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ABSTRACT

We study Laplacian transport by the Dirichlet-to-Neumann formalism in isotropic media (}/ = I). Our main results

concern the solution of the localisation inverse problem of absorbing domains and its relative Dirichlet-to-Neumann
operator A _, o, . In this paper, we define explicitly operator A, _, ., , and we show that Green-Ostrogradski theorem is

adopted to this type of problem in three dimensional case.
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1. Laplacian Transport and
Dirichlet-to-Neumann Operators

The theory of Dirichlet-to-Neumann operators is the ba-
sis of many research domains in analysis, particularly,
those concerning Laplacian transports. It is also very
important in mathematical-physics, geophysics, electro-
chemistry. Moreover, it is very useful in medical diagno-
sis, such as electrical impedance tomography:

In 1989, J. Lee and G. Uhlmann have introduced an
example on the determination of conductivity matrix
field in a bounded open domain, see e.g. [1]. This exam-
ple is related to measuring the elliptic Dirichlet-to-
Neumann map for associated conductivity equation, see

AV=0,peQ)\B,

e.g. [1].

The problem of electrical current flux is an example of
so-called diffusive Laplacian transport. Besides the volt-
age-to-current problem, the motivation to study this kind
of transport comes for instance, from the transfer across
biological membranes, see e.g. [2,3].

Let some species of concentration v(p), xeR?,
diffuse stationary in the isotropic bulk (y =1) from a
(distant) source localised on the closed boundary 0Q
towards a semipermeable compact interface OB of the
cell BcQ, where they disappear at a given rate
W > 0. Then the steady field of concentrations (Lapla-
cian transport with a diffusion coefficient D >0 ) obeys
the set of equations:

(P1) v| - ( p) = f ( p), the concentration at the source o€,

-Dov

Usually, one supposes that v(p)=c" >0, peB,is
a constant concentration of the species inside the cell B .
This example motivates the following abstract stationary
diffusive Laplacian transport problem with absorption on
the surface OB :

Av =0, peQ\E, [V(p)zConst,peE],

(P2) v, (p)=f(p). pedn,
(av+6vv)| (w)=h(w), e dB.

B

Copyright © 2013 SciRes.

o (@) =W (V —c’ )‘"B (@), on the interface w € B.

This is the Dirichlet-Neumann problem for domain
Q5B with the Robin [4] boundary condition on the
absorbing surface OB . Varying a:=WD™' between
a=0 and a =+, one recovers respectively the
Neumann and the Dirichlet boundary conditions.

Now, we can associate with the problem (P2) a Di-

rihlet-to-Neumann operator
A _a:fHg= 6va|

(M

Domain dom(A,m) belongs to a certain Sobolev

ol
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space of functions on the boundary 0, which contains

— ylag
Vi =V

), the solutions of the problem (P2) for given
f and for the Robin boundary condition on 0B fixed
by ¢ and g.

The advantage of this approach is that as soon as the
operator (1) is defined, one can apply it to study the
mixed boundary value problem (P2). This gives, in par-
ticularly, the value of the particle flux due to Laplacian
transport across the membrane 0Q . Moreover, the total
current across the boundary 0Q can be defined (for
given f ) in term of Dirihlet-to-Neumann operator (1)
as follows:

Jug=-D[ doA _ ,f, )

where do designed the differential element relative to
0Q.

There are at least two inverse problems derived from
problem (P2):

a) geometrical inverse problem: given Dirichlet data

f and the corresponding (measured) Neumann data ¢,
in (1), on the accessible outer boundary 0Q, to recon-
struct the shape of the interior boundary 0B, see [5].

b) localisation inverse problem: concerns to localisate
of the domain (cell) B with a given shape and the fixed
parameters « and h, see [6].

The main question in this context is to find sufficient
conditions insuring that the localization inverse problem
is uniquely soluble. Indeed:

First, we relate the above problems a) and b) with the
Dirichlet-to-Neumann operator (1) by defining explicitly
this operator, whose can define the local and total current
across the external boundary 0Q, which are useful to
resolve a) and b).

