Fourier-
inverted by contour integration with unstraightforward analytic exercise, and delineating the echo condition
requires extra complexity. The important boundary term is the discontinuity of the perpendicular electric field at
the interface that is necessary to have the specular reflection boundary condition satisfied [5]. The diversity of
echo occurrence spots has been experimentally reported [7] and can be explained by this boundary term. The
identification of the echo spot associated with surface wave appears to be useful in experimental point of view

[7].

2. Formulation of the Problem

We consider a plasma consisting of electrons and stationary ions, the latter forming the uniform background.
The plasma is assumed to occupy the half-space x>0. The region x <0 is assumed to be a vacuum. The
perturbed electron distribution function f (r,v,t) and the electric field E(r,t) will depend on x and z-
coordinates with the y coordinate ignored since y direction has a translational invariance. We have the nonlinear
Vlasov equation and the Poisson equation to describe the electrostatic perturbation:

0 o e of
— f(v,r,t -—-——E(r,t)-—=0 1
6t(v )+Varm()av @)
with r=Xx+12z, v=2Xv, +2v,, E = XE, +ZE,
OE, OE, 2
V-E= =5 _4n(—e_|'d vf +p0(x,t)) 2
where f is a two-dimensional distribution function, and p, represents the external charges:
o (%2, = (5[ ke (x— L) ] 0 ko (2-8,) ] +1>2) (3)

k, is introduced to make the argument of the 5-function dimensionless, and 1— 2 means the replica of the
preceding term with the subscript 1 replaced by subscript 2. We solve the simultaneous Equations (1) and (2) for
a given po(x,t) as prescribed by Equation (3). In mathematical terms, we have an inhomogeneous system,
driven by the source term in Equation (3). The responses f and E should be determined by p, .
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The kinetic equation is supplemented by the kinematic boundary condition which we assume to be the
specular reflection condition

f (v, v, x=0,2)= f(-v,,v,,x=0,2) 4

X'tz x? 'z

This specular reflection boundary condition is automatically satisfied by extending the electric field com-
ponent E,(x) in odd function manner into the region x<O0, i.e., E,(—X)=-E,(x). Assuming that the
external perturbation is small, we solve Equations (1) and (2) by successive approximation. First, the linear
solution of Equation (1) will be obtained for f with the boundary condition (4). Substituting this solution in
Equation (2) yields an integral equation for the electric field which is solved by Fourier transform. Then the
linear solution will be used to obtain the higher order solutions. We work only up to the second order. The
higher order distribution function should also satisfy the boundary condition (4). The electric field should satisfy
the electric boundary conditions: the normal component of the electric displacement D, (X) and the tangential
electric field E, are continuous across the interface. In this work, the Fourier transform is defined by

f (k)= dx]  dtf(xt)e "
~ dk (= do

f ,t — ur —f k, ikx—iot
(X ) I**Zn - 27 ( a))e
Let us Fourier transform Equations (1)-(3) with respect to t and z to write
. e rdo' ; d’k’ , n O "o
—|(a)—k-v)f(v,k,w)—ajzwa(k—k,a)—a))-af(v,k,a)):o (5)
ik E (k, @)+ N (k,, @) = 4n[ —e[ f (k,v,@)d*v+ p, (k,0) | (6)

where
N(k, ®)=E, (0" k, 0)-E,(0",k, )

IRAVE] IRAVE]

is derived from the discontinuity of E, at x=0. This N-term is characteristic of a semi-bounded plasma and
responsible for the diversity of surface wave echoes, as compared with an infinite plasma. The external charges
are Fourier transformed to

P (K, @)= i—?[plé'(a) +o)e e 11 2] )
0

Equations (5) and (6) constitute a set of nonlinear simultaneous equations. We solve the set of equations by
successive approximations in terms of perturbation series:

f(kv, @)= f,(v)+ £ (k,v,0)+ f? (k,v,0)+-
E(k,0)= E(l)(k,a))+ E(z)(k,a))+~--

Breaking down Equations (5) and (6) order by order, we have

Si(o—k-v) f“)(k,v,a)):%E“)(k,w).% ®)

ik -EY (k, @)+ N (k, @) = 4n| e[ {9 (k,v,0)dV + p, (K, @) )
—i(w—k-v) P (k,v,0)

