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Abstract 
During an interview at the Niels Bohr Institute David Bohm stated, “according to Einstein, particles 
should eventually emerge … as singularities, or very strong regions of stable pulses of (the gravi-
tational) field” [1]. Starting from this premise, we show spacetime, indeed, manifests stable pulses 
(n-valued gravitons) that decay into the vacuum energy to generate all three boson masses (in-
cluding Higgs), as well as heavy-quark mass; and all in precise agreement with the 2010 CODATA 
report on fundamental constants. Furthermore, our relativized quantum physics approach (RQP) 
answers to the mystery surrounding dark energy, dark matter, accelerated spacetime, and why 
ordinary matter dominates over antimatter. 
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1. Einstein’s Relativized Quantum Physics (RQP) 
Though not well-known, Einstein endeavored much of his life to general-relativize quantum physics (RQP), ra-
ther than quantizing gravity [2]. Albeit he did not succeed, his legacy lives on. In this paper we continue on with 
Einstein’s original idea that quanta manifests from the gravitational fields. To show this, we begin by re-ima- 
gining local flat spacetime geometry in an analogous way to the how Max Planck solved the blackbody radiation 
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problem by means of light quanta absorption and emission. However, instead of a perfect absorber and emitter 
of light, we propose a background of fluctuating vacuum energy intermixed with gravitons. By the principle of 
general relativity, as vacuum energy fluctuates, it will induce graviton oscillation. Taken together, this is enough 
information to construct a modified flat-spacetime metric out of normal coordinates [3]. After a straightforward 
general relativistic calculation on the modified metric, a pair of covariant and contravariant energy momentum 
tensors emerge as n-valued raising and lowering operators. By assuming these RQP operators can be detached 
from flat spacetime, and then transported to curved spacetime (without loss of their basic spin-like structure); we 
show that these energy operators generate all three boson masses (including the Higgs) [4], as well as heavy- 
quark mass, and do so in precise agreement with 2010 CODATA [5]. RQP thus solves part of the mass hierar-
chal problem, which is unable to be done by the Standard Model of particle physics. Moreover, our RQP pro-
posal provides a general relativistic explanation for the origin of dark matter, dark energy, as well as accelerated 
spacetime, and why ordinary matter dominates over antimatter.  

2. Mathematical and Physical Development of RQP Spacetime Metric 
Our strategy is to consider flat spacetime at the microscopic level, where vacuum energy fluctuations induce 
graviton oscillations. Under such a general relativistic scenario, no longer can flat spacetime be described by the 
Minkowski metric: 

gµν µνη≠                                            (1) 

Instead, we construct a spacetime metric based on graviton oscillations induced by vacuum energy fluctua-
tions. Our mathematical starting point is to apply the classical Lagrangian representing a vibrating system of 
particles about a point of equilibrium: 

( )1
2 ij i j ij i jL T Vηη ηη= −� �                                       (2) 

The ηi’s represent small deviations from the generalized coordinates q0i, and they are expressed by the equa-
tion: 0i i iq q η= + . The η’s subsequently become the generalized coordinates for the equations of motion, 
wherein the kinetic energy has only diagonal components:  

( )0 no sum over i i ij jT V iη η− =��                               (3) 

The solution to the previous equation has the form of normal coordinates [6] given by: 

e i t
i C κω

κη −=                                        (4) 

Assuming these coordinates quasi-describe graviton oscillations, by the principle of equivalence, let the gen-
eral relativistic coordinate system eµ  experience accelerations expressed by preceding equation. To simplify 
matters, and for purposes of clarification, let the coefficients Cκ  be set equal to one, also let negative one-half 
be introduced into the natural exponent. These small changes allow for the physics—the motion and energy of 
gravitons undergoing oscillations—to become mathematically and physically apparent. Of notable importance, 
should the resulting covariant and contravariant energy momentum tensors (calculated from the modified flat 
spacetime metric), be in accordance with the vibrational motion of the gravitons we first imagined flat spacetime 
undergoing, it will further substantiate the RQP approach. After a straightforward, but lengthy, general relativis-
tic calculation, this turns out to be the case, as we show in subsequent sections.  

Continuing on, with construction of the modified spacetime metric, we apply Rayleigh’s principle [7] [8] to 
the coordinate frequencies κω  to reduce them to their fundamental mode of oscillation ω having the greatest 
intensity. This implies the average kinetic energy T  becomes equal to the average potential energy U . 
Joining all of these normal coordinate ideas together, allows us to construct a basis for the general relativistic 
coordinate system; moreover it allows computation of the modified flat-spacetime-metric (representing graviton 
oscillation): 

e ei t i tg e eµν ν µν
ω µ ω

µ ν δ η≡ ⋅ = =                                   (5) 

However, for the final version of the modified flat spacetime metric, we introduce the n  into the natural 
exponent: 
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( )e 0,1,2,3,n i tg nω
µν µνη= = ⋅⋅⋅                                 (6) 

At first we did not understand the importance of introducing the n  into the spacetime metric; that occurred 
later when we observed the contravariant energy momentum tensor was undergoing cyclic complex phasing 
from real to imaginary energies, as a function of n. [It is noteworthy to mention that when n = 0, or when

( ) πn t mω =  (where m and n are natural numbers), the modified flat-spacetime metric reduces to Minkowski, 
implying flat spacetime-nodes dynamically appear throughout the cosmos. RQP is thus understood to be a 
massless spacetime theory, joined discretely to a massive one with certain de Broglie wave-like characteristics.] 

3. RQP Operators 
After a straightforward general relativistic calculation, the following covariant and contravariant n-valued ener-
gy momentum tensor-operators were calculated directly from the modified flat spacetime metric [9]: 
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The pair of energy-operators is related via the raising and lowering properties of the RQP spacetime metric: 
2e i tT g g T Tµν µα νβ ω µα νβ

αβ αβη η−= =                                (9) 

Whereas the covariant energy momentum tensor generates only real energy, we see the contravariant energy- 
momentum-tensor is necessarily complex; furthermore it expresses cyclically phasing between real and imagi-
nary energies. Since one tensor is real, while the other complex (except at certain n values), and that the cova-
riant and contravariant energy momentum tensors are paired to act on the same spacetime point, in effect this 
causes spacetime to undergo constructive and destructive spacetime interference. Destructive interference results 
in antimatter canceling out with ordinary matter, except under very narrow constraints, e.g. antimatter tunneling. 
This is why ordinary matter dominates at the cosmic scales. It is also the reason why the contravariant tensor 
was made a function of n2, instead of n. 