Second, we study the localisation inverse problem in
the framework of application outlined in the problem
(P2), which consist in finding sufficient (Dirichlet-to-
Neumann) conditions to localise the position of the cell
B from the experimentally measurable macroscopic re-
sponse parameters.

In Section 2, we introduce the existence and uni-
queness for the solution of problem (P2). In Section 3,
we introduce our first main result concerning the study of
spherical case of problem (P1), whose we give a general
method to resolve the type of partial derivative system
like (P1), see proposition 3.2. Indeed, we allow an ex-
plicit calculations, based on Green-Ostrogradski theorem,
for the solution of this problem.

In Section 4, it is our second main result which consist
in showing that total current across the external boundary
0Q, involving Dirihlet-to-Neumann operator (1), can
resolve the localisation inverse problem in three dimen-

sional case, when the compact Q c R”.

Copyright © 2013 SciRes.

2. Uniqueness of the Problem (P2)

We suppose that Q and Bc Q be open bounded
domains in R® with C?-smooth disjoint boundaries
0Q and 0B, thatis 0(Q\B)=6QUéB and
oQNoB=y.

Then the unit outer-normal to the boundary 6((2\ E_B)

vector-field V(X) is well-defined, and we con-

xed(Q\B)
sider the normal derivative in (P2) as the interior limit:

(0,u)|, (@) =limv(@)-(Vu)(x), xeQ\B. (3)

The existence of the limit (3) as well as the restriction
Ul 5 (@) = limy,u(X) is insured since U has to be
harmonic solution of problem (P2) for C? -smooth
boundaries G(Q\ I§) [71.

Now, we introduce some indispensable standard nota-
tions and definitions, see [8]. Let H be Hilbert space
L’(M) on domain M cR’ and oH:=L"(oM)
denote the corresponding boundary space. We denote by
W, (M) the Sobolev space of H -functions, whose S -

derivatives are also in 7, and similar, W, (6M ) is the

Sobolev space of OH -functions on the C? -smooth
boundary oM .

Proposition 2.1. Let feW,”(oQ) for C’-smooth
boundaries o(Q\ B). Then the Dirichlet-Neumann pro-
blem (P2) has a unique (harmonic) solution in domain
Q\B.

Proof. For existence we refer to [7]. To prove the
uniqueness, we consider the problem (P2) for f =0
and ¢* =0. Then by Gauss-Ostrogradsky theorem, one
gets that the corresponding solution u yields:

(700 w02
_ Q\dediv(m(vu)(x))
[ delo)@Ne )

=-WD™[_do(a)|u(a) <0.

“

The estimate (4) implies that u (X e Q\ E) = Const .

Hence by the boundary condition one gets

(WD’lu)‘(7B (@) =0, and from u|m (x)=f(xeoQ)=0,
we obtain that for WD™ >0, the harmonic function
u(x)=0 for xeQ\B. o

The next statement is a key for analysis of inverse
localisation problems:

Proposition 2.2. Consider two problems (P2) corre-
sponding to a bounded domain QcR* with C?-
smooth boundary 0Q and to two subsets B, and B,
with the same smoothness of the boundaries 0B,, 0B, .

I for solutions u!, u'® of these problems one has
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; (&)

then 0B, =0B, .
Proof. By virtue of u!"

= u(fz)
Q oQ

=f and by con-

dition (5), the problem (P2) has two solutions for identi-
cal external (on 0Q) and internal (on 0B, and 0B, )
Robin boundary conditions. Then by the standard argu-
ments based on the Holmgren uniqueness theorem [9] for
harmonic functions on R’ one obtains that 0B, =B, .
O

3. Dirichlet-to-Neumann Operators for
Absorbing Laplacian Transport

Here, we consider the spherical shell of the problem (P1)
so that Q=B(0O,,R,) and the absorbing cell is also a
ball B=B(O,r,<R,), whose we denote by d, the

distance between the two centers d, =d, o -

Hereafter, we denote the previous hypothesis by
spherical case.

In the sequel, we resolve the problem (P1) in order to
calculate explicitly Dirichlet-to-Neumann operator rela-
tive to this case.