D L1 B

ik-E? (k,w) = -4ne[ {@ (k,v,0)d’v (11)

The quantity N (kz,a)) in Equation (9) should be determined in terms of the vacuum field from the electric
field boundary condition: electric displacement D, (x) is continuous across the interface x=0,
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D" (0)=D (07) (12)

where Dil)(O‘) equals to the vacuum electric field E,.

3. Linear Solution
Equations (8) and (9), and VxE =0 give

“’(k,a)):%[N (k@) — 4, (k, )] (13)
o
e(k,w)=1 p _[d V— EVV (14)

is the dielectric function (@, is the plasma frequency). N is determined from the electric boundary condition as
shown in the following. We need the normal component of electric displacement, DX(X) to enforce the

boundary condition (12). By definition, D, (k,®)=E, (k, )+ﬂJ (k,@) where J is the current:
w

J (ko ——ej'd vv, f(k,@,v). We calculate

e oo
]
v
ﬂJ _47“ jv fd?v = pJ'dw ]
1) w-k-v

where we used Equation (8). The above quantity equals to (g —1) E,. Thus we have D, = ¢E, . This statement

. . . E .
can be most easily proved by assuming f, a Maxwellian. Use %:—lvj f, and E-v=—*k.v to write
. m
] X

for the last term

i 5 _—EX—pl Vo KV g gy
W o m’ K o-K-v
k-v W . . .
Put =-1+ . Then, (—1)-term vanishes upon integration, and we have
w—-k-v w—-k-v
of,
2 2 A
g 2T Nk Vifo gy - £, 2o [ gy
@ k, mo—k-v k, o—-k-v
6f0
£, dv k-
=-E, o} > =E, jd v ded
(0—k- v
Using the above result, we obtain
DY (k, @) = &(k, ) E (k, @) ——[N Anp, (K, @) ] (15)
To invert Equation (15), we write
1 * dkx ikyx IkX 871: —ikyly —ik,
DY (x,k, ) = [ 2= € F{N s L5 (0+ o, )e S +1 2 (16)
In the above integral, we take the limit x — 0" . Evaluating the integral by residue theorem gives
. ke
lim dk =in

x—0" ¥ —® k k K2+ K2



H.]. Lee, M.-]. Lee

Note that we set up the contour encircling the upper half plane since x>0. When Rek, >0 (Rek, <0),
the relevant pole located in the upper k,-plane is k, =ik, (k, =—ik,). In either case, the integral is found to be
in . Then, Equation (16) takes the form

DO (07K, @) = —%—i—fe“kzslil (Lik,) oS (@4 @) +1-52 (17)
0
—igly

where (L, k,) f 5 ge _—meik 2k (18)

where + (=) sign corresponds to Rek, <0 (Rek, >0). The above equality can be easily proven by using the
-l
=-im,

contour winding the lower half plane. Taking the limit k, —0 gives the useful identity Jidfe

independently of L1(> O). Clearly, this integral manifests the nature of a step function. By equating the
quantity on the right hand side of Equation (17) to the x-component of the vacuum electric field (= E,), we

obtain
N = —2E, —i—fpl5(a)+a)1)e’ikzslil (L.k,)+1-2 (19)
0
Using the above equation in Equation (13) gives
(1)(k,a)):L —2E0—%p15(a)+a)1) e '“1( (L, k,)+e™ L1j+1—>2 (20)
k? e(k, o) k? T z

For an infinite plasma without boundary, we have N =0 in Equation (13), and the plasma electric field is
given by