We conclude this section by pointing out that the RQP operators obey the conservation of energy principle, 
via a divergence on the energy-operators: 

; ; 0T Tµν
ν µν ν= =                                            (10) 

Historically, James Clerk Maxwell applied such a divergent consistency formulation to the four electromag-
netic equations. Discovering the four equations were inconsistent, Maxwell altered Ampere’s law so they would 
be consistent with each other. From the consistent electromagnetic equations, Maxwell answered one of the old-
est questions posed by humankind—the nature of light. Today we understand conservation principles to be a 
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powerful tool in legitimizing (or negating) proposed physical theories (as the gravitational version has for RQP); 
also such principles help in ascertaining new physical law and their properties [for further details on Maxwell’s 
Consistency Condition, see Appendix I].  

However equation (10) involves gravity, and thus required a modified divergence formulation, called the 
Maxwell-Fang Consistency Formulation (MFCC) [refer to Appendix II for details on the Maxwell-Fang Con-
sistency Condition (MFCC) applied to our RQP theory]. 

We briefly mention here some advantages MFCC [10] has over numerous other approaches to particle physics. 
First, MFCC can be applied to both flat and curved spacetime. Moreover MFCC is able to generate the follow-
ing (and with less assumptions): 

a) Einstein’s wave equation without the need for the principle of equivalence; 
b) The Scherk and Schwarz dual string model, and show the torsional part developed in their theory, is not an 

inherent aspect of string theory as claimed); 
c) It correctly reproduces the Callan, Coleman and Jackiw model; 
d) It reproduces Yang Mills theory; 
e) From MFCC several fundamental identities, essential to solving the aforementioned equations, were calcu-

lated;  
f) The algorithmic structure of MFCC is conducive to the language of computer programming. Once MFCC is 

evolved into computational form, many tedious calculations can be performed to produce a quick, accurate re-
sult for any graviton-particle interaction. This would be extremely handy in proving or disproving numerous 
claims about spacetime and particle manifestations. For example, MFCC could explain why the predicted mi-
croscopic black holes particles have not been detected at those premiere particle accelerators;  

g) Finally, MFCC has validated RQP; and so MFCC has helped to extend general relativity to include the 
Standard Model of Particle Physics. 

4. RQP Operators Arranged into Vibrational Form 
In this section we link the vibrational motion of flat spacetime gravitons, described by the modified flat-space- 
time metric, to the energy modes of the energy momentum tensors calculated from this modified metric. If the 
said metric is in physical harmony with the RQP operators, it will further validate our RQP approach. Stated 
another way, by constructing a spacetime metric based on oscillating gravitons, and then operating on it with the 
general relativistic wave equation, we show below, the resulting energy momentum tensor describes vibrational 
energies; hence both the metric and operators describe the same physical phenomena in their own respective, 
harmonic way. To show this, we begin by defining the moment of inertia I, and angular frequency ω as follows: 
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Inserting these relations by into the RQP operators, they take on the following n-valued vibrational energy 
form given by: 

2

2
nT Iµν ω≡ �                                           (12) 

Likewise, the contravariant energy momentum operator becomes: 
2

2

2
nT Iµν ω≡ �                                          (13) 

These last two rotational kinetic energy equations support our initial assumption that spacetime is indeed 
comprised of oscillating gravitons. 
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5. Boson Mass Calculation 
Now that the raising and lowering operators have been calculated, our continued strategy is one of application— 
to evolve the RQP energy-density tensors into mass generators for the purposes of calculating boson and heavy- 
quark mass. We start by detaching the RQP operators from their general relativistic wave equations, and trans-
porting them to regions of very energetic spacetime, to a region where enough physical parameters are known to 
facilitate conversion of operator energy-densities into particle densities, and finally into graviton and heavy 
quark mass. 

The most suitable spacetime candidate to aide in this conversion is inside the core of our Milky Way galaxy, 
where an abundance of n-valued gravitons will certainly have been excited into higher energy states—as repre- 
sented by the time component of the RQP operators: 

2 4 2 2 4
00

00
3 3, and
2 16π 2 16π

n c n cT T
G G

ω ω
= − = −                            (14) 

Rather than speculating on various graviton particle outcomes occurring within a galactic singularity (multi-
verses, wormholes, entropy…etc.), we simply assume the n-valued gravitons flip sign from negative to positive 
[11]. In effect, this causes the n-valued gravitons to change from attractive to repulsive, whereupon they imme-
diately flux from the galactic core (somewhat like Hawking radiation) [12]-[16]. Assuming these graviton ener-
gy-states are unstable, then as the gravitons stream out into the vast reaches of the galaxy, at some point they 
will decay and release gravitational-quanta [17]. Should this quanta be the correct n-valued amount (analogous 
to the photoelectric effect), it will be absorbed into the vacuum energy to generate boson and heavy quark mass 
(as-well-as the other Standard Model particles). If the n-valued quanta are not the correct amount, then these 
quanta will flow on like dark-light, accumulate, and cause accelerated spacetimes. 

The remainder of this section completes the dark matter model envisioned by RQP for the Milky Way galaxy. 
We then calculate ground-state graviton particle density number DN , which we apply to the energy operators to 
form graviton mass generators. In the next section we then calculate heavy quark mass. 

a) As evidenced by galactic rotation curves [18]-[22], dark matter is prevalent throughout all known spiral 
galaxies;  

b) The fact that the dark halos are responsible for the observed galactic rotation curves [23]-[28], and that 
dark halos are spherically symmetric around spiral galaxies (including our own Milk Way), suggests the halo 
was formed from particles fluxing radially from the galactic core. We assume this is to be the case, and that 
these halo-forming particles are energized gravitons fluxing from the galactic core;  

c) Moreover, because the dark halo has spherical boundaries, and that is assumed to be formed by gravitons 
fluxing from the core (no other particle could escape from the singularity), and that these flipped gravitons are 
traveling at speeds near that of light, if said gravitons are to become part of the dark halo, then some process 
other than gravity must be present to slow down these fast gravitons—or else they would sail beyond the limits 
of the Milky Way galaxy (as some statistically do). The simplest explanation for graviton bremsstrahlung, is by 
conservation of energy: as gravitational energy is released during graviton decay, gravitons must slow, or violate 
conservation of energy;  

d) During this vast continual graviton decay, all-the-while energetic gravitons continue to stream from the ga-
lactic core. Though the details need to be worked out, nevertheless the outcome is the same; stasis is achieved 
between the flipped and the ground state gravitons. This is fortunate, for it allows us to compute the number 
density of ground-state gravitons—which we then apply to the energy operators, to convert them to boson and 
heavy quark mass generators; 

e) To determine the needed number density ND, we simply divide the observed dark matter energy density [29] 
[30], by the Goldhaber mass limit for a graviton [note that a small complication arises, in that, both the dark 
matter density and graviton mass, have acceptable range limits]. Depending on the method provided by Gold-
haber and Nieto [31]-[34], graviton mass ranges from: 