Before resolving problem (P1), we need the following
theorem which the key of the solution:

Theorem 3.1. (Gauss-Ostrogradski)

()

a, =-b, (DW R ) +CYy, (0,6)

But, on the boundary 0Q, the radius aren’t equal, and
depend of spherical angle &. Then, for this reason, we
use Gauss-Ostrogradski theorem’s, whose we show that
it is useful to find another relation between the coeffi-
cients of (7) like (Sf ) Consequently, we get for each

Let V a field vector across the domain ¥ c R’,
having as border oY .

[, V-nudo=] divwdy, (6)

whose divV designated the divergence of field vector
V. do and d¥ designated respectively the differen-
tial elements relative to 0¥ and ¥ . n,, designated
the unit outer-normal vector on 0¥ at arbitrary point
M.

Remark 1. Let the orthonormal reference with origin
O and axis Y'Y , which is keen on the line OO, in the
sense of the vector OO, .

On the other hand, since for all | € N, spherical har-
monic function Y, ,(6,¢) is independent of ¢ if
m =0, then we note:

Y, (9) = YI,m:O (6’,(p).

Since Vv, is harmonic function, then it takes the fol-
lowing form, see [10]:

o |
Vi (r.0.0)=> > (ar' +br' )Y, . (6.9). (D
1=0 m=-—I

Therefore, we need to calculate the coefficients of (7)
from the condition boundaries. Indeed, since the radius
of points of 6B are equal to constant r,, then the con-
dition boundary on 0B implies easily, by identification,

the following system:

ifl =0,

a, =b [ D+ Dr; " + Wi, (DI —wr! ) ifl %o,

| e N, a system of two equations with two unknowns @,
and b, which it is sufficient to calculate & and by:

Proposition 3.2. The condition boundary on 0Q im-
plies:

Ioznjo’[d(pdesin oy, (9)[ t(0,0)r (8)-ar? ()Y, (Q)J b, VIcN, ®

Proof. Let |, €N, we construct the following vector
field V, by:

Calculate the flux of field V, across the domain

B(0,.R,)\B(O,r,) using Gauss-Ostrogradski theorem

VIO :H|O(r,¢,€)e¢, (9) 31
whose,' H, (r,‘(p,&‘) is a primitive relative to ¢ for the A I dVdiV(V )
following function: B(00:Ro)\B(O,1p) lo (10)
sing|  (Vv(r.g.0)-a,r"Y, (6) = V, -ndo
h, (r.0,0)=Y, (6) 0, - : o[B(00 Ro)\B(0.1)] 0 ’
0 0 r b r )
o where:
n unit outer-normal vector of 8] B(O,,R,)\ B(O.1, )],
do areal differential elemen trelative to 0 [ B(0,.R,)\ B(O.r, )] ,
dv=r’sin@drdepd volume differential elemen trelative to B(O,,R,)\ B(O,r, ),
div(v) divergence of vector V.
Copyright © 2013 SciRes. JMP



I. BAYDOUN 775
1. Calculate J‘ dvdiv(V ) . On the other hand, diV(VIO) can be calculated from
B(Op,Ro)\B(O.1o) (9) by:

In domain B(O,,R,)\ B(O,r,), we have: div(V ): 1 o.H (1.0.0)

Radius r varies bet r,andr(6):=r, o rsing £ S

adius r varies between I, an .
’ 0 M 0B(00.Ro) RAG 5 v(r.0.0)—a,r"v, (6)
Angle ¢ varies between 0 and 27. T O b .
lo

Angle 6 varies between 0 and =.
Then, we deduce that:

oo o0, AUV (Y,, ) = j:g) [27[7r* sin 6drdgdadiv(V,,

v(r.p,0)-a, r"Y, (0)]

(0) p2n pn .
:Ir: JO JO drdgod@smHY,0 (9)6{ b s
0

Therefore, from Fubini’s theorem of multiple integrals, we obtain:

dvdiv (VIO )

dr

J.B(Ooﬂo)\B(Osfo)
2n pm . r(6) V(r,(p,ﬁ)—a rlOY (6)
=[, ], dpdosiney, (0)] a{ ; ,4(',(’71 b

v(r.p.0)—a "y, (6)}

“lp-1
b, r

r(6) (11)