@ (k, S LS 8’ S(o+aw ) te™h 1152
( ! ) ng(k,w) k2 pl ( l)
Note that in Equation (20), the E,-term and (L, k,)-term are the boundary terms which are non-existent
in an infinite plasma.
In the static situation where the electric field is nonpropagating, we put k, =0 in Equation (20), and the
electric field reduces to Equation (23) in Lee and Lee [5]:

2

2i 4 —ikly
EY (k)= W{Eo+%pl5(w+wl)(l+e kL)+1—>2}

4. Second Order Solution and Echo Occurrence
Next, we deal with the second order equations, Equations (10) and (11). Using Equation (10) in Equation (11)
yields, owing to the electrostatic nature of E@,

E?(w,k)= 4m o Idv ook, V) (21)

where Q stands for

ooda) aodk' ﬂcdkz ol ! (1) ’or
)= — ol Wan No-o' k-K) T (o, K\ V) (22)

Substituting the first order solutions [Equations (8) and (20)], into the above equations, we can write E® in

a)kv

the form,
, df,
8 k-(k—k') Av
@ (,k) = —2 k IV ok ok fdo x dv AB, (23
( ) 27[2 2 kzg(k,a))‘[(a) k V j ,[ J. S(C()—a)',k—kl)(k—kl)z k'zé‘(a)',k')(a)'—k'-v) ( )
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2
A=—2E0—iizp15(w’+wl)e '”1( (Ll,kz)+e"“1j+1—>2 (24)
0 T
2
B=—2Eo—ii2plc$(a)—a)’+a)l)e e ki)2 ( I(L,k,—k;)+e (kx'k;)L1j+1—>2 (25)
0

where | stands for the exponential function as given by Equation (18). Since we don’t know yet which sign
should be chosen, we keep on using the symbol I. Equation (23) is to be used for investigation of echo
occurrence. The various cross terms in the product (AB) are the candidates of echo resonances to see if the
condition for vanishing phase can be met.

We choose to investigate a cross term which is 1-term in A multiplied by 2-term in B. With this term, the
t-inversion of Equation (23) can be easily carried out by simply putting o' — -, and ® - -a;:

ot i k d?v
E@ (t k)= pele dk! {dk!
( ) IB kzg(_a)3yk)J‘(a)3+k'V)2J. J‘
df
, Kk'. 2o
% k- (k -k ) dv eik£(32*51) (26)
2 12 ' 2
(K=K') & (=, k —k') k" (e, k') (e + K’ -v)
i ' ikl Ly i ' —i(ky—kj Lo
—1(L,k —1I(L,,k, —k
X(TE (Ll z)+e j(ﬂf (2 z z)+e )
where
3
0y =+, f= T PPy (27)

kym?
In the above equation, we can assume that the poles associated with the dielectric functions contribute

negligibly in the |[dk - or jdk’-integral. [The dominant contribution comes from the free-streaming poles.]
Also we assume f, to be a Maxwellian. Then we have

, df,

¢__Ef 1“9
' - 0 '
o +K-v T o, +K'-v

where 1 can be assumed to contribute nothing to the inversion integral in the following, due to phase mixing.
Thus, Equation (26) can be further simplified as

ﬂmwl iwgt A—ik,S k szfo 2 [
t,k gg s dk; dk
( ) T kzg(—a)3,k) (a)3+k~v)2'[ z.[ X
k-(k-k)
X
(k=k') (-, k —K')k"s (~ay, k') (0, + K'-V)

PLCS ) ( (Li,kz)-‘re_lk Llj( (Lz,kz K )+e—i(kx—k§<)L2j
(L

Let us write explicitly the inversion integral of Equation (28) with respect to k:
J-d vf, k gl

S(—a]yk) (k + kZVZ +Cl)3 ]2

(28)

E®? )(t X,z)= pmey glest

T > [dk, e~ jdk

k-(k—k)

(k—k') & (—coz,k—k’)k’z (ajl,k’)(a)l+k'~v)
)L

(;|(L1,kz)+e'“1)(n (L k, —k;)+e "t

x k] "%~ [dk; (29)
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This equation will be examined in view of the possibility of the vanishing phase.
(1) First, we shall consider the interference of two exponential terms in Equation (29):
g kiligilkakily _ qiki(La—la) g-ikylp
The important singularities are: the double pole at k, :—(kzvz +co3)/vX and the simple poles associated
respectively with k=0 and k'>=0 and @, +k,v, +k,v, =0. We shall consider only these four poles.
Singularities at ¢ =0 are not important. Therefore we can put
k-(k-k') 1

(k=) 2
and all the &'s can be taken out of the integral. The residue at the double pole is obtained by taking d/dk,

V.

