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Abstract

m,c’

J1-v?/c?

motion without use of electrodynamics, or Einstein’s Postulates which were presented in his
superb 1905 paper on Special Relativity (SR). This was previously not thought to be possible. This
novel derivation of an accelerated body of rest mass mo is compared with the traditional SR
inertial derivation. A discussion is given of pre-1905, electrostatic and electrodynamic derivations

The mass-energy equation E ~mc’ ~ is derived in general from Newton’s equation of

of the mass-energy relation yielding E ~ mc?, as well as more recent ones. A concise pre-relativity
history of the mass-energy relation is traced back to Newton in 1717.
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1. Introduction

In 1687 when Newton introduced mass in his 2" law of motion [1], the word mass was limited to the concept of
a body’s inclination to resist changes in its state of motion. This tendency is known as inertia. Since then the
concept of mass has evolved to include both such resistance, and the concept of the inter-convertibility of mass
and energy. In the latter abstraction, the mass of a body is a measure of its energy; and equivalently the energy
of a body is a measure of its inertial mass. This is evidenced by the famous relation E =mc?, where E is the
energy equivalent of the mass m, and c is the velocity of light in free space. It is generally thought that such a
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relationship between mass and energy is strictly a consequence of relativistic physics. As will be shown in this
paper, this belief is not well founded.

2. Derivation of Mass-Energy Relation
2.1. A Concise History of the Sources of E = mc?

There have been many electrostatic and electromagnetic derivations of the mass-energy relation. The electrody-
namic derivations primarily relied on the work of J. H. Poynting [2]. In 1884 he used Maxwell’s equations, to
derive the time rate of energy transfer for an electromagnetic field per unit area as
S=ExH,

where S is the Poynting vector, E is the electric field vector, and H is the magnetic field vector. This is the
commonly used Abraham form of the Poynting vector in terms of E & H rather than the Minkowski form in
terms of D & B. Although this makes no difference in free space, it makes a difference in electromagnetic ener-
gy flux transfer in a solid.

One historical approach uses the Poynting vector to yield the electromagnetic momentum of a point-like
charge moving with velocity v:

p:%IEdeV o))

where V is the volume occupied by the electromagnetic field. If the point-like charge (such as an electron) is
moving in the x-direction, by symmetry p, =p, =0 and

pxz%j(Esz—EzHy)dV. @)

Combined with Newton’s mechanics, these approaches led to the mass-energy relation E =mc? with veloc-
ity dependent masses.

More than a century ago prominent physicists combined Maxwell’s equations with Newton’s equation of mo-
tion to obtain velocity dependent masses before Einstein’s awesome 1905 paper [3]. Starting in 1881, J. J.
Thomson pointed out that the inertia of a charged body is greater than a neutral body because of the additional
inertia of its electromagnetic field. This concept was refined by O. Heaviside in 1889; and later by G. F. C.
Searle in 1897 following Henrik Lorentz’ extensively detailed paper in 1892 [4] in which he had many more
than 185 equations (only 185 were numbered). Thomson, Searle and O. Heaviside (1889) separately derived an
increase in the electromagnetic inertial mass of a charged body as its velocity increases. In 1903, Max Abraham
[5] was one of the first [although he is considered the first, he references Lorentz (1900) on m_ and m;] to
introduce m, and m; that became codified as:

m

Longitudinal mass m =———— and ?3)
(Jl—vz/ cz)

Transverse mass m; = __m (where m [sic] is the rest mass). 4
1-v?/c?

In 1889 George Fitz Gerald explained the null result of the 1887 Michelson-Morley experiment by introduc-

ing a length contraction factor +/1—V? / c¢? . A year before in 1888, Oliver Heaviside (using Maxwell’s equations,

which he earlier recast from the original cumbersome 20 equations with 20 unknown variables, into 4 differen-
tial vector equations with 2 variables) compared the electric and magnetic fields of a point-like charge and an
equally charged ellipsoid. Remarkably, Heaviside found that the fields of a steadily moving (mathematically

constructed) contracted ellipsoid having axes in the ratios \/1—v2/c2 :1:1 are the same as those of a similarly

moving point charge, v being the velocity of both the ellipsoid and the point charge in free space.