55 6910 kg 10 kg− −→                                     (15)  

We take the average of the two extremes for the graviton mass: 1.0 × 10−58 kg/particle, and a ground-state 
graviton density of: 1.0 × 10−27 kg/m3 (Bovy and Tremaine and other report a larger average halo density of: 
5.36 × 10−21 kg/m3 [35]. However, our RQP halo density represents only the ground state gravitons; the ener-
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getic graviton contribution were “sifted out”). From this we get a reasonable graviton number density: 
27 3

31 3
58

1.0 10 kg m 1.0 10 part m
1.0 10 kg particleDN

−

−

×
= = ×

×
                        (16) 

Note that DN  could be precisely determined by working backwards from what follows; however, we con-
tinue forward with the DN  value to determine the energy per particle from the operators, then finally both the 
boson and heavy-quark mass per particle, as follows: 

( )

4
2

1100
31

3
2 16π

1.425801587 10 J particle
1.00 10

g

D

c
GT

n nE n
N

ω
−

  
  

  = = = ×
×

,              (17) 

( )

4
2

00
2 2 11

31

3
2 16π

1.425801587 10 J particle
1.00 10

g

D

c
GT n n E n

N

ω
−

  
  

  = = = ×
×

             (18) 

where gω  is the graviton angular frequency calculated in our precursor paper [36]: 

( )12 12π 2π 1.000000000 10 sg gω ν − −= = × ,                          (19) 

with 299,792,458 m sc =  and ( ) 116.67428 67 10G −= × . Finally we convert the energy operators into mass 
generators: 

( )28
2 1.586418216 10 kgB

Em n n
c

−= = ×                             (20) 

( )2 2 28
2 1.586418216 10 kgB

Em n n
c

−= = ×                            (21) 

f) Applying superposition to the two mass generators, we are able to generate the n-valued boson masses. We 
calculate the W-boson mass first, by setting n = 7, for the covariant mass, and n = 30 for the contravariant mass. 
This leads to the following bosonic results: 

( )28 27
1 2 7 1.586418216 10 kg 1.110492751 10 kgB

Em n
c

− −= = × = ×                 (22) 

The contravariant mass is calculated to be: 

( )2 2 28 25
2 2 30 1.586418216 10 kg 1.427776395 10 kgB

Em n
c

− −= = × = ×              (23) 

Adding the generated masses together yields the theoretical W-boson mass value of: 

1 2
27 25 251.110492751 10 kg 1.427776395 10 kg 1.438881318 10 kg

W W WM m m
− − −

= +

= × + × = ×
          (24) 

Comparing the theoretical W-boson mass to the empirically measured mass of 80.403(29) GeV/c2, as reported 
in CODATA [37], (converted to SI units via: ( )2 271 GeV c 1.782661845 39 10 kg−= × ), leads to a CODATA 
W-boson mass of: ( ) 251.433 32 10 kg−× . Indeed, the theoretical and empirical W-boson mass value are in pre-
cise agreement. 

Next we compute the Z0 boson mass by setting n = 1 for the covariant operator and n = 32 for the contrava-
riant operator.  

( )( )28 28
1 2 1 1.586418216 10 kg 1.586418216 10 kgZ

Em n
c

− −= = × = ×               (25) 

( ) ( )22 28 25
2 2 32 1.586418216 10 kg 1.626078671 10 kgZ

Em n
c

− −= = × = ×             (26) 
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Combining the n-valued masses, we have: 

0 1 2

28 25 251.586418216 10 kg 1.6244992253 kg 1.62607867 10 kg
Z Z ZM m m

− − −

= +

= × + = ×
         (27) 

This mass value is in precise agreement with the CODATA (2013) report on the Z0 boson mass of: 
91.1876(21) GeV/c2 (1.6255(66) × 10−25 kg). Again theoretical and empirical particle mass values are in strong 
agreement. 

Finally, we compute the Higgs mass by selecting n = 32 for the covariant contribution, and n = 37 for the 
contravariant mass contribution: 

( )( )28 27
1 2 32 1.586418216 10 kg 5.076538291 10 kgH

Em n
c

− −= = × = ×             (28) 

The contravariant mass contribution is given by: 

( ) ( )22 28 25
2 2 37 1.586418216 10 kg 2.171806538 10 kgH

Em n
c

− −= = × = ×            (29) 

Combining these two masses via superposition of the two energy operators, we determine the theoretical mass 
value for the Higgs-boson: 

0 1 2

28 25 251.586418216 10 kg 1.6244992253 kg 1.62607867 10 kg
Z Z ZM m m

− − −

= +

= × + = ×
       (30) 

We see the RQP mass result for the Higgs particle, is in precise agreement that reported by CERN of 126.0 
GeV or 2.246153925 × 10−25 kg. 

What we have just shown, is that from a modified flat spacetime metric, from which we calculated the energy 
momentum tensors turned operators, we are able to generate all three boson masses in precise agreement with 
experiment. Overall, this offers confirmation of the General Relativized Quantum Physics approach first envi-
sioned by Einstein. 

In the next section we extend the RQP approach to show it precisely generates the three heavy quark masses.  

6. Heavy Quark Mass Calculation 
By adhering to the same format in the preceding section, we now generate heavy quark masses from the cova-
riant and contravariant particle mass generators: 

( )28
1 2 1.586418216 10 kgQ

Em n n
c

−= = ×                          (31) 

( )2 2 28
2 2 1.586418216 10 kgQ

Em n n
c

−= = ×                        (32) 

The Top Quark mass is calculated by setting n = 9 for the covariant mass, and n = 44 for the contravariant 
mass: 

( )28 27
1 2 9 1.586418216 10 kg 1.427776394 10 kgT

Em n
c

− −= = × = ×                 (33) 

The contravariant mass is calculated to be: 

( )2 2 28 25
2 2 44 1.586418216 10 kg 3.071305666 10 kgT

Em n
c

− −= = × = ×              (34) 

Superposition yields the theoretical Top Quark mass of: 

1 2

27 25 251.427776394 10 kg 3.071305666 10 kg 3.08558343 10 kg
TQ T TM m m

− − −

= +

= × + × = ×
        (35) 
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Converting the CODATA Top Quark mass value 173.07(29) GeV/c2 to kilograms, leads to a Top Quark mass 
of: 253.085252855 10 kg−× . We immediately recognize the RQP theoretically calculated Top Quark mass is in 
precise agreement to the empirically determined Top Quark mass.  

