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ABSTRACT 

We investigate a two-photon ionization process in a real hydrogen atom by short and intense chirped laser pulses. Our 
simulation of the laser-atom interaction consists on numerically solving the three-dimensional time-dependent 
Schrödinger equation with a spectral method. The unperturbed wave functions and electronic energies of the atomic 
system were found by using an accurate L2 discretisation technique based on the expansion of the wave functions on 
B-spline functions. We show the efficiency of chirped laser pulses to control the ionization yield and the transfer of the 
population to the 2p bound state involved in the ionization path. 
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1. Introduction 

Thanks to the rapid advances in laser technology, laser 
pulses are becoming increasingly shorter and intense 
which make them an adequate tool to probe the ultrafast 
dynamics in atoms and molecules [1-5]. Experimentalists 
with theoreticians have worked consistently toward mas-
tering the ionization control techniques by intense tem-
poral pulses [6]. Depending on the characteristics of an 
incident laser pulse, different features could appear in the 
spectra of the emitted electrons or light from an atomic 
or a molecular system. Transform-limited pulses, which 
are ideal and bandwidth limited, have been extensively 
used to investigate laser-matter interaction [7]. A par-
ticular attention was given, in the past few years, to the 
effect of the carrier-phase envelope of a transform-lim- 
ited pulse in controlling the ionization yield in some 
asymmetric molecular systems [8,9]. 

Recently, there is an increasing interest to investigate 
the interaction of atoms and molecules with chirped laser 
pulses [10-14]. These pulses that are frequency modu-
lated have an advantage over unchirped laser pulses, i.e., 
transform-limited laser pulses. Their characterization and 
shaping make them more tailored to achieve complete 
electronic population inversion in molecular systems [15] 
and induce resonant multiphoton population transfer in 
Rydberg atoms [16-20]. It is important to note that the 

ability to control population transfer from an initial state 
to a desired final state is of crucial importance as it will 
open the way to the control of a chemical reaction’s end 
product. 

In this paper, we show the efficiency of the chirped 
laser pulses to control the ionization yield in a real hy-
drogen atom. We used intense short chirped laser pulses 
of central carrier frequency 0 10.85 eV   which cor-
respond to the 7th harmonic of the Ti:Sapphire laser. A 
chirped laser pulse is experimentally produced by chirp 
filtering of a transform-limited laser pulse. We consider, 
in this paper, alistic experimental representation of a 
linearly polarized chirped laser pulse, in which the chirp 
parameter increases the pulse duration of the original 
transform-limited laser pulse and decreases its intensity. 
The frequency bandwidth of the resulting chirped pulse 
remains the same as that of the corresponding trans-
form-limited laser pulse. The theoretical approach we 
used to calculate the unperturbed energetic structure of 
the hydrogen atom is based on an accurate L2 discretiza-
tion technique using B-spline functions [21,22]. We cal-
culated the ionization probability by numerically solving 
the three-dimensional time-dependent Schrödinger equa-
tion using a spectral method [23-25]. We show how the 
sign of the chirp parameter induces an asymmetry in the 
ionization process in the hydrogen atom. We present re-
sults of the time evolution of the 1s and 2p bound states 
population from the switch-on to the switch-off of the *Corresponding author. 
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chirped pulses and then we analyze the role of the first 
excited state 2p in the ionization process. 

Atomic units  1 a.u.em e    are used through-
out the paper unless otherwise mentioned. 

2. Theoretical Approach 

2.1. Atomic Structure Calculations 

The time-independent Schrödinger equation (TISE) de-
scribing the electron motion around the atomic nucleus is 
given by: 

    0.atom nlm nlmH E r         (1) 

Hatom is the non relativistic field-free Hamiltonian in 
spherical coordinates, which reads 
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For a given electron angular momentum l and projec-
tion m, the solution of Equation (1) can be written as 
follows: 
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 ,m
lY    is the spherical harmonic functions de-

pending on angular coordinates. The B-spline function of 
order k denoted by  k

iB r  is a piecewise polynomial of 
degree k ‒ 1 [20]. We use Nb B-spline functions, that are 
distributed along the radial axis, in a radial box defined 
from r = 0 to Rmax. A direct diagonalization of Equation 
(1) gives the unperturbed eigenenergies Enlm and eigen-
functions of all bound and continuum discretized states. 
We have proven the efficiency of our discretization tech-
nique in previous works on the hydrogen molecular ion 
and two-active electron systems [23-25]. 