Lorentz found that experiments on fast moving electrons gave results that were not consistent with Abraham’s
model of a rigid charged spherical conductor. In 1904, Lorentz, assuming an ether throughout absolute space,
found similar results to FitzGerald from what is known as the Lorentz Transformation which is integral to Eins-
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tein’s 1905 [3] introduction of Special Relativity. In 1905 H. Poincare proved that non-electromagnetic forces
are needed to keep the electrostatic forces from causing an electron to fly apart. Abraham and Lorentz based
their calculations on particular electromagnetic models of the electron.

Einstein used the concepts of longitudinal and transverse mass in his 1905 paper [3], but derived an inappro-
priate form of transverse mass

m
v ©

The electrodynamic masses of Equations (3) and (4), as well as Einstein’s 1905 longitudinal and transverse
masses all have been abandoned, although some would argue that Equations (3) and (4) are valid relativistic
mass concepts. Subsequent to his 1905 paper, Einstein showed by means of his postulates that the velocity de-
pendence of mass does not depend on electromagnetics or structural details of a charged body such as an elec-
tron, but is totally general. He also eliminated the ether and absolute space, but may have inadvertently reintro-
duced the ether in his theory of General Relativity by imbuing space with properties such as curvature and me-
tric expansion.

So, there is now only the Einstein “relativistic mass” which is the same form as m, of Equation (4). Some
scholars think that relativistic mass should also be abandoned arguing that the increase of energy with velocity
originates not in the object but in the geometric properties of space-time itself. Much later Einstein abandoned
velocity dependent mass concepts altogether, saying in 1948 that it is not good to introduce the concept of the
[relativistic] mass of a moving body for which no clear definition can be given.

From the past to the present, the Energy-Mass relation E ~mc? was obtained by many differing electrostatic
and electromagnetic considerations—and related to the mass of a stationary or moving point-like charge. Dating
back more than a century this was done by H. Lorentz 1892, J. J. Thomson 1897, M. Abraham 1903, H. Poin-
caré 1905, and other distinguished physicists. In 1904, Fritz Hasendhrl showed that electromagnetic radiation
enclosed in a cavity contributes to the inertia m = E/c2 of the cavity [6]. In at least two more papers [7] [8],
Hasendhrl sharpened his analysis to include stress in the cavity. But he did not generalize to mass in general.
Later in 1905 (and since 1905) Einstein derived m = E/c2 , as well as other physicists with additional complex-
ities. Some have even constructed higher dimensional electromagnetic mass models; but higher dimensions are
not observable [9]. In 2012 S. Hajra [10] starting from the electromagnetic momentum of Helmholtz, Abraham,

mT:

m,

J1-v?/c?
are restricted to the mass of the electromagnetic or electrostatic field of a point-like charge. The validity of all
these depends on the exclusion of neutral bodies.

Despite Einstein’s 1948 comments, many distinguished relativity experts such as M. Born, V. Fock, F. Klein,
M. Laue, and R. Tolman in the past; and W. Rindler, and R. Penrose in relatively recent times use the concept of
relativistic mass, and it is still taught. The intent of the present paper is not to take sides on the dispute of
whether one should or should not use the concept of relativistic mass. Both sides will agree that in Section 2.3

and Lorentz got m= and E =mc?. Except for Hasendhrl’s radiation mass, the above derivations

3
the basic undisputed finding of Equation (14) Y P?=P“P, =m?c® =m’’+mjc’ means that the energy-
a=0

momentum four-vector has a fixed magnitude mc . Yet as shown in Section 2.3, the disputed relativistic mass
mO
J1-v2/c?

can be derived simply from Newton’s equation of motion. The significance of this finding means this result is
more general than previously thought; and may even have relevance to accelerated systems and quantum me-
chanics where the concept of mass at times appears nebulous as it does to some degree in zitterbewegung.