We next calculate Charm Quark mass with n = 5 for the covariant operator and n = 32 for the contravariant 
operator:  

( )( )28 28
1 2 5 1.586418216 10 kg 7.93209108 10 kgC

Em n
c

− −= = × = ×                 (36) 

Setting n = 32 for the contravariant operator, we have:  

( ) ( )22 28 27
2 2 3 1.586418216 10 kg 1.427776394 10 kgC

Em n
c

− −= = × = ×              (37) 

Combining the two masses via superposition of the energy operator mass, we have: 

1 2

27 27 270.793209108 10 kg 1.427776394 10 kg 2.2209855502 10 kg
CQ C CM m m

− − −

= +

= × + × = ×
       (38) 

Whereas, CODATA (2013) reports a Charm Quark mass of 1.275 GeV/c2, or MCQ = 2.272893741(44) × 10−27 
kg. The empirically determined mass for the Charm Quark is recognized immediately to be in strong agreement 
with the theoretical result determined by RQP. 

The Bottom Quark mass is determined by setting n = 32 for the covariant contribution and n = 37 for the con-
travariant mass contribution: 

( )( )28 27
1 2 11 1.586418216 10 kg 1.745060038 10 kgB

Em n
c

− −= = × = ×                (39) 

Setting n = 6 for the contravariant operator, we have: 

( ) ( )22 28 27
2 2 6 1.586418216 10 kg 5.711105578 10 kgB

Em n
c

− −= = × = ×               (40) 

Combining the two masses via superposition of the energy operator mass, we have: 

1 2

27 27 271.745060038 10 kg 5.711105578 10 kg 7.456165616 10 kg
BQ B BM m m

− − −

= +

= × + × = ×
           (41) 

Bottom Quark has a mass of 4.18 GeV or 1 GeV/c2 = 1.782661845(39) × 10−27 kg, the mass of a Bottom 
Quark is 7.451526148 × 10−27 kg, which shows Bottom Quark mass generated by RQP, is in precise agreement 
with the experimental determined values.  

7. Conclusions 
We have shown that our general relativized quantum physics approach RQP precisely generates all three boson 
masses, and three heavy-quark masses. By adjusting the approximated dark halo particle density, in the future 
we will be able to generate particle masses to even greater precision.  

In closing, we hope to soon calculate the remaining Standard Model particle masses. Upon doing so we will 
have completely solved the mass hierarchal problem, which is unable to be done by the Standard Model of par-
ticle physics. This implies that quantum physics is a subset of general relativity, just as Einstein had imagined. 
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a beautiful way. In memory of Magu Lujan of Los Four and our “pasteling” live with me in Pomona, along with 
Xavier Hernandez, Manny Legaspe, Natalie Valle, Cheryl Bookout, Vicky and JoJo, David Scherer long boards, 
Scarlet Rembrandt. To Oingo Boingo, for letting Chris Hernandez and me pastel a foot painting of theirs at an 
Irish Pub. To Nick Brown—whose paintings are 21st Century beyond Henri Matisse and Jean-François Millet. 
My great respect to the House of Cuttress—where Art, Physics and Community merge; thanks George and Roy-
line. To Father Bill and his paintings: patched-thatched textures, colored with scared candle-yellows, contrasted 
by edible orange and ethereal black ... a mismatch in beautiful harmony. Vast appreciation goes to Rolo Castillo 
aka TAZ … whose imagination is that of Einstein in the art world; his creation-spirit ... flowing into Nirvana, 
U2, Rage Against the Machine, Beastie Boys, Beck, Face to Face, L7, The Melvins, Nick Cave, and That Dog, 
Jane’s Addiction, Beasties Boys, Beck, Aerosmith, Orange 9mm, House of Pain, The Voodoo Glow Skulls, 
Face to Face, Slayer, Luscious Jackson; flowing into me as I participated in the Rolo Castillo Silkscreen show 
along with Kyle McCulloch—songwriter of sponge bob square pants music. To Ray Collins (for his life stories 
of Frank Zappa and the Mothers of Invention). To Larry Rengert (art dreams). To Dabney Zorthian telling life 
stories of R. Feynman and her husband Jirayr, about “who knows more … a physicist or an artist?,” as I sat in 
Feynman’s chair, listening intently with Natalie Valle to Dabney, while we gazed at the collection of Jirayr’s 
paintings inside a hand-built rock house. And finally (but not least) my friend Jack (the Russian-literary writer 
of street alley poems and story about a deaf baseball pitcher; the count is 3 and 2, Jack). My humblest esteem 
and awe goes to Nature, which cannot be understood exclusively inside a small office room; Nature must be 
lived, observed, reflected upon and intuited deeply, if a fundamental discovery of Nature is to be made. 
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Appendix I: Maxwell’s Consistency Approach 
Rather than starting with the four electromagnetic field equations, as Maxwell did [38], we begin from the mod-
ern approach of the action S, where: 

4dS L x= ∫                                            (42) 

Here, L represents the Lagrangian density for any system under consideration. Specifically, the Lagrangian 
for electromagnetic fields interacting with matter, and is given by: 

emL L j Aµ µ= −                                         (43) 

Identical indices are understood to be summed. The free part of the Lagrangian density (self-interaction) is 
given by: 

( ), , , ,
1 1

16π 8πemL F F A A A Aµν µν µ ν µ ν µ ν ν µ= − = − −                           (44) 

The interaction Lagrangian density term is given by: 

intL j Aµ µ= −                                           (45) 

[Note: Only partial derivatives are being used here. Also keep in mind the structure of the Lagrangian is a 
scalar product of the electromagnetic field Aμ with the electric current density jμ. In a like manner our interaction 
Lagrangian for gravity under CC considerations will have the gravitational field coupled to its source.] 