To

=[]  dpdosinoy, (9){
= LJ;“J:d#’deSin WIO (9)[v(r(9)’¢’9) plo+l (9)_ a, 2o+l (H)YIO (9)]
__IZKI ded&sin OY, (9) |()+1|: (ro,q;,e)—alo rO'O\(IO (9)}

Moreover, condition boundary on 0Q implies that:

v(r(&),(pﬁ)=v[rMEaB(OO’RO),¢,9J=V[M €B(0,.R,)]=f (¢.0).
So, by replacing V(r(ﬁ),(p,ﬁ) by its value f(¢,0) in(11), we deduce:
.[B(oo,RO)\B(o,ro)dVdiV(V'o )

:bLJ.osz.(: dpd@singY, (0)] f (¢.0)r"" (0)-a,r™"' (0)Y, (6)] (12)
__Izn.[ depd@sin Y, (9) l“”[ (l’o,(ﬂ,ﬁ)—a|or0'°Y,O (6)]
But, we can prove that:

j "["dedosingy, (0)r [v(r,.0.0)-a, 1Y, (6)]=b, . (13)

Indeed: from (7), we have that

+0 M=

0 [v(0.0.0)-a,0%, (0)]= 3 3 (0™ 405" )Y (2.60) +bY, (0),

1=0 m=-|
|

8

S

#

S

Copyright © 2013 SciRes. JMP



776 I. BAYDOUN

Multiplying by siné the previous equation, and integrating it on domain {((0,9):¢)e[0,27t[,96[0,7t[} , We

obtain:

[ [ dpdosiney, (0)r"'[C(r.0.0)-a, 1Y, (6)]

2n pm . o m=l o+ 1+ 21 pm .
=b, [ [ dpdosiney, (¢9)+|:Z(;m;|(a,r0I V) [T [ dpdBsingY, (0)Y,, (9,0).

121,

On the other hand, spherical harmonic functions form
a basis for the Hilbert space L’ [S (O,l)] following

inner product:

(f.9):=[,,sin0d0dpTg; vi.ge’[S(0.1)]

(14)

Consequently, we deduce, since
(YemoYi0) = G (1)
v(l,m),(I,m)eN

that:

(Y Yin) = [ [T dpdOsingy, ()Y, ,(9.0)=5, (1): VL.l N. (15)

Here, 6 designed Dirac function.

So, by inserting (15) in (14), we deduce above equality (13) as follows:

2n

We continue the proof by inserting (13) in (12):

IB(OO,RO)\B(O,rO

2. Calculate L[B ( V,, -ndo:

&[B(0y-R)\B(O.1y)]
knowing that,

a[B(OO’RO)\ B(o’ro)]: S(OO’RO)US(O’ ro) >
then:

AV
.[a[B(OO,Ro)\B(OJO)] o ndo am
= .[M eS(Oo‘RO)VIO Nydo+ M eS(0>fo)V|" Mude
2.1 Showing that:
Js(o,rn)V|0 Ne(oy) 4o =0 (4

Indeed: unit outer-normal vector n,, relative to domain
B(0O,,R,)\B(O,r,) at arbitrary point M €S(O,r,) is
—e, . This implies:

Vv, -n=H (r.p.0)e,-(—e, )=0.

([ dgdosingy, (0)r" [v(r.0.0)~a, 1Y, (6)]= 3 (ar ™ +br " )3, (1)+b,3, (1)

1=0
1=y

= i (a, (AR oY Al )0+ b,1=bh,.

