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Abstract

The resolution of our wave equation for electron + neutrino is made in the case of the H atom.
From two non-classical potentials, we get chiral solutions with the same set of quantum numbers
and the same energy levels as those coming from the Dirac equation for the lone electron. These
chiral solutions are available for each electronic state in any atom. We discuss the implications of
these new potentials.
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1. Introduction

The resolution of the Schrédinger equation in the case of the hydrogen atom has given the reason of the quanti-
zation of the energy levels in atoms. It has also given the E = k/n? energy level of a state with principal quantum
number n. For the number of orthogonal states with principal number n, the result n® states was false and the true
number 2n? comes from the existence of the spin of the electron. P.A.M. Dirac found his wave equation in 1928
[1], the solutions in the H atom case where calculated immediately by C.G. Darwin [2]. All awaited results were
obtained: the true number of energy levels, all quantum numbers compatible with the spin 1/2. Only the hyper-
fine structure and the Lamb effect were not obtained, therefore the Dirac wave equation is until now considered
as the true wave equation for any quantum object with spin 1/2.

We previously have obtained a wave equation for a pair electron + neutrino [3] and we have generalized this
equation as a wave equation for all objects of the first generation, electron, neutrino, quarks u and d with three
states of color each, and their antiparticles [4]. This wave equation is form invariant under the GL(2,(C) =Cl;
group of invertible elements in the Clifford algebra of space Cls. It has a mass term and nevertheless it is gauge
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invariant under the U (1)>< SU (2)><SU (3) gauge group of the standard model, in a way that gives automati-
cally the insensitivity of the electron and its neutrino to strong interactions. The first consequence of this is a se-
paration of the wave equation into a lepton part and a quark part. If the quark part is canceled, the wave is re-
duced to the electron + neutrino case, gauge invariant under the U (1)>< SU (2) group of electro-weak interac-
tions. If the neutrino wave is canceled, the wave equation is reduced to an equation for the electron alone which
has the Dirac equation as linear approximation [5]-[8]. Since the wave equation has not lost its mass term, it is
easy to account for inertia and gravitation [9].

2. Resolution in the Case of the H Atom

The wave equation for electron + neutrino reads:

DY\ 7o, +Mpy, =0, p:\/aiaf"'aza;"'asa;v @

where m=m,c/n and

0 1, 0 o .
Yoro = Yo1V25 Vo = 0 VY= 0l 1=12,3. )

1, o

The o are the three Pauli matrices. We identify the Clifford algebra of space Cl; to the Pauli algebra con-
sidered as an algebra on the real field. We identify the space-time algebra Cl, , to the real algebra generated by
the y, and their products. In the particular case that we consider here we shall get a, =0 and this gives

[¢e ¢nj_ 5 {ajsﬁe vag, Ay J
A . =P A - ~ |
¢n ¢e a3¢eR ai¢e + a3¢n

Quantum mechanics uses for the electron and its neutrino three spinor waves: the left 7, and right &
waves of the electron and the left 7, of the neutrino. The standard model has nothing to do with a right wave
of the neutrino and therefore we use:

7, {mej; , =(m”j; é{élej- @)
772e 772n é:Ze

*

The link between these chiral waves and our ones is form invariant under GL(2,C)=Cl; by

¥ = 3)

_ * _ * N _ * N 0
¢e:\/§[§le ’7*2(5}; ¢n:\/§[0 Zan; ¢e:\/§[’71e {Zej; ¢n :\/E(nln j (5)
2e Ule O nln 772e le 772n 0
The a; are the relativistic invariant densities satisfying:
a, =det(¢,) = 2(Eurs, + Ettse ) = P 8, = 2(mittae — 13T ) 8 = 2(Ettin + Exctlin ) (6)
where S is the Yvon-Takabayasi angle. Left and right parts of the ¢ wave satisfy:
1+o, N & 0O 1-o, 0 -7,
= = 2 € ’ = = \/E *ZE ’ = , = 0_ 7
¢eR ¢e 2 { §2e 0 ¢eL ¢e 2 O 7719 ¢nL ¢n ¢nR ( )
The covariant derivative D of the electro-weak gauge reads [9]:
D:@+%Bpo+g—22(wla+wzpz+w3g) ®)
D=0¢"D,; D=y*D OD'V “9 1 0 o 9)
=0 X = Pl N , =0 ) =| A~
g TRl o “ vV o