2.2. Time-Dependent Calculations 

Within the electric dipole approximation, the time-de- 
pendent Schrödinger equation (TDSE) describing the 
electron motion in the presence of the laser field is given 
by: 

       , , ,atom inti t H H t t
t


     

r r r r .   (4) 

 ,intH tr  describes the interaction of the electron 
with the laser field. It could be expressed in different 
gauges as for example the length or velocity gauges. As 
we adopt here the velocity gauge,  ,intH tr  is written 
as the scalar product of the potential vector and the elec-
tron momentum: 

   , ,intH t i t   r A ,       (5) 

where  ,t A  is the vector potential of the chirped 

laser pulse linearly polarized along the z axis. The time- 
dependent total wave function  in Equation (4) 
is expanded on the basis of the field-free atomic eigen-
states, normalized to unity, 

 , t r

       , ex nlmt pnlm
nlm

nlm

t f iE t   .rr  (6) 

By substituting Equation (6) into Equation (4), we ob-
tain a set of coupled integro-differential equations, which 
we solved using an explicit fifth-order Runge-Kutta nu-
merical method [24]. 

The vector potential of the chirped laser pulse consid-
ered here is given by: 

      sin   , , , zt A F t t t     ,A e   (7) 

With ξ is the chirp parameter,   the pulse car-
rier-envelope phase (CEP), A(ξ) the peak amplitude, ω(t, 
ξ) the instantaneous frequency and F(t, ξ) the Gaussian 
time envelope. We note that, in experiment, chirp filters 
are implemented by use of dispersive optical systems. 
Upon transmission through a filter characterized by a b 
chirp coefficient, an initially transform-limited pulse (ξ = 
0) becomes chirped, i.e., with frequency ω(t, ξ) that var-
ies in time and depends on the chirp parameter 2

0b   
(for the experimental details see [26]). 0  is the full 
width at half maximum (FWHM) duration of the trans-
form-limited pulse. The filtered pulse will be up- 
chirped if ξ is positive and will be down-chirped if ξ is 
negative. 

The expression of A(ξ) is given by: 
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where     auE I  I  is the electric field amplitude 
of the chirped pulse, with 16 2W cmauI 3.51 10  

 

  the 
atomic unit of intensity and ω0 the central carrier fre-
quency. The intensity of the chirped pulse I(ξ) is related 
to the intensity I0 of the transform-limited pulse by : 
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The instantaneous frequency ω(t, ξ) and the Gaussia-
time envelope F(t, ξ) are given, respectively, by : 
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The FWHM duration of the chirped pulse is given by: 

  2
0 1 .            (12) 
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During the progress of the laser pulse, the probability 
of finding the system in the  electronic eigen-
state at any time t is given by: 

 nlm r

     
2 2

, .nlm
nlm nlmP r t f t   r    (13) 

The ionization probability, at any time t during the la-
ser-atom interaction, is the sum of the population of all 
the continuum electronic states of positive energy E. It is 
given by: 

   
2
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3. Results and Discussions 

For the numerical calculations, we have considered a set 
of Nb =1200 B-splines of order k = 7 defined on the radial 
box of maximum length Rmax = 1000 a.u. We have fixed 
the maximum electron angular momentum to l = 12. As 
we choose the laser pulse to be polarized linearly along 
the z axis, only electronic transitions between states of m = 
0 magnetic quantum number are permitted. We kept in all 
our calculations the CEP constant and set to φ = 0. The 
convergence of our numerical results has been checked by 
increasing the number of B-spline functions, the radial 
box size and the number of angular moment a. We have 
also checked that the results are gauge independent. 

We consider in this paper a transform-limited pulse (ξ = 
0) of central carrier frequency ω0 = 0.399 a.u. (10.85 eV), 
which corresponds to the 7th harmonic of Ti:Sa laser (λ = 
114 nm). The pulse has an intensity 14 2

0 10 W cmI  
1.9 fs

 
and a FWHM duration 0 78.74 a.u.   . 

We plot, in Figure 1, the transform-limited pulse vec-
tor potential  variation with time. In ex-
periment, upon transmission through a chirp filter, an 
initially transform-limited pulse becomes chirped with a 
chirp parameter 

 , 0t  A 

 . The filtered pulse will be up-chirped 
if  is positive and will be down-chirped if   is nega-
tive. In Figure 1, we compare between the shape of the 

 and the vector potentials of a simulated 
up-chirped pulse of 
 , 0 A t

2    and a down-chirped pulse 
of 2   . Both chirped pulses, according to Equations 
(9) and (12), have an intensity of 
  13 22 4.47 10 W cmI      


 and a FWHM dura-

tion 2 176.1 a.u. 4.26      fs . The form of the 
vector potential we use in this paper (see Equation (7)) 
simulates a realistic experimental case in which the chirp 
filtering decreases the intensity of the transform limited 
pulse and increases its to talduration. We present also, in 
Figure 1, the spectral profile of the three pulses and the 
variation of their instantaneous frequency  ,t   with 
time. Specifically, an up-chirped pulse (down-chirped) 
with a positive (negative) value of   means that the 
instantaneous laser frequency increases (decreases) with 
time. Nevertheless, the frequency bandwidth of the up-  