X

2
{Integrand ><[kX +MJ ] and substituting for k, =—(k,v, + @,)/v, . Here it is sufficient to differentiate

only the exponential functions because they yield asymptotically dominant result. [Or integrate by parts with
respectto Kk, .] Thus let us calculate

H _ L . ikx(foz)
= I(X 2) Jdkzemz(z—Sz)J‘de LZ e
v, k? K, +(k,v, + @)V, (30)
iky(S2-81) ik} (Lo-Ls)
x [ak; S [k,
k' ky +(kv, + @)V,
Then E®@ is obtained by e jdzv d)fo/vf , suppressing the unessential factor.

Integral Jdk; can be easily done by picking up the pole at

K= kv, + @, (31)
v

X

For definiteness we assume L, > L,. Then the contour in k, -plane should encircle the upper half k| -plane,
and in order for the pole to lie in the upper k, -plane, the imaginary part of (kz’vz/vx) should be negative.
Now k'* isonly a function of k! per Equation (31), and we can write the second part of Equation (30) as

b Idk’ RCY Jdk’ e(l2-ly)
Lok “k!+(klv, + v
X ( 2%z 0)1)/ X (32)
= _n_vxefi('-rl—l)ﬂh/vx J.dk'ew ! - ! H Y Imk!
o “olk-k K-k ) v
where
k!, = _ﬂzl(vZ +iv,) (33)
v
’ VZ
g:sz_sl+(L1—L2)v— (34)

X

and H(x) isastep function; H(x)=1 for x>0 and H(x)=0 for x<O0.
The contour in jdk; -integral depends on the sign of ¢’: when 6’ >0 (6’ <0), the contour must wind the

upper (lower) k. -plane. The location of the poles depends upon the sign of v, . Sorting out the relevant cases,
we carry out the integral for J':

i 2
0> 01" = 2T gl tabali [ (v, ) H (-, )~ H (v, ) H (1, )] (35)
)
L 102 2TV (e T e, _elfk-H (= _
0'<0:3' = e [ H (v,)H (v,) —€”H (-v, ) H (-v,) ] (36)
)
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Next, taking on the first part of the integral in Equation (30) (J’dkZ ()) , we have two cases:

1) x<L,
In this case, the k, contour must encircle the lower half plane and the k, -integral does not vanish under the
provision Im (kzvZ /v,)>0. Then, the integral can be written as

k eikx(X’LZ)
K2k, +(k,, + ;) /V,

J = [dk,e" [dk,

@37)
= n_vxe‘i(X-Lz)ws/Vx J‘dkzeiﬁ 1 _ 1 H v Imk, R kv, + @, n Z|ZZ
2] kz - kz+ I(z - kz— Vv, Vy
where
Q. .
k, = —V—Z?’(vZ +iv, ) (38)
VZ
0=z—SZ+(LZ—x)V— (39)
X
Analogously to the foregoing calculation in J’, the above integral depends on the sign of &:
- 2 . . )
0>0:3 = 2TVx giltexes/v [K,.% H (~v, ) H (~v,) —k,_e™ H (v, )H (v,)] (40)
2
o _ »
0<0:3 = 22TV ity [kz+e'sz+ H (v, ) H (-v,)—k,_e™H (-v,)H (v, )] (41)
2
2) x>L,
Repeating a similar analysis, we obtain
C o _ _
0>0:3 = 2 b gt [ e b (v, ) (v, ) ~k, €7 H (4, )H (v, (42)
12
- 2 . . .
0<0:3 = 2 Ve gl [ e (v, ) H (v, )~ k,_e™ H (~v, ) H (-, )] (43)
Wy
where
K,. =k, (iif( + 2) (44)