i
B=c"B,; B=y"B, = °® P W=o'W) W =) = P. v )
B 0 wioo (10)

o’=0,=1,; c®=0,=1,, j=123.
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This covariant derivative uses four operators P, #=0123, satisfying
P(¥) =2 (Y £1%70): T =,
PO(‘P)z\I’;/21+%‘Pi +%i\1’y30 —Wy, +P ()i,
R(Y) =2 (1970 + ¥ra) = P. (%)
P ()= (7= 1¥7) =P, (¥) 75
Py (%) =5 (<¥i+1%75) =P, ()(-i),

The wave Equation (1) of the electron + neutrino is then equivalent to the system:

v¢e( IO—S)_I_B(2¢eR &eL)(_io-s) gz |:( |W1+W )¢n+iW3&eL:|(_iO-3)+%(a1*¢e+a;¢n):0’

v, (—|03)+|—B¢( o) + 92[ (W +W2) g, —iW3, (o) + asgs =O.
Yo
Using ¢3L<73=¢L and ;zﬁRo—3=—¢R this system is equivalent to
VG0, + B2+ )+ 2 [ (W +IW?)4, +w3¢3eL]+%(af¢e+a;¢n)=

ivg + 3 B¢n [( W HW?) —W3¢3n]+%a;¢eR -0,
We suppose now that the proton of the hydrogen atom creates two potential terms:
9,B = g,B° :—%; g W' = g, W} :%; W2 =W?=0,
where ¢ is the fine structure constant (o ~1/137) and we get:
VG0, {2+ )= o+ (08, +2i6,) <0 iV~ — o+ e =0
A simple solution to get a, =0 is:

¢n =¢eL :nln 2771e’ 772n 2772e'

We then have to solve the system:
. a-~ my, .
—|V¢e0'3 _?¢e +;(a:l¢e + a3¢eL) =
P a s m .
-iVg, ——¢ +—a;4,, =0.
r P

And we get now

8y =2( & + Eion ) = 2(&me + £t ) =805 p=1Jad; +aa; =238, =2p.
The system to be solved is then reduced to
.n a~ m
A% ——¢ +—e" =0,
¢e0'3 r ¢e + \/E (¢e +¢eL)

m

|V¢ r ¢e|_ +$e_lﬂ¢eR =0.
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(14)

(15)
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Subtracting the last equation to the preceding, we get the equivalent system:

. ~ a s _j
—iVgr0, _?¢9R +m/2e ﬁ¢e|_ =0,

.7 a - m _i
_|V¢eL _?¢eL +$e ﬂ¢eR =0.

(20)

We shall use now the method of separation of variables in spherical coordinates. This method is usual in ma-
thematics, but here this separation is very difficult. It is a mathematical prowess found 63 years after the Dirac

equation by H. Kriiger [10]. He let (with our notations):

x' =rsin@cosg; x> =rsinfsing; x> =rcosé,
i, =0, =l0y; |, =0y =lo,; i, =0, =0y,
1 %

9.
Q=rt(sing)2e 2 2",

0'= 0,0, +10'160 +L026¢; V'=0,-0,
r

rsind
and he got:
Qlv=val
Now we let
a=lp-ExX"+3; ¢, =QXe™.
This gives
~ AN oA " 1 1—
¢eL:QXLea|3; ¢eR:QXReaI3; Xszﬂ, X =X 0-3
o n ~ 1 ~
V¢, =Q| —EX | i;— 0,0, X, —Falang “eind azx iy |e
~ ~ ~ 1 ~
Ve = QE—EXRI3 - 0,0, Xg —F0'169XR - rSInHO-ZXRI?’j e,
which gives

a)e A1 . . : -
Q|- E+Z X, 6.0 X oo +=0,0, X ol —— 2, X, +m/2e77 X, |e¥ =0,
|: ( r] R 3~r R"3 r 1~e R'3 I’Sinﬁ 2 R L:|

O'ZXL+%ewXR}eai3 -0,

{ (E+ jX +|38X +— 618X -—
rsinéd

This allows to separate both x° and ¢ from r and 6:

(E+ jx + 0,0, Xgly += 018 X gy — AHGZ)ZR+m\/§e"/’XL:O,

~ m .
-————0, X +—=e"X, =0.