 

Figure 1. Dependence of laser pulse vector potential A(t, ξ), 
spectral profile and instantaneous frequency ω(t, ξ) on the 
chirp parameter ξ = −2, 0, +2. The chirped pulses (ξ = ±2) 
have a central carrier frequency ω0 = 0.399 a.u. (10.85 eV), 

CEP φ = 0, intensity  I I 2
0 1    and FWHM dura-

tion   2
0 1     , where W·cm−2 and τ0 are 

respectively the intensity and the FWHM duration of the 
transform-limited pulse of ξ = 0. 

14
0 10I 

 
and down-chirped pulses remains the same that the trans-
form-limited pulse. 

We submit the atom taken initially in its fundamental 
electronic state 1s to each of the three pulses presented in 
Figure 1. As the energy of the 1s state is 1 0.5 a.u.sE   , 
the atom needs to absorb two photons to be ionized. We 
present, in Figure 2, the results of the ionization prob-
ability as a function of the time duration of each of the 
unchirped pulse  0   and the chirped pulses of 

2   . We notice that the up-chirped pulse ionizes 
more the atom than both the unchirped and the down- 
chirped pulses. More interesting, the ionization probabil-
ity obtained at the end of the up-chirped laser pulse is 
three and a half times higher than that obtained with the 
down-chirped laser pulse. Figure 2 clearly indicates that 
the sign of the chirp parameter induces an asymmetry in 
the ionization yield. 

To understand how the sign of the chirp influences the 
two-photon ionization yield, we analyzed the transfer of 
the population from the 2p bound state involved in the 
ionization path to the continuum states. In the present 
study, the absorption of the first photon by the atomin-
duces a transfer of the population from the fundamental 
state 1s to the 2p state, whereas the absorption of the 
second photon results in a transfer of 2p state population 
to the continuum states. We follow in time the survival 
population of the 1s state and the amount of the popula-

Copyright © 2013 SciRes.                                                                                 JMP 



S. BARMAKI  ET  AL. 30 

tion transferred to the 2p state. We show in Figure 3 
(Figure 4) how the 1s (2p) state is depopulated (popu-
lated) as each of the three pulses progresses.  

We notice from both figures that when the chirped 
pulses reach their higher intensity, the up-chirped pulse, 
in contrast with the down-chirped pulse, makes a large 
amounts of the 1s population transferred to the 2p excited 
state which considerably depopulates the 1s state and 
hence enormously populates the 2p sates. Consequently, 
higher amount of the population is transferred from the 
2p bound state to the continuum channel when 2    
than when 2   . The up- and down-chirped laser 
pulses are of the same intensity and duration, however, 
the excitation process they induce inside the atom is dif-
ferent. The sign of the chirp parameter influences the 
variation of the instantaneous frequency  ,t   with 
 

 

Figure 2. Ionization probability as function of the time du-
ration of the unchirped pulse (ξ = 0) and the chirped laser 
pulses of ξ = ±2. 
 

 

Figure 3. Population of the 1s fundamental state under the 
unchirped pulse (ξ = 0) and the chirped laser pulses of ξ = ±2. 

 

Figure 4. Population of the 2p first excited state under an 
unchirped pulse (ξ = 0) and the chirped laser pulses of ξ = ±2. 
 
time, which affects the average of the population trans-
ferred to the 2p state and then to the continuum states. 
When the atom is under a chirped laser pulse of a posi-
tive  , the instantaneous frequency increases as the 
pulse progresses (see Figure 1). The 2p bound state be-
comes close to resonance in the first half duration of the 
laser pulse when the latter is gaining in intensity which 
reinforces the transfer of the population from the 1s to 
the 2p state and then to the continuum states. In contrast, 
when the atom is under a chirped pulse of negative  , 
the instantaneous frequency decreases as the pulse pro-
gresses. Here, the 2p bound state becomes close to reso-
nance in the second half duration of the pulse when the 
intensity of the latter is decreasing which weakens the 
transfer of the population from the 1s to the 2p state and 
then to the continuum states. 

4. Conclusion 

We have numerically investigated in this paper the ioni-
zation process in a real hydrogen atom by short and in-
tense chirped laser pulses. We have observed an asym-
metry in the ionization yield induced by the sign of the 
chirp parameter. We found that an up-chirped laser pulse 
is more efficient to ionize the atom than a down-chirped 
laser pulse. Our study has proven that chirped laser 
pulses that are selective are an efficient tool to control 
the atomic ionization process. The study presented in this 
paper could be applicable in another atomic or molecular 
target. 
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