+53 Scientific
#3% Research

Journal of Modern Physics, 2012, 3, 1647-1662
http://dx.doi.org/10.4236/jmp.2012.330202 Published Online October 2012 (http://www.SciRP.org/journal/jmp)

Uniqueness Theorem for the Non-Local lonization Source
in Glow Discharge and Hollow Cathode

Vladimir V. Gorin
Kyiv National Taras Shevchenko University, Kiev, Ukraine
Moscow Institute of Physics and Technology, Moscow, Russia
Email: vvgorin@gmail.com

Received July 20, 2012; revised August 29, 2012; revised September 6, 2012

ABSTRACT

The paper is devoted to the proof of the uniqueness theorem for solution of the equation for the non-local ionization
source in a glow discharge and a hollow cathode in general 3D geometry. The theorem is applied to wide class of elec-
tric field configurations, and to the walls of discharge volume, which have a property of incomplete absorption of the
electrons. Cathode is regarded as interior singular source, which is placed arbitrarily close to the wall. The existence of
solution is considered also. During the proof of the theorem many of useful structure formulae are obtained. Elements
of the proof structure, which have arisen, are found to have physical sense. It makes clear physical construction of non-
local electron avalanche, which builds a source of ionization in glow discharge at low pressures. Last has decisive sig-

nificance to understand the hollow cathode discharge configuration and the hollow cathode effect.

Keywords: Integro-Differential Operator; The Fredholm 2-nd Kind Equation; Existence and Uniqueness Theorem;
Nilpotency; Glow Discharge; Hollow Cathode; Non-Local Ionization; Non-Local Kinetics

1. Introduction

The problem of creation of the hollow cathode theory—
the theory for a glow discharge device in gases, which
was invented by Paschen almost yet hundred years ago
[1], producing anomalously high currents at the same
voltages of discharge compared the glow discharge de-
vices, which have no geometry of hollow cathode—con-
siderably stipulated for non-local ionization. The classi-
cal theory of the Engel and Shteenbeck cathode sheath [2]
for glow discharge in simple geometry used the Town-
send formula for a source of ionization [3], which had in
mind local dependence of ionization on the electric field.
The local (or two-fluid) models of a glow discharge [4]
gave qualitatively true description of the electric field
and the electron and ion current density distributions in
the cathode sheath of the plane capacitor at low current
densities and not too low pressures. However they could
not catch really the specific of negative glow. Last has
low electric field, and the ionization here is produced
with electrons gained the energy in another place, namely
in the high field of the cathode sheath. Therefore the re-
gion of negative glow in the local model could not be
obtained in principle, and the cathode sheath here is al-
ways contacting with a positive column. For a hollow
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cathode the model with local ionization turned out unac-
ceptable at all, because both cathode sheath and plasma
of discharge have significantly non-local properties.

On the route to the non-local ionization theory there
were developed hybrid models—instead of two-fluid mo-
dels—in which electrons produced ionization were con-
sidered apart from slow electrons, latter providing bal-
ance of current and electric charge [5]. In a hybrid model
ions and slow electrons are described in terms of drift
and diffusion, but fast electrons are described with the
aid of the boltzmann equations or simulated with Monte-
Carlo methods [6-8]. It was shown [9] that hybrid models
describe a density of plasma in a glow discharge much
better, though they are more complicated.

Hybrid models set a problem of description of non-
local ionization source, for which the Townsend formula
is not available. The boltzmann equation for fast elec-
trons is many-dimensional, which makes difficulties in
its use in calculations. The Monte-Carlo method is in es-
sence a computing experiment, which supplies empirical
data about numerical simulation of ionization source
without understanding reasons of results obtained.

The author of present paper had managed earlier to
simplify this problem by use of original (not the hilbert
[10]) averaging of the boltzmann equation for fast elec-
trons, in result he obtained the non-local equation for a
source of ionization in glow discharge and hollow cath-
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ode [11,12]:
s(r)= [ &G, (r.r7)j, (r')+ [drG, (r.r)s(r').
oQ Q