m= is related to Equation (14) by simple algebra. One object of this paper is to show that this result

2.2. Simple Newtonian Approach

Choosing the Feynman route (approach) to investigate the available options for the mass-energy relation, we be-
gin with the classical Newtonian equation of motion for single, isolated particles. Although deserving of atten-
tion, to the author’s knowledge this simple option has not yet been treated in the literature. The main goal of this
derivation is to show that the mass-energy relation can simply be derived from Newton’s equation.
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Let us derive the mass-energy relation m of a body of rest mass m, , as it accelerates from velocity v, =0 in
its rest (proper) frame to velocity v relative to an observer by a force F. From electromagnetic considerations as

discussed above [or for Newton’s light corpuscles with the dimensionless number  f =% , cf. Section 3] we can
assume in general that
E = fmc? (6)

is the energy of the body that can increase with acceleration. The constant ¢ is the speed of light now known to
be invariant in all frames. If this derivation were done long before Einstein’s 1905 SR paper [3], for a Galilean
frame (cirv)2 ~c? for ¢>v and Equation (6) can take this into account with the number f. After obtaining
m, we can determine if the result for fmc? is compatible with known physics. If so, the assumption is both
self-consistent and isomorphic with experimental observations, and independent of Einstein’s postulates of Spe-
cial Relativity requiring inertial frames, and regarding the velocity of light. That c® is an excellent approxima-
tion as input to Equation (7), even at very high velocities, could be warranted by electron experiments prior to
1905.

The derivation here uses Newton’s equation of motion cast in the form of a power equation. Thus it differs
from Einstein’s approach [3], and also with the inclusion of the dm/dt term.
d( fme?) [ dv  dm

m

oE _ cdm_ v dm

Fvo——= —+v—}v—>fc =mv—+V

dt dt dt dt dt dt dt @)

_ 2

—>Imd—m= V—Vdv —/n n =—1 /n l—V—2 .
M m vo ( fc? _VZ) m, 2 fc
With v, =0=m, is the rest mass in the rest (proper) frame. So Equation (7) =
m,=m=——10__ @)
J1-v2/ fc?

. . . m, . .
This author first derived m__=m= 0 for v<c, without d_m and then realized that the

N v
dm/dt term gives an exact result. In either derivation, the velocity v can be time varying, since there was no re-
striction that the velocity v is constant as for an inertial frame.

Using Equation (8) for m,__, assuming E = fmc?, fm, c® leads to a result that agrees with known physics

and this can easily be demonstrated. In advance there was no guarantee that this would be the case. Multiplying
Equation (8) by ¢?:

-2
E = fmc? = fm,c? {1—£} 9)
B 0 fc2 |

with %S f s% from Newton’s corpuscles to electrodynamics; and confirmed at high velocities for f =1. For
V < €, a binomial expansion of Equation (9) yields the well-known result:
1v2 3 Vv

E = fm,¢?| 1+ Z—+>—
° { 2 fc 8 f%!

+} ~ fm,c’ +%m0v2 =m,c? +%m0V2 : (10)
Therefore the assumption E=mc? with f =1 can be justified as a starting point independent of Special
Relativity. Note that the low velocity equation for Kinetic energy, KE = %mov2 is unchanged regardless of the

value of f . If an incorrect mass such as either the longitudinal mass m, =

( of Equation (3) or
1—v2/cz)

3



M. Rabinowitz

the transverse mass of Equation (5) obtained by Einstein [3] in 1905 had been used to test the energy-mass equ-
ation E=mc? for self-consistency, and isomorphism with physics data it would have failed. For v<c, the
magnitude of f can be experimentally tested in the quartic term.