Now, we have to multiply J and J’. In doing it, note that H (x)H (x)=H(x) and H(x)H(-x)=0.
Nonzero results surviving the velocity integral are obtained in the following four cases:

a) x<L,, <0, >0; b) x<L,, >0, <0;c¢c) x>L,, >0, >0, d) x>L,, <0,
0'<0

Let us first consider case a). Using Equations (35) and (41), we obtain

2n%y,) i (x—
R CADNIE LZ)[H(vx)H(—vz)kz+e><p(i90+i9kz+”9"‘5-)

o, v, (45)
+H (=v, ) H (v,)k,_exp(ig, +i0k,_ +i0'k},)]
where
90:(L2—x)%+(L1—L2)% (46)

Using Equations (34), (39), and (46), we can obtain the exponential phases:
ig, +i6k, +i0'k;, = ¢! +ip, 47
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i0, +i0k,, +i0k!_=—¢! +ip, (48)
with

1
@ = V_Z[was (Sz - Z) Vi (Sz - Sl) TV, 0 (X -L ) + Vzwl(l‘l -L )} (49)

1
%= V_Z[Vza’s (S, —2)+v, @ (S, =S, ) + Vo (L, = X) + v (L - L, )} (50)

Thus Equation (45) can be written in the form
272 ) i (x— 4
D= ( T x) |(Xv Lz) el |:H (Vx) H (_Vz)ku exp(_¢;)+ H (—VX) H (Vz)kz— exp (gor,)] (51)
@0y X

Therefore the velocity integrals in Equation (29) survive the phase mixing when ¢, =0, that is,

@, (2-8,)+ (S, -8,)=0, (L, - x)+ (L, -L,) =0 (52)
or X:a)1L1+w2L27 Z:a)181+a)252 (53)
o + o, o + o,

where an echo is given rise to. The electric field E® can be obtained by velocity integral in the form (see
Equation (29))

E®@ (t,x,2)= U:dvx J‘ldvzkﬁew} + ﬂcdvx J’:dvzszewé }( ) (54)

where (---) denotes the obvious integrand.
Next, let us calculate case (b). Using Equations (36) and (40) gives

27r2VX ’ i(x-L - . ;
= ( w1w3) ( ” 2) [H (—v, ) H (=v, ) k,, exp(i6, +i6k,, +id'k]_) (55)

+H (v )H (v,)k,_ exp(ig, +i6k,_ +id'k;,)]

This equation is identical with Equation (45) if H(v,) and H(-v,) are interchanged in the latter. Thus,
this case can give rise to an echo at the same spot as predicted by Equation (53). The corresponding electric field
is obtained by a similar velocity integral to Equation (54) but over different range of v, .

The cases (a) and (b) predict the same echo spot because they yield the same imaginary phase ¢,. One more
task: the various inequality conditions set forth to specify the contour in the contour integrations need to be
checked against the echo coordinate found in Equation (54). Let us consider the inequalities <0 and 6'>0
postulated in the case (a). Using Equation (52), the inequality & <0 can be written in the form

S =S, +V_Z(L2 -L)<0
VX
which is the condition @' >0. Therefore the conditions <0 and @' >0 imply each other. Also we can
ascertain that the echo x-coordinate is in accord with the condition x <L, . So in cases (a) and (b), the premise
and the result are consistent. For the cases of (c) and (d), we state without repeating a similar algebra that the
imaginary part of the phase is still obtained by Equation (50) [the real part of the phase is different]. Although
the echo spot is predicted by the same equation as Equation (53), these cases of (c) and (d) are not acceptable
because the conditions >0 and ¢'>0 or <0 and @' <0 are contradictory to each other. We have the
conclusion: an echo occurs where x < L, and the echo coordinates are predicted by Equation (53).
(2) Next, we consider the product of two boundary terms, | (L, k;) I(L,,k, —k;) in Equation (29):