NG

—(E+ jX +|8X +— alax
r

3. Separating r from 6

We let now:

X :(a -b j
c d°

where a, b, ¢, d are functions with complex value of the real variables r and 6. We get then:

(21)
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; ).y —~<). s (d 0 0 b
><:d C;XR:O C;XL: ;XR:a ;XL:O b-
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The system (27) is then equivalent to

(E+ jc +io.c’ ——(6 —Lja —m2e #pb* =0,
in@

—(E+ ja +io,a" +— [8 +ch +my2e/d* =0,
r
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al, . i m
—|E+=|d+i0,d+—| 8, +—— |b+—=e"a=0,
( +rj 1o +r( 9+sin¢9] "2
a . i A m
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In addition, we have:

det( ) _ad’+cb’
r’sin@ r’sing '

/= det(¢)=

SO we get:

ol _ ad” +cb’

For the four Equations (30) there are only two angular operators, so we let:
a=+2AU; b=BV; ¢=+/2CV; d = DU,

where A, B, C and D are functions of r whilst U and V are functions of 8. The system (28) becomes:

( jfc’\/ +i2C"V" - '*/_A ( A uj*—mﬁe‘ﬁB’V*:O,

sin@

—[E+ﬁj\/§A*U*+i«/§A’*U* '[C (V’ L@VJV +my/2e/DU" =0,
r r

sin
—(E+ngU +iD'U +E(v +ij M e/ J2AU =0,

r r 2
(E+ jBV—lB’V +Q(U'—LJU + M einJocy =0.

r r ind J2

Soifa x constant exists such as:
u’ —LU =—xV; V' +LV—KU
sin@ sin@

the system (34) is equivalent to the system:

i(E +ZJD+ D'+XB=ime A,
r r
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r r
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r r
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which is exactly the system that we got for the lone electron from our nonlinear homogeneous wave equation
(see [7] [9] (C.37)). This wave equation, which is also our wave equation for electron + neutrino where the neu-
trino wave is canceled, has the Dirac equation as linear approximation if and only if the Yvon-Takabayasi S an-
gle is zero or is negligible, and we shall see later that this condition is always and everywhere satisfied. Then the
radial system (34) is reduced to

i[E+ﬁjD+D'+fB=imA,
r r

—i(E +ZJC—C’—£A:—imB,
r r
(37)
i[E +ﬁjB—B'—5D —imC,
r r
—i(E +ﬁjA+ A+Xc—_imD.
r r

We summarize now the results obtained in the study of these angular and radial systems. J, and J® being
the usual angular momentum operators, the eigenvalue of J, is A (named magnetic momentum number) and
the eigenvalue of J* is j(j+1) ifand only if

) 1Y 1. 1
= j— - = —_ = —_— 38
K (j+2j,|K| j+2, j |/<| 5 (38)

Next ¥ is a well-defined function, with a unique value, only if A4 has a half-odd value. General results on

angular momentum operators imply then:
. 135 - . .
==,—, =, k=1142,43,--+; A=—j,—j+1-,j-1]. 39
J=2 25 K I i-1j 39)
To solve the angular system, if 4>0 we let, with C=C(6):

o ({2 2]

(40)
V =sin* @ cos[ng#(zﬁl—ﬂjsin(gjc :
2 2 2
If 1<0 we let:
U =sin"* | cos QJC'+ k+142sin[Z])c ,
2 2 2
(41)
V =sin"@ —sin(g)C'+EK+l+ljcos[ng .
2 2 2
The angular system (35) is then equivalent [5] to the differential equation:
2|4 :
O:C"+MC’+ [K‘-}-lj -A%|C. (42)
tané 2
The change of variable:
z=cos; f(z)=C[0(z)], (43)
gives then the differential equation of the Gegenbauer’s polynomials
l 2
=1 =22
1+2|4 (’” )
oo fr(2)- 22y 2 T gy, (44)

1-272 1- 72
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And we get, as only integrable solution:

0(9)_i('ﬂ"’“;)n('*'“‘*;jﬂ w(2)

Sin
C(0) =% (1+|/1|) n!
2 n

(45)

with:

(a),=1 (a), =a(a+1)---(a+n-1). (46)