The Euler-Lagrange equation of motion, for an arbitrary field component ϕ, is given by1: 

, ,

0L L L

µ µ

δ
δφ φ φ

 ∂ ∂
= − =  ∂ ∂ 

                                 (46) 

Substituting Lem into the Euler-Lagrange equation of motion yields the four well-tested Maxwell’s electro-
magnetic equations: 

( ), , , , , ,
0j A Aµ µ µ ν ν ν µ ν µ

= − =                                (47) 

The above result is key to our understanding of how to build a consistent field theory for gravity. By examin-
ing the left hand side of this divergent equation, we see it is simply the equation of continuity and must physi-
cally, as well as mathematically, equal zero (unless conservation of charge fails). The right hand side of the eq-
uation is designed so that the terms Aμ, in the equation of motion, have zero divergence identically (this re-
quirement will also be fundamental to the CC gravitational approach, and though a gauge approach may yield a 
similar result, it does not do so as viscerally and so we are not led to the correct theory for gravity and dark mat-
ter). Hence, we have shown the electromagnetic field equations are consistent. 

Appendix II: Maxwell-Fang Consistency Approach 
If we are to build any viable theory in physics, its foundation must be based on those successful traditions from 
both physics and mathematics. For example, the ideas for special relativity were established when young Eins-
tein considered the consequences of James Clerk Maxwell’s electromagnetic equations from various inertial 
coordinate frames. Likewise, to build a consistent theory for gravity, we again turn to the seminal work of James 
Clerk Maxwell, in which he demanded the divergence of the source for electromagnetism equal zero. That is: jμ,μ 
= 0; which led to the discovery of the composition of light. By this successful example, we too will require the 
divergence of the source for gravity-the energy momentum tensor (Tμν) equals zero: 

, 0Tµν ν =                                        (48) 

However, a consistent theory for gravity is not as straightforward as it was for the electromagnetic equations. 
For one thing, gravity interacts with itself. Not only this, but the source for gravity includes a variety of other 
sources beyond current density, such as mass-energy, momentum and radiation (just to name a few). In short, 
Maxwell’s consistent condition points us in the right direction, but needs modifications if we are to produce an 

 

 

1This mathematics leading to a consistent approach for gravity was developed by E. Huggins in his dissertation see pages 8-10. 
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analogous theory for gravity. So what then is the next step? Since we are seeking a gravitational approach, our 
theory has to be constrained by Einstein’s requirement that the gravitational field ultimately must have a geome-
trical interpretation. Fortunately, Feynman [39] showed the gravitational equations of motion, obtained from flat 
spacetime, from an action principle on the Lagrangian, is equivalent to Einstein’s geometric requirement2. 

Developing a theory for pure gravity is one thing, but what do we do when gravity interacts with matter? In 
theory, one could build infinitely many Lagrangians, but which of them would represent real nature? Especially 
when there are so many particles that were not even known during the development of general relativity? The 
answer is to continue on with the modern approach to gravity through linearization of the gravitational field [40]; 
and to treat gravity as a spin-2 particle hμν (graviton). And that is just what occurred historically, until R. Feyn-
man imposed that the interaction Lagrangian represent a coupling to gravity in the following manner: 

int 2
KL h Tµν µν= −                                      (49) 

From the form of the coupling above, the gravitational field, hμν must be symmetric on μν. The scalar product 
of the anti-symmetric part of hμν with symmetric tensor Tμν is then zero, implying that the anti-symmetric part of 
hμν would not couple to matter and therefore never be seen. The full Lagrangian for gravity proposed by Feyn-
man is composed of the free part Lg, as well as the interaction Lagrangian. That is: 

2
m

g
KL L h Tµν µν= −                                      (50) 

The Euler-Lagrange equations of motion for gravity are then given by:  

0
2

g mLL K T
h h µν
µν µν

δδ
δ δ

= − =                                 (51) 

To have the same type of consistency for the gravitational field equations, as with the electromagnetic field 
equations, Feynman demanded that the divergence of the free part of the Lagrangian equals zero; that is:  

0gL
hν
µν

∂
∂ ⋅ =

∂
                                          (52) 

This automatically forces the divergence of interaction part of the Lagrangian to be zero; otherwise the total 
divergence of Einstein’s field equations would not equal zero, implying we would lose any sense of conserva-
tion of the source. This leads us to the founding principle for gravity: 

, 0mTµν ν =                                              (53) 

In terms of the consistency formulation, the gravitational field equations must satisfy the condition: 

{ };
0

v
G Tµν µν+ =                                       (54) 

Conceptually this gravitational condition on the field equations, is no different to the consistent formulation 
imposed on the electromagnetic equations by James Clerk Maxwell. 

From the proceeding we develop a general consistent approach for gravity. 
a. Here we provide additional information about the consistency formulation for particle fields interacting 

with gravity first developed by M. Fierz and W. Pauli in the 1930s [41]. Based on their seminal work, subse-
quent researchers (all luminary) contributed to the gravitational consistency formulation [42]-[50]. Then after R. 
Feynman work in this field in the 1960s, the consistency formulation was put into its final and complete form by 
J. Fang. In this paper we refer to this gravitational consistency formulation interacting with all particle fields, as 
the Maxwell-Fang consistency condition (MFCC). The main condition of Fang’s consistency condition, is that 
the divergence of the wave equation must equal zero; not identically, nor by particular solutions, but rather by 
collecting various divergent terms into numerous forms of the wave equations, and then setting them all to zero. 
Only in this way can the correct Lagrangian (leading to a set of consistent set of field equations for gravity) be 
determined. Schematically, the consistency condition is written as a variation on the Lagrangian followed by a 

 

 

2The Lagrangian approach to gravity first had its origin in curved spacetime and was introduced by the eminent mathematician David Hil-
bert, a few days after Einstein completed his wave equations for the general theory of relativity. 
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divergence on the field equations: 

0 0L Lδ δ
δφ δφ

= ⇒ ∂ ⋅ =                                     (55) 

To understand the basic idea behind the consistency condition formulation for linearized gravity, let us con-
sider a system of coupled fields, Φ, under variation given by: 

0Lδ
δ

=
Φ

                                        (56) 

Let the subset ′Φ  be that of the massless gauge fields. Such field equations can always be decomposed into 
linear (L) and nonlinear (NL) parts, in which variation of the fields, yields: 

0
L NLL Lδ δ

δ δ
   + =   ′ ′Φ Φ   

                                  (57) 

For reasons previously given, the divergence of linear part of the wave equation must equal zero: 

0
LLδ

δ
 ∂ ⋅ = ′Φ 

                                      (58) 

The above condition, together with gauge invariance, imposes a strict requirement on the nonlinear parts, so 
that the divergence must also equal zero (otherwise the field equations would be inconsistent mathematically): 