Here s(r) is a density of ionization source, j, is
an electron flow density from the cathode (really first
summand gives a contribution only in the part of the
boundary 0Q of the spatial area Q of the glow dis-
charge, in which electrons are incoming from external
source—a cathode), the definition of G, (r,r’) see be-
low. First summand in the right hand side of the equation
describes an ionization with cathode electrons only, sec-
ond summand describes an ionization with secondary
electrons arisen from impact ionization inside discharge
volume. The non-local source equation has mathematical
class of an integral Fredholm second kind equation. It
does not conflict with a local model of the Townsend io-
nization source, but rather is a non-trivial and far-reach-
ing generalization. Namely: if one rewrites the non-local
equation in terms of one-dimensional spatial model of
plane capacitor (without hollow cathode configuration)
and simplifies the electron kinetics by rejecting elastic
scattering and discreteness of energy losses in inelastic
processes, the equation gets a class of an integral second
kind Volterra equation [13,14]. In a case, when the non-
local effects can be neglected, the kernel of equation
quits to depend on its second argument. This kernel de-
generation enables to transform the integral equation into
a differential equation, which coincides literally with the
Townsend equation dj, /dx = a(x) j, .

Present paper is devoted to the proof of uniqueness for
solution of non-local equation if it exists. Though there
exists a set of theorems for existence and uniqueness of
solutions in the theory of the Fredholm equations [15-
17], one cannot use them because: 1) the kernel is de-
fined here not evidently, but as a solution of the linear
boltzmann equation with differential and integral opera-
tors, the parameters of which have rather general physi-
cal properties; 2) the domain of kernel definition is de-
fined implicitly also, its geometry is varied in wide range
of glow discharge devices, a hollow cathode of arbitrary
shape is one of possibilities; 3) the integral term of the
equation is usually not of low value in comparison with
absolute term (secondary electrons usually contribute more
to ionization against primary, cathode, ones); 4) the ker-
nel is not hermitian (or symmetric) one.

The question about existence of a solution is tied with
a question about existence of kernel of the equation, the
answer depends on existence of fundamental solutions of
the boundary problem for a stationary boltzmann equa-
tion for fast electrons. Not all configurations of the elec-
trical field and not all kinds of boundary conditions guar-
antee an existence of a fundamental solution for station-
ary problem. For example, if electric field is equal to
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zero in some region of ionization, one cannot neglect
initial velocity of secondary electrons, as it was done in
derivation of the equation, because electrons would be
accumulated with no limits in this area, consequently a
solution could not be stationary. Necessary conditions for
existence of fundamental solution for auxiliary differen-
tial operator of the problem come to the Fredholm alter-
natives [15]. Investigation of sufficient conditions for
existence of solution is not an easy problem, and in the
paper we make the assumption that necessary fundamen-
tal solution for auxiliary operator exists.

The proof is divided on five lemmas and final proving
of the theorem. In lemma 1 it is proved uniqueness of
zero solution for homogeneous differential equation,
which is generated by auxiliary differential operator.
This operator defines the distribution function for “fast”
electrons, which are fortunate not to suffer any inelastic
scattering as long as they appear from a source of ioniza-
tion (or from the cathode). Lemma 2 formulates ana-
logues statement for conjugate operator. From these re-
sults it follows the uniqueness of fundamental solution
for auxiliary differential operator (if it exists), so the
lemma 3 is devoted to prove this. In lemma 4 the funda-
mental solution of the boltzmann equation and some its
properties are constructed from the solution and proper-
ties of fundamental solution for auxiliary operator. On
the ground of properties obtained, it is proved the
uniqueness of definition and the nilpotency of the kernel
of the integral equation, shown above. Namely the prop-
erty of nilpotency (vanishing of some power of appropri-
ate operator) gives here a possibility to state a conver-
gence of the Neumann series and obtain the formula for
solution of the integral equation, which is final part of the
theorem proof.

Thus, a set of useful formulae is obtained during the
proof of the theorem. The constructions arisen have clear
physical sense.

2. Definitions and Properties of Physical
Values

Consider the domain
Z:(ryv), reQ, vekR’, E=QxR’, Qck’

of 6-dimensional phase space for mechanics of electron
motion, € is its spatial domain—open connected set in
R’ , the bound 0Q of which consists of piecewise
smooth surfaces and is defined with the geometry of the
glow discharge device.

,, (v) is an average electron impact ionization rate
at the electron velocity v, it is nonnegative continuous
function, which has an energy threshold:

2

my”

@,, (v)=0at <& 1

ion

2e

JMP



V. V. GORIN 1649

here e is an elementary charge, ¢, is the electron
impact ionization energy of the atom, eV, m, is a mass
of electron.