The C(O) factor is a factor of U and V, its phase may be absorbed by the & in (23), and its amplitude may
be transferred on the radial functions. We can therefore let C (0) =1, this gives:

Cc(0)= i(ﬁl—x— ;j (Wﬂﬁ ;) in2r [g]

1 sin 47
" (+|z|j n!
2 n
Since we have the conditions (39) on 4 and x, an integer n always exists such as
1
|A|+n= Kt (48)

and this forces the (47) series to be a finite sum, so U? and V? are integrable. And since U and V have real
values, we have:

* 2 2
Js _ AD UZ+CB*\/2 _ 49)
|AD*U +CBV |

To solve the radial system we let

xemr; =55 a(x):A(r):A[Ej; b(x)=B(r); c(x)=C(r); d(x)=D(r),
a-b=F +iG_; a+b=F +iG,; d-c=F -iG_; c+d =F, -iG,,

R =F(1-n,25+12AX); P,=(F-n,25+12Ax); s=vV&’—-a’; A=+1-¢€,

W1+ _Ax s
F = 01+;a0e M(2Ax)°[ (¢, +x)P,—nR,]; clz%, (50)
G - 1-¢

e ™ (2A)’[ (¢, +x) P, +nR ],

TGtk

F.=a,e™x*[(¢,—x)P,—nR ],

- _
G, :‘/Eaze %[ (¢, ~x)P,+nR ],

where F is the hypergeometric function. We get the Sommerfeld’s formula for the energy levels:

6:;; s=+r?—a?: |K‘|=j+%. (51)

We get also:
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F =ae™x[(c +x)P,—nR ],

sz,/i ae™x x*[(c,+x)P,+nR ],

(52)
F, =a,e™™x*[(c,—x)P,—nPR, ],
G, = / a,e x°[(c,—x)P,+nR ],
where a, is,as a;,acomplex constant. If these constants satisfy
* * . 2 . 2
aa, +a,3; =0; [a| =(c,—x)k; |a,| =(c, +x)k, (53)
where Kk is a real positive constant, the Yvon-Takabayasi S angle satisfies:
al(2s+n)P? —nP? 2 _y2
tan 3 = [( )P - ] U -V (54)

X .
n P ns? ) U?+v?
[ + -
Js+n ') s+n’t
The denominator contains only sums of squares, which cannot be together null. For all bound states a solution
exists such that the Yvon-Takabayasi 8 angle is everywhere defined. Moreover the presence of the fine structure
constant, which is small, implies that the g angle is everywhere small. Next we have explained in ([7] C.4) why
U?-V? isexactly null, for any value of x and A, inthe plane x®=0. Then in this plane the separation of
variables (33) is exact and the system of equations (17) of the electron + neutrino is exactly solved by the linear
systems of angular and radial equations (35) and (37). Since the quantification is implied by this resolution, we

have the same quantification for our wave equation of electron + neutrino with the only condition (14) on the
potentials created by the proton.

(n+25)[\/mP2 -

4. Probability and Normalization of the Wave

The wave Equation (1) has a double link with its Lagrangian density £, : like in the Dirac theory the wave equ-
ation may be obtained by the mathematical computation of the variation calculus, it is by this way that we have
obtained our wave equation. And £ =0 is also the real part of the wave equation, in the sense of Clifford al-
gebras which always include the field on which they are built. This Lagrangian density reads (see [9] (B.71)):

L =L+ 9.L+9,L,+mp,
£, =%[-i(nlo"o,m +El6"0 &, +mc"a,m,)), (55)

A 1
ﬁl By[ 77e‘7 77e+§go-”§e+577r:aynnj’
WE
L, :—ER[(WjHW;)?]JO'“I]nJ +7”(77;ro"’77e —17:0”77”).