1=0
1=l

i 1 ponen . +1 20y+1
)dvduv(v,0)=ajo [Fdpdosinay, (0)[ f (¢.0)r" (0)-a,r™" (8)Y, (6)]-1. (16)

2.2 Showing that:

L oy Vo M0, 40 =0- (19)

Indeed: the symmetry of the shape implies that unit
outer-normal vector of S(O,,R,) relative to domain
B(0,.R,)\B(O,r,) is below in plan generated by the
two vectors e, and e, which are orthogonal to field
vector V,  directed by e, . So, we obtain:

Vi, tw =0, VM e S(OO,RO) .
Then, by inserting (18) and (19) in (9), we deduce that:

L[B(OO’RO)\B(OJO)]VIO -ndo =0. (20)

3. Boundary Equation
Finally, by inserting (16) and (20) in (10), we obtain that:

= bijjnj‘ondgpdasin HYlﬂ (9)[ f (I’,go,@) rlot (9)_ a, p2lo+t (9)Y|0 (9)]—1 -0.
lo

Copyright © 2013 SciRes.
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The previous equation ends the proof since it is true
forany |, eN. O
Proposition 3.3. If feW,”(6Q)cL’*(éQ), then

problem (P1) have unique solution with the form (7),
whose the coefficients are given by:

(DW 52+ ) [ [ dpdBsindY, (6) T (9,0)r (0)-cY;" (6)

TR (oW R+t jd¢d9s1nev (6)r(6)-1
L [ [" dpdosingy, (0)r (0)[ f (9.6)—c"]
Do (ow et [ jdq)desmav ( )r(6)

R [D(I+)R T rwry! 117° [ dpdasingy, (8)r' (0) f (¢.6)
"o _roz'(DI—Wr0)+[D(I+1)rO’1 FW [ [sinor? ! (0)¥? (8) dpde
. 2 (DI =W ) [ " dpd@sin ey, (0)r'™ (8)  (¢.0)

21 (DI-wr,) )+[D(1+1) +Wr0]j “[;sinor* " (9)Y, *(0)dpdd
where, r(68)=d,cos6+/d: cos’ §+R2 —d? is the dis-

tance d,,, between arbitrary point M on sphere

0Q, =5(0,,R,) and the center O.
Proof. It is enough to resolve for any | eN, the
system of two unknowns &, et by given by the two

Ao f er/z(aQ)»—>—|aQ =W, (1L9,0) Ny,

ov »
61: 0 =R}’ [ docosﬁjg

3
I

[la, L&) -(1+1)hr

3

boundary conditions (8) and (Sf ) i

Since the solution of problem (P1l) is given from
proposition 3.3, then we can deduce its relative Dirichlet-
to-Neumann operator:

Corollary 3.4. The Dirichlet-to-Neumann operator (1)
is defined by

where : 21)

2(0)Yin (0.0)

~R;'d, sin 2 mz [ar' (0)+br™(0)]0,Y, . (2.0).

Here, the coefficients {a,b;}, . are given by propo-
sition 3.3.
Proof. Since we have that e, =cosée, —sinée,, then

Ny = RO_] (rM € _doez) =
and consequently, this implies:

avvf(r,¢,9)|a =Vv, (r,(o,Q)-n

=R,'[r(0)

MedQ

—d cosH]@V (r,p.0)-R

But, we have from the proof of proposition 3.2 that r ( M e E)QO) =

0,v; (r.0,0) =R, [r(6)-

Consequently, it is enough to replace Vv, (r,,6) in
the previous equation by its value given in (7). O

Copyright © 2013 SciRes.

=Vv, (r,0,0)-R}’ {[r(@)—do cos 6 Je, +d, sin&ey} "

d, cos 6’]6,Vf (r().

unit outer-normal vector n,, for arbitrary point
M edQ=5(0,,R,) is given by:

R {[1(0)-8ycos0e, 0 since, )

R,'d, sin&0,v, (r, ¢,9)|

r(6). Then:
¢,0)=Ry'd,sin®,v, (r(0),9.0).

Remark 2. For general properties of Dirichlet-to-
Neumann operators, mainly existence and uniqueness,

JMP



778 I. BAYDOUN

we refer to [10], chapter 4.
Remark 3. Notice that definition of Dirichlet-to-
Neumann operator (21) implies that it has as eigenfunc-

tions the spherical harmonic function Y,  (6,¢)

leN,m<|I| ?

and a discrete spectrum o, ={4.}" > WhOSE

lim_ 4, =o.

Corollary 3.5. Dirichlet-to-Neumann operator (21) is
unbounded, non-negative, self-adjoint, first-order elliptic
pseudo-differential operator with compact resolvent on
the Hilbert space L* (€, sin 8dgd6).