0
NLLδ

δ
 ∂ ⋅ = ′Φ 

                                     (59) 

It was J. Fang, who first understood that the nonlinear divergence can go to zero in three distinct ways: 
1) The divergences on the nonlinear parts of the massless gauge field equations are zero identically (that is 

they vanish as mathematical identities--without referring to the field equations). However, such an approach 
provides no physical content; 

2) The divergences of the nonlinear parts of the massless gauge field equations are zero neither identically, 
but only analytically for some particular solutions (not general enough), which happen to satisfy the consistency 
condition: 

0
NLLδ

δ
 ∂ ⋅ = ′Φ 

                                     (60) 

3) The divergences of the nonlinear parts of the massless gauge field equations are equal to the sum of various 
terms, where each of these is proportional to the original field equations or various contracted field equations. 
Therefore, the divergence of the nonlinear parts of the massless gauge field equation vanish by field equations, 
and is expressed mathematically by: 

0
NLL L L LA B Cδ δ δ δ

δ δ δ δ
     ∂ ⋅ = + + ∂ ⋅ + ⋅⋅ ⋅ =    ′Φ Φ Φ Φ     

                      (61) 

where A, B, C are some structure functions for the field equations, or for various contracted field equations 
(trace, differentiation, etc.), which could depend on the field Φ itself, and derivatives of the fields. 

Let us reexamine the three cases above more carefully: Case 1) is simply too strong a condition and must re-
jected because it would exclude many well established theories such as electrodynamics; SU(2) Yang-Mills 
gauge theory and Einstein’s theory of gravitation. Case 2) is not general enough to provide criteria for con-
structing the Lagrangian describing gravity coupled to particles of various spin; and so case 2) is also rejected. 
Case 3) has just the right condition to allow one to build up the Lagrangian order-by-order in flat spacetime 
representing the gravitational system. This same criteria may also be applied to curved spacetime to determine if 
the chosen Lagrangian produces inconsistent field equations. Furthermore, case 3) has been shown to be com-
patible with other established theories, such as general relativity; Scherk-Schwarz dual model for string theory 
and Yang-Mills theory. Finally, it allows the massless gauge fields Φ’ to maintain the freedom of the deformed 
gauge transformation: 
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( )χ′ ′Φ →Φ + ∂ Γ                                     (62) 

where χ stands for a set of gauge parameters, which are a function of xμ. And Γ is some structure function. Thus 
the gauge is modified, but not lost.  

Instead of using Case 3 in the given form and postulating the structure functions A, B, C, ∙∙∙, it is more feasi-
ble, and equivalent, to use the consistency condition (CC) in the form: 

0 0L Lδ δ
δ δ

= ⇒ ∂ ⋅ =
′Φ Φ

                                 (63) 

where 0Lδ δ ′Φ =  represents the set of all field equations and 0Lδ δ ′Φ =  refers only to the subset of field 
equations for Φ’ that are massless gauge fields. In this approach, the nonlinear part of the Lagrangian of the sys-
tem L(Φ) is the yet-unknown Lagrangian to be determined by CC. Whereas the lowest order term in L(Φ) is the 
usual Fierz-Pauli type free-field Lagrangian constructed from the standard group theoretical approach [51]. 

Although other attempts at a consistency formulation are valid, without Fang’s subtle understanding and 
completion of the consistency formulation, all previous attempts are incomplete and so lead to Lagrangians that, 
in general, inaccurately represent real nature. 

Appendix III: MFCC Example 

In this section we provide an example of how the Maxwell-Fang Consistency Condition (MFCC) can generate 
String Theory (Scherk and Schwarz), both on flat and curved spacetime. 

How exactly then does a flat spacetime approach work to determine the Lagrangian for some unknown sys-
tem of spin particles interacting with gravity? In particular, for the spin-0 (2-form) particles denoted by “a”, in-
teracting with gravitational spin-2 particles, denoted by “h”, described by dual-string model Lagrangian. We be-
gin by forming all possible combinations of the two fields up to third expanded order. Symbolically this is writ-
ten as: 

( ) ( ) ( ) ( ) ( ) ( )2 2 3 3 2 3 3L L a L h L a L a h L hΦ = + + + ⋅ +                       (64) 

The metric is expanded as: 
g hµν µν µνη= +                                      (65) 

Here µνη  is recognized as flat spacetime or Minkowski metric, and hµν  represents the graviton field. Note, 
that any derivatives on the expanded metric gμν leaves only derivatives of hµν . Variation on the linearized La-
grangian up to third order, with respect the spin-0 field “a” (two-form) and spin-2 fields “h”, is given by: 

( ) ( )3 22

0
L a hL aL

a a aµν µν µν

δδδ
δ δ δ

⋅
= + =                                 (66) 

( ) ( ) ( )3 2 3 32

0
L a h L hL hL

h h h hµν µν µν µν

δ δδδ
δ δ δ δ

⋅
= + + =                         (67) 

The variation produces the linearized wave equation with both correct and incorrect terms. To get rid of the 
unwanted terms, or to show the Lagrangian is already correct, the next step of the consistency condition is to 
take the divergence of the wave equation. Then terms are grouped together in such a way as to form structures of 
the wave equation. By the consistency condition these grouped wave equations are set to zero. The remaining 
terms must cancel algebraically. If this occurs, then the order-by-order Lagrangian correctly represents gravity 
interacting with particles. If not, terms must be added to make this main condition of CC hold. This is exactly 
what was done with a general form of a Lagrangian representing spin-0 particles interacting with gravity. Note 
this is not yet the Scherk-Schwarz dual model Lagrangian. However, without prejudice, we discovered (after 
many pages of calculations), the dual-string Lagrangian was sifted out via CC. To show this, we choose for the 
sake of the reader to develop a schemata that indicates what occurs to various Lagrangian terms. Note that we 
use unspecified coefficients to produce the most general Lagrangian. Part of the consistency condition is to solve 
for these coefficients up to a single coefficient, which can only be determined experimentally. Put another way, 
mathematics alone cannot yield the values to fundamental constants. 
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The CC applied to spin-0 particles interacting with spin-2 graviton particles, is given in schemata form, where 
each interaction and free Lagrangian term ( ) ( ) ( ) ( ) ( ) ( ) ( )2 2 3 3 2 3 2 3 3L L a L h L a L a h L a h L hΦ = + + + ⋅ + ⋅ + + ⋅⋅⋅  
is shown under the CC term to either go to zero or not. If it goes to zero it is not a correct expanded Lagrangian 
term: 