Since this Lagrangian density is invariant under translations a conservative momentum-energy tensor exists. It
reads

oL oL
—+
0,a") o(o,a

a=Ge e 11n

T/ = > [ava*a( )ava]—(s;'z; (56)

Like in the case of the electron alone (see [9], Sec. 9.2) we get in the case of a stationary state with energy E,
by the principle of equivalence between inertial and gravitational mass-energy:

[[[Toav=E. (57)
With the wave Equation (1) we get
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E

T, :%Jf; =3, +3,; J. =04 I, =44, (58)
Therefore (57) is equivalent to
I} ‘;l—idv:l. (59)
By letting
(\y,|\y,>=m;—£dv; <‘P,|‘P{>=%(<‘P,+‘P,’|‘I’,+LI’,'>—<‘P,—‘P{|‘I’,—‘P,'>) (60)

we define a scalar product on the quantum states and two solutions W¥,, ¥, of (1) having a different set of
quantum numbers A,j, x, nsatisfy

(W, W,) = (¥, |¥,) =1 (¥,|¥,)=0. (61)

This last relation is not trivial and comes from the orthogonal polynomial functions used both in the angular
system and in the radial system. The scalar product defined in (60) is moreover not the usual Hermitian product
of quantum mechanics, but the Euclidean product that is natural in a real Clifford algebra [11]. The condition
(‘P,|‘P,>=1 determines the value of the k constant in (53). The result is different for the electron + neutrino
from the alone electron, because in the case of an alone electron we get

_aa’+bb’rec+dd” (AA"+DD")U? +(BB" +CC")V?

J? , 62
¢ 2r’sing 2r’sing (62)
while in the case of electron + neutrino we get
) = ol + By b + B0 = BBl + 20, 4
. *roct + (AA"+DD")U?+(BB"+CC")Vv? (63)
Jlozaa +2bb” +cc” +2dd :2( ) ( ) _230.

2r’sin@ 2r’sin@

5. Concluding Remarks

The solutions presented here are new and unexpected. We have begun the calculation with the same potential
gA=a/r that everyone previously used. But with this potential, there are no solutions with a nonzero ¢,
wave. Solutions with a nonzero neutrino wave are chiral since the neutrino has only a left wave. The wave is
then made of one right wave and of two left waves. These two left waves are equal only if we consider the wave
as a function of space-time in the space algebra, where we have ¢, = ¢, . Butif we use the correct frame, which
is, for the electroweak theory, the space-time algebra, we need:

\PeL:[¢eL PJ; wnz(? ¢”]. (64)
0 ¢ ¢ 0

Therefore, we have ¥ =¥, y, and we cannot say that there is only one left wave. These waves are in two
different linear spaces and do not cancel one another. The chirality is intrinsic to the electron + neutrino wave.
Our solutions are then good candidates to explain why left chirality is dominant in biochemical molecules. The
solutions found in 1928 from the Dirac equation had all expected properties: all necessary quantum numbers, in-
cluding the spin, the true number of states, the true energy levels. Nevertheless, it is not enough to prove that the
Dirac equation is the true wave equation, since we have just obtained another set of wave functions with the
same quantum numbers, same number of states and same energy levels. And these new solutions have a left
chirality that the solutions with the old potential and the lone electron do not have.

To get these new solutions, it is necessary to use other potential terms. This comes from the necessity to have
the same E+a/r term in each Equation (34). Then this term is present in all Equations (37), next this system
may split into two linked systems and this allows the existence of the integrable required solutions. These condi-
tions of integrability, coming from the equivalence principle, imply the finiteness of series and furnish the
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guantum number n and then the quantification of the energy levels. Our calculation proves that the gA=a/r
potential, even if it was used with the Schrédinger equation since 1926, even if it is today the basis of all orbitals
in chemistry, may not be the true potential created by the proton. From a theoretical point of view, since there
are not one but two constants of structure in the U (1)>< SU (2) gauge group of electro-weak interactions, it is
not at all astonishing that two potential terms are created by the proton. We may also remark that the sum
9,B+g,W* is zero. And this seems to comfort the point of view of T. Socroun that the true potentials in a uni-
fied theory including gravitation [12] must include the constant of structures. The potential terms ¢,B and
g,W*' the covariant vectors awaited in a theory of gravitation [9].

The solutions for the H atom where calculated from the Schrédinger equation or from the Dirac equation with
a potential gA =—a/r . This potential, in the electro-weak theory, is linked to the B and W' terms by the an-
gle of Weinberg-Salam:

B+iW® = (A+iz°) (65)

Here we have not changed this relation. But we do not need the A and Z° terms, we need only g,B and
gW', j=1,2,3. This is an important change which implies the novelty of our resolution in the case of the
hydrogen atom.
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