2.3. Traditional Special Relativity (SR) Approach

We will briefly sketch the traditional SR approach to point out the differences between it and the derivation
given above using Newton’s equation.
In a space-time of 3 spatial dimensions and 1 dimension of time, the 4-momentum is
P=mV_, (11)
where the 4-velocity

c v
Vv, = : : (12)
L/l—vz/(:2 J1-v?/c? }
The dot product of the vector velocity is the scalar V2 in the denominator of (12): v-v=V2.
Using the Einstein summation notation
3
D VZ=V, =c*. [-c® in some conventions.] (13)
a=0
Combining Equations (11) and (13), we have the well-known equation:
3
> P?=P“P, =m’c’ = m*v* + mZc?. (14)
a=0
Dividing Equation (14) by ¢?, and solving for the mass m:
m
m= 0 (15)

NI

Equation (15) gives the familiar increase of mass with velocity. Although this standard Special Relativity ap-
proach is strictly just for inertial frames, it is used for accelerating frames such as with cyclotrons.

3. Discussion
In the 1905 paper [3] in which Einstein introduced Special Relativity, he presented his two postulates thus:

“They suggest rather that, as has already been shown to the first order of small quantities, the same laws of
electrodynamics and optics will be valid for all frames of reference for which the equations of me-
chanics hold good. We will raise this conjecture (the purport of which will hereafter be called the ‘Prin-
ciple of Relativity’) to the status of a postulate, and also introduce another postulate, which is only appar-
ently irreconcilable with the former, namely, that light is always propagated in empty space with a
definite velocity ¢ which is independent of the state of motion of the emitting body.”

From context, the first postulate has been interpreted as “inertial frames”. The present paper derived the mass-
energy relation in general terms without recourse to Einstein’s postulates.

Reference [11], derived an electrodynamic accelerating mass m,_., and showed its increase with acceleration.
The derived equations were fully consistent with E = macccz. In addition to demonstrating its relevance to
charged particles, a heuristic argument was made that it could also apply to neutral particles like atoms.
It has come to my attention that electrodynamic derivations such as in [12] [13] which can be interpreted as
m_.. have also been made. Reference [11] differs considerably from their content.

acc

Newton had for his light corpuscles (photons): E = %mv2 = fmc?. [As shown in Section 2.2, the value of f in

fmc? doesn’t affect KE =%mv2 for low velocity.] In 1717, Newton presciently said, “Are not the gross bo-
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dies and light convertible into one another...?” [14] In the late 1600°s Isaac Newton and Gottfried Leibniz in-
dependently discovered Calculus, and Newton’s 1687 Principia [1] was filled with calculus. In 1676 Ole Roe-
mer ingeniously measured the speed of light ¢ ~2.2x10% m/sec [0.73 of the correct value 3x10® m/sec] by
timing eclipses of Jupiter’s moon lo by Jupiter when the Earth was closest to Jupiter and 6 months later (on the
opposite side of the Sun from Jupiter) thus increasing light’s traversal distance by the Earth’s orbital diameter. It
was thus known that c¢>>any other known speed. Thus it appears that Newton had all he needed to derive the

2
fm,c

J1-V2/c?

1717, as demonstrated in Section 2.2. However, he did not do so.

energy-mass relationship E = fmc® = ~ fm,c? +%mOV2 with f =1/2 by the time of his Opticks in

4. Conclusions

In simplest terms the derivation of this paper comes from the conservation of total power, which is a conse-
quence of the detailed balance of the conservation of mass-energy. For those who prefer to restrict the concept
of mass to rest mass m, , then the derivation of Section 2.2 can just as well be considered a derivation of the
dependence of energy increase of a body of rest mass m, with acceleration.

This paper derived the generalized mass-energy relationship from Newton’s equation of motion cast in the
form of a power equation. The result is fully consistent with special relativity. Einstein’s postulates were not
used regarding the velocity of light, nor that the laws of physics are the same in all inertial frames. If an
incorrect mass such as either the longitudinal mass of Equation (3) or the transverse mass of Equation (5) ob-
tained by Einstein [3] in 1905 [and later corrected] had been derived, it would have failed the tests of
self-consistency and compatibility with physical data.

It is the great genius of Albert Einstein who accomplished the monumental task of constructing a complete
mechanics within the framework of relative space and relative time, and described both mechanical and electro-
dynamic phenomena in a single stage within that structure.
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