( ) ( )3
1 , , 0CCL a a a a aµν λν µ λσ σ= →                             (68) 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

2
2 , , 3 , , 4 , , 5 , ,

6 , , 7 , , 8 , , 9 , ,

10 , , 11 , , 12 , , 13 , ,

14 ,

L a h a ha a a ha a a ha a a h a a

a h a a a h a a a h a a a h a a

a h a a a h a a a h a a a h a a

a h
µν

µν ν µλ λ µν λ µν λ µν λ λν µ µν λµ µ λσ σ

µν νλ λ µσ σ µν νλ σ µλ σ µν νλ σ µσ λ µν νλ σ σλ µ

µν λσ ν λσ µ λσ σ µν µν λ λ µν µν λ λσ σ λν µ

λ

⋅ = + + +

+ + + +

+ + + +

+ ( ) ( ) ( ) ( ), 15 , , 16 , , 17 , ,
CCa a a h a a a h a a a h a aµν λν µ λν µ µν λσ σ µλ λ µν νσ σ µλ σ µν νλ σ+ + + →

  (69) 

( )( ) ( )( )

( )( ) ( )
( )( ) ( )
( )

15 17 , , 10 14 15 17 , ,

10 14 15 17 , , 15 , , , ,

10 15 , , 10 , , , , , .

12 14 15 17

1 1
2 2

1 2 2
2
2 2 4

1 2
2

a a ha a a a a a ha a

a a a a ha a a h a a h a a

a a h a a a h a a h a a h a a

a a a a

µν ν µλ λ µν λ µν λ

µν λ λν µ µν λµ µ λσ σ µν νλ λ µσ σ

µν νλ σ µλ σ µν νλ σ µσ λ µν νλ σ σλ µ µν λσ ν λσ µ

+ − + + +

+ + + + − +

+ + + − − +

− + + + ( ) ( ) ( )( )
( ) ( ) ( )

( )

, , 12 , , 15 17 , ,

.
14 , , 15 , , 17 , , , ,

10 12 14 15 171 parameter Lagrangian 0; 0

F R

h a a a h a a a a h a a

a h a a a h a a a h a a h a a

a a a a a

λσ σ µν µν λ λ µν µν λ λσ σ µν λν µ

λ µν λν µ λν µ µν λσ σ µλ λ µν νσ σ µλ σ µν νλ σ

+ + +

+ + − − →

≅ − ≠ = = = =

 

Hence ( )2L a h⋅  reduces to: 

( ) ( )( ) ( )( ) ( )( )
( )

2
10 , , 10 , , 10 , ,

10 , , , , , .

1 2
2

2 4

L a h a ha a a ha a a h a a

a h a a h a a h a a

µν λ µν λ µν λ λν µ µν νλ σ µλ σ

µν νλ σ µσ λ µν νλ σ σλ µ µν λσ ν λσ µ

⋅ = − + +

+ − − +
          (70) 

Please note this third order Lagrangian term has been reduced to a single coefficient a10, and is thus a valid 
Lagrangian term. The remaining third order interaction Lagrangian is examined under CC and field redefinition 
FR. The result shows this interaction Lagrangian is not allowed. Under CC schemata this is shown as follows: 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

2
18 , , 19 , , 20 , , 21 , ,

22 , , 23 , , 24 , , 25 , ,

26 , , 27 , ,

18 , , , ,

CC

L a h a h h a a h h a a h h a a h h a

a h h a a h h a a h ha a h h a

a h h a a h h a

a h h a h h a

µ µν λ λν µν ν µλ σ σλ µλ ν µν σ σλ µλ µ σ σλ

µν ν µλ λσ σ µ µλ λσ σ µλ µ λσ σ µλ ν µν λσ σ

µλ µ νσ σλ ν µλ ν µσ σλ ν

µ µν λ λν µν ν µλ σ σλ

⋅ = + + +

+ + + +

+ + →

−( ), , , , , , , , 0FRh h a h h a h h a h h aµν ν µλ λσ σ µ µλ λσ σ µλ µ νσ σλ ν µλ ν µσ σλ ν+ − + − →

(71) 

The consistency condition with field redefinition has revealed that L(a·h2) does not partake in gravity inte-
racting with spin-0 particles. 

Finally, to clarify what is meant by field-redefinition (FR) in the schemata immediately above, is to say that 
two infinite series polynomial type Lagrangians: { }( )L a ⋅Φ  and { }( )L b ⋅Φ , having the same linear parts but 
each containing a different set of free parameters { }a  and { }b  specifying their non-linear parts, are regarded 
as completely equivalent if { }( )L a ⋅Φ  transforms into { }( )L b ⋅Φ  under field redefinition FR: 

{ } { }higher termscΦ→Φ+ ⋅Φ ⋅Φ +                             (72) 

Here the polynomial { }c ⋅Φ ⋅Φ  contains terms from all possible combinations contracted out of any two 
fields in Φ, without derivatives. The most general form of FR for the case above is as follows: 

( ) ( ) ( ) ( )1 2 3h h c h h c a a c a a c h a h aµν µν µλ νλ µν λσ λσ µλ νλ νλ µλδ′→ + ⋅ ⋅ + + + +           (73) 
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( ) ( )4 5a a h c a h c a h a hµν µν µν µλ νλ νλ µλ→ + + −                       (74) 

Dual tensors, like a hµνλσ
λσε  and µνλσε  ( –a a a hλκ σκ σκ λκ ) are allowed for, but not included here because of 

their odd parity under space inversion. 

Appendix IV: String Theory in Curved Spacetime MFCC Approach 
In this section we show the Scherk-Schwarz Lagrangian satisfies the consistency condition in curved spacetime. 
This is a two-step procedure: 1) Variation of the Lagrangian with respect to each of the fields { }, ,g aµν µν φ , 
thereby generating three distinct wave equations; 2) Apply the divergence to each of these wave equations, and 
show they equal zero; if so we have correct gravitational theory, just as we have shown with RQP theory. 