. ]
E®@ (t’x,z):CelagtJ' Idk exp[ik, ( Idk exp|ik, 2
( kY, + )/, ) 6)

1ok (5251) | ' dky
jdk (L1-kz) ( 21 z_kz)J.er(

’
o, +k'-v)
1408
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where C is a nonessential constant factor. For definiteness, we assume S,—-S, >0. .[dk;-integral and J'dkx-

integral can be done easily by picking up the relevant poles, and we can write

. i d?vf v
E@(t,x,z) =ixCe'™* [—2 = | [dk, k,|z2-S, —x=
(t,x,z)=ixCe" | v exp{ ix }J’ exp{l (z 2 =X H

X z

 J UM S (LK) (L k, k)

where

k/Z — kv2 + (a)l + I(z'vz )2
’ v

X
k,v, + o,
v

k =—x +zk

z
X

(57)

(58)

(59)

The contour of jdk;-integral should encircle the upper k; -plane. Since the relevant singularity should be

located in the upper k; -plane, the residue is calculated from k] =k;, for v, <0 and k] =Kk;_

for v, >0.

k;, are defined in Equation (33). Then the last integral (Idkz') in Equation (57) can be carried out in the form

[k; (

)= el (5. =8 ] Lk )1 Lk~ )H (-v,)
—explik]_ (S, =8, ]1 (L, k)1 (L k, =K )H (v,) ]= 3 (k,)

where

I (L, k. ) =—im(exp[Lk;. ]H (v,) +exp[-Lk,]H (-v,)) (see Equation (18))

To carry out jdkZ (---) in Equation (59), let us assume that z—S, — xYe=9<0.

X

Now we are ready to evaluate fdkz -integral in Equation (59):

ik, 9 ik, 9

ke'” iv e e
k k k )=—2|dk, kJ(k -
J.d z Id ( Z) 20)3J.d z J( Z)|:kz_kZ+ kz_kzi|

_w, [k(kH)eikHsJ (kz+) H (Vx)_ k(kz_)eikf&\] (kz_) H (—VX)]

2

Using Equation (60) in Equation (62) yields
V2
=—2>k(k k,, 9 k_( I( K, =K

oo Jenpik, B)exp ik, (8, ~5,) ] (LK) Lok, —KL)H (%)

+k(k,_ )exp[ik,_9]exp[ik., (S, —S,) |1 (L, k., ) I ( z,sz—k;)H(—Vx)J

jdkz(

where we have Re(k,, —k;_)=Re(k,_ —k},)= —w—zzvZ . Therefore, we obtain
v

(L, k,, k) =—in(exp[ L, (k,, =k, )JH (v, ) +exp[ L, (k,, =kl )]H (-v,))

I(Lyk, —k,)=—in(exp[ L, (k, =K. )JH (v,)+exp[ L, (k, —KL.)]H (-v,))

The above two equations and Equation (61) yield

I(Ll’kz, ) (LZ’kz+ I(z, ) - |:eXp|:L2 z+ L1 L k, :|H +exp|: LZk (Ll_LZ)kZ,*:|H(

(60)

(61)

(62)

(63)

(64)

(65)

—v,)] (66)
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(L ke )1 (Ly K, kz’+)=—n2[exp[szP+(L1—L L JH(v,) +exp[-Lk,_ (Ll—LZ)kZ’JH(—vZ)J (67)

Now we are ready to carry out the velocity integral in Equation (59) by substituting Equation (63) into it.
Because of the step functions H (vx) and H (VZ) , the velocity integral consists of four parts corresponding to
H (ivx) H (ivz) . Since we are interested in the echo spots, we pay attention only to the exponential phases:

H (v, )H (-v,)e™, H (v, ) H (v,)e”, H(=v,)H (v,)e” H (v, )H (-v, )e” (68)
Straightly we can identify:
o :—ix%nkﬁynk;(sz S,)— Lk, +(L, - L, )k._ (69)
0, = —ix 2 ik, 9+ik! (S, —S,)+ Lk, +(L —L,)k!_ (70)
P = _ix%“L ik, 9 +ik;, (S, =)+ Lk, +(L —Ly)k;, (71)
0, = —ix%+ ik, 9+ik!, (S, —S,)— Lk, +(L, —L)K., (72)

From above, the imaginary phases are obtained as

Imgp, =Img, = [a)ls -S,) }+ [Lz(a)l+a)3)—L1a)l—Xa)3] (73)

Imgp, =Img, is obtained from Im¢, by replacing L, —-L and L, —>-L,. Putting Img,=0, we
obtain the echo spots as

S, + w,S
Zoy, = % (74)
3
L, (2 ¥
K = S22 @) F Lk (75)

2
In Equation (75), X.,, corresponding to upper signs and X, corresponding to lower signs are mutually
exclusive because if one of them is inside the plasma the other is necessarily is outside the plasma. We add that

. V . .
the condition $<0 amounts to ﬂ(S1 —Sz) < x—%, which poses no problem in as much as we have ample
3 Vx

liberty in choosing the sign of v, /v, .

5. Discussion

In Section 3, the plasma electric field was determined in terms of the vacuum electric field. Judicious application
of the boundary conditions at the interface enables one to determine the plasma electric field entirely in terms of
the external charges without introducing the vacuum electric field E;. Inverting Equation (13), we can write

D, (O,a))=—%—ii—7:p15(a)+a)1)e‘iklsll(kZ,Li) (76)
0
E,(0,0)=i Njkkz dk, —i%pp(mm) e (k,, L) (77
0
where 1, (k,,L,)= j KoKy g (78)
6‘
Next, we turn to the vacuum solution.
E, (x.k,)=-Bk,e“* = E,e"" (79)
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where E, is the vacuum electric field, the quantity designated by the same symbol E, in Equation (19).
E, (x.k,)=-iBk,e“" (80)

Continuity of E, across the interface x =0 gives that Equation (22) equals to —iB'k,. Also continuity of
D, across x=0 yields that Equation (20) equals to —B'k,. Eliminating B’ between these two equations
gives N in the form

O 0+ ) (1, (kL)1 (k) +1 52
N== i, K, o
1+_[

7tk2

Substituting the above equation into Equation (13) yields

8 ik o =il (k,, n—e kb
o8 B
n k¢

Equation (82) should be compared with Equation (20). Eliminating the vacuum field introduces the

denominator 1+j% kkzz in Equation (82). In fact, the relation
T &

dk, k,
1+ = 83
[== - kz (83)
is the electrostatic dispersion relation of the surface wave in a semi-bounded plasma [10].

In the investigation of echo occurrence, E, in Equation (20) can be discarded because echoes are given rise
to by interference of influences of the external charges. This amounts to saying that the denominator

(1+ dl;x kkzzgj doesn’t play any role in the determination of echo locations.

Equations (53) and (74) and (75) are the main results of this work in locating the echo spots associated with
the surface wave in a semi-bounded plasma launched by the oscillating external charges at (x,z)=(L;,S;) and
( L, Sz). In the static situation, the z-coordinate is irrelevant. The echo spot given by Equation (53) corresponds
to X, in Equation (45) in Lee and Lee [5]. The echo spot given by Equations (74) and (75) is surface
wave-proper. Our search for the echo spots are not exhaustive; we put aside many other product terms in (AB)
in Equations (24) and (25). It appears that we have diversity of echoes in a bounded plasma, which was also
experimentally reported [7]. The diversity seems to be due to reflections of the wave at the interface.

In reality, bounded plasmas are usual rather than exceptional. Important literatures to get acquainted with this
field are References [8] and [9], among others. Surface wave dispersion relation in a plasma slab is derived in
Ref. [10]. An exact nonlinear solution of a surface wave excited by external charges is obtained in Ref. [11].
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