Proof. For the proof, we refer to [10], chapter 4. o

Remark 4. Corollary 3.4 implies using Hille-Yosida’s
theorem that Dirichlet-to-Neumann operator (21) can be

generate certain semigroup {S(t):: e’“"m} . More-
t>0

over, we can prove using Arzela-Ascoli’s criterion that
this semigroup is contractant holomorphic in the both
Banach space C(oQ) and L*(6Q,d@sinOdgp).

Proof. For a complete proof, see [10], chapter 4. o

4. Localisation Inverse Problem

We are interested by resolving the localisation inverse
problem of (P1) using the explicit formula of d;, which
will be calculated in terms of measurable Dirichlet-to-
Neumann boundary hypothesis on external boundary
Q.

For resolving this problem, we need the following:

ii) Second, we aim to find an equation involving the
distance d,:=d, ,, between O center of cell B and
O, center of Q.

Proposition 4.1. The total flux J,, and J. satisfy
the following:

=2+/nb,D. (22)

Proof. Since the differential element at the boundary
OB and unit outer-normal vector n,, at arbitrary point
M €0B are respectively equal to I;sinddedd and
e, , then we deduce from (7) that:

J=-D[ _Vv-n,do=2rb,D.

’HQ_\]

On the other hand, by Gauss-Ostrogradsky theorem,
one gets:

j&QUOB dGJ n

=-D doV -Vv

Q\B

:—Dj dVAv =0,
Q\B

Joo—Jp =

where dV is the volume differential element. Therefore,
(22) is deduced. O

Since we have, from proposition 4.1, that total flux
J.o across external boundary 0Q depended only of
one coefficient b, of development (7), whose b, de-
pended of distance d,:=dy , , then an equation of
dy=dg o canbe ﬁnd easily. Indeed:

i) First, we aim to calculate the total flux J,, across CoroIIary 4.2. The distance d, :=d, o Verifies the
external boundary 0Q. following equation:
1| 2 P " apaosingv? (0)\JdZ cos” 0+ RE —d;
Wr2+r0 IO JO pd&sin OY, , €O8 ; —dg
(23)
_2JnD

Jaa

0

_[znj depd@sin Y, ( )\/d(f cos’ @+R; —d; [f (go,ﬁ)—c*}

Proof. It is enough to insert (22) in the expression of b, given in proposition 3.2 in order to substitute b,, after

replacing r(@) by its value in term of d,:

1- D2
Wr;

)
J

2n o

Consequently, the fact that J.Ondesin fcosd =0 ends
the proof. O

5. Conclusions

(23) is an equation of the only unknown d, involving
the parameters J,, and f :=v| _, which are the Diri-

o’

Copyright © 2013 SciRes.

+%jj’;nj.0nd¢d9sin oY, (:9)[d0 cos¢9+\/d5 cos’ @+R; —d; J

0(6’)[d0 cos6’+\/d§ cos’ 0 +R; —doz][f ((p,é’)—c*}

chlet-to-Neumann hypothesis of problem (P1) on the ex-
ternal boundary, and we can found them from an ex-
perimental measures.

To summarize, we have found an equation for d,
which is the distance between the center O of the cell
B and the center O, of Q, so it remains to find the

position of the center O . In fact:

JMP



I. BAYDOUN 779

Let M, and M_. be two points at the external
boundary 0Q whose the norm of the local current j
reaches respectively its maximum and minimum values,
see Figure 1. Then, from the symmetry of the shape, we
deduce that the center O of the cell B is localized at
the line passed by the points M M., and O,
exactly between M, and O, where the distance d,
between O and O, is given by Equation (23).

By conclusion, we can now answer the question posed
in the introduction about the uniqueness of the inverse
localisation problem for (P1), and we can conclude that
total flux J,, (2), involving Dirihlet-to-Neumann
operator (1), is sufficient to resolve the localisation
inverse problem, in three-dimensional case, if the shape
is regular. But, it is not enough in other type of inverse
problem like geometrical inverse problem, see [5].

max ?
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