Step 1) Rather making many tedious variational calculations with full covariant derivatives, we simply show 
the final result of the dual-string wave equations: 

( ) ( ); ; ; ; ; ;
; ; ; ; 0L a a a f a a a f

a
βγ α γα β βα γ βγ α γα β βα γ

α α α α
δ
δ

= + − + + − =            (75) 

( ) ( ) ( )d d
0

d d
f fL D R aF Fν αβγ

ν αβγ

φ φδ φ
δφ φ φ

= ∂ − − =                         (76) 

( ) ( )( ) ( )( ) ; ;

2 ; ; ; ; ; ; ; ;
; ; ; ;

1 1 1 2 2
2 2 2

1 1 1 1 0
2 2 2 2

L R g R g g f g f
dg f

a g F a a a a a a a a a a a a

µν µν µ ν µν λ µν λ µλ ν
λ λ λ

µν ν βγ µ µ νγ α ν βµ α βγ ν µ βµ α ν νγ α µ
βγ γ α β α β γ βα α γ

δ φ φ φ φ
φ

   = − + ∂ ∂ − ∂ ∂ − −      

 + − + + + − − − =  

   (77) 

The constant “a” equals 1/6 and F2 is given by: 
2F F Fαβγ

αβγ≡                                        (78) 

Step 2) Apply the divergence to these wave equations and show they equal zero: 

;
;

0
v

L G T
dg µν µν ν

δ 
 = + =   

 
                             (79) 

Note the two terms are the free part of the gravitational field and the interactions terms, which is also the 
energy momentum tensor. Let us now expand the right hand side to make more visible the divergence. 

( ) ( )( ) ( )( ) ; ;
;

2 ; ; ; ; ; ; ; ;
; ; ; ;

;

1 1 1 2 2
2 2 2

1 1 1 1
2 2 2 2

R g R g g f g f
f

a g F a a a a a a a a a a a a

µν µν µ ν µν λ µν λ µλ ν
λ λ λ

ν

µν ν βγ µ µ νγ α ν βµ α βγ ν µ βµ α ν νγ α µ
βγ γ α β α β γ βα α γ

ν

φ φ φ φ
φ

   − + ∂ ∂ − ∂ ∂ − −      
 + − + + + − − −   

    (80) 

By analogy to the electromagnetic equation, the divergence of the free part of the wave equation must vanish, 
hence: 

;

1 0
2

R g Rµν µν

ν

 − =  
                                (81) 

What is then left is to show that the divergence of the interaction part of the wave equation, vanishes as well: 

; 0T µν
ν =                                           (82) 

For the Scherk-Schwarz dual model, the divergence of the interaction terms (which are really the energy mo-
mentum tensor) must vanish. Hence: 

( ) ( ) ( )( ) ( )( ) ; ;;

2 ; ; ; ; ; ; ; ;
; ; ; ;

;

1 1 2 2
2 2

1 1 1 1 0
2 2 2 2

T g g f g f
f

a g F a a a a a a a a a a a a

µν µ ν µν λ µν λ µλ ν
λ λ λν

µν ν βγ µ µ νγ α ν βµ α βγ ν µ βµ α ν νγ α µ
βγ γ α β α β γ βα α γ

ν

φ φ φ φ
φ

  = ∂ ∂ − ∂ ∂ − −   
 + − + + + − − − =  

 (83) 
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After bringing in the covariant derivative with respect to “ν,” and then cancelling hundreds of terms algebrai-
cally, as well as setting divergent structures of the wave equation to zero (main CC requirement to be given fur-
ther discussion), we discover, indeed, the divergence of the interaction terms, that is, the divergence of the 
energy momentum tensor for the Scherk-Schwarz string theory, does indeed go to zero. Then, by the same as-
sumption made by J. Maxwell, R. Feynman, and then J. Fang, the Scherk-Schwarz Lagrangian representing 
spin-0 particles interacting with gravity produces consistent field equations. This means the dual string model is 
a viable representation of nature; however, nature is the final judge.  

Appendix V: Identities from the Consistency Formulation 
During the development of QED, at first there were many infinities that could not be mathematically accounted 
for until Feynman absorbed some of these infinities into the mass and charge. Nevertheless it was not until the 
Ward-Takahashi identity [52] [53] was developed, did QED become a renormalizable theory. The Ward-Taka- 
hashi identity is a quantum version of the classical Noether’s theorem. Recall previously in this paper, Yoneya 
[54] discovered that all the known string theories included a massless spin-two particle, which obeyed the cor-
rect Ward identities. Other examples exist, such as the identities associated QED and Einstein’s gravity, respec-
tively: 

( ) ( ) ( ),
im ieA im ieAµ µ

ψγ ψ ψ ψ ψ ψ≡ ∂ + + + ∂ − −
� �

                    (84) 

And 

,G G Gσ σ
µν µν σν νν µσ≡ Γ Γ                                  (85) 

In our paper the consistency condition produces to new identities. One identity associated with the Callan- 
Coleman-Jackiw Lagrangian corresponding to the massless gauge field hµν . And two identities associated with 
the Scherk-Schwartz Lagrangian corresponding to the two fields hµν  and aµν . For the Callan-Coleman- 
Jackiw Lagrangian we define the following symbolism in order to present the associated identity in compact no-
tation: 

( ), ;
2L g aRµν

ν µ
φ φ φ≡ −                                (86) 

The field equations generated from this Lagrangian are given as follows: 

( ) 0G T µν+ =                                       (87) 

0Lφ =                                             (88) 

And the energy momentum tensor is given by: 

( ) ( )( ) ( ) ( ) ; ;
1 1 2 2

2 2
T g g g f g f

f
µν µ ν µν µλ ν µν λ

λ λφ φ φ φ
φ

 = ∂ ∂ − ∂ ⋅ ⋅ ∂ + −  
            (89) 

( ) 21f aφ φ= +                                      (90) 

f fλ λ= ∂                                          (91) 

After a lengthy calculation the generalized Fang identities for the Callan-Coleman-Jackiw Lagrangian [55] is 
given as: 

( ) ( ) ( )( ) ( )( )( ); 2

1 4
2 1

G T L a G T
a

µν µνµ
νν

φ φ φ φ
φ

 + ≡ ∂ − ∂ + +
                  (92) 

Note that all the terms on the right-hand side of the identity involve the field equations. 
For the Scherk-Schwarz Lagrangian again we define the following symbolism: 

( ) ; ; ;
; ; ;La a a aµν µν α να µ µα ν
α α α= + −                            (93) 

The Scherk-Schwarz field equations are as follows: 
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( ) 0G T µν+ =                                     (94) 

And 

( ) 0La µν =                                       (95) 

The Fang current density for the Scherk-Schwarz Lagrangian is given by: 

( ) ; 0La µν

ν ≡                                      (96) 

The final identity is: 

( ) ( );
;;

116π
2

G T G a a Laµν νσµ µ
ν σ νσν

 + ≡ − 
 

                       (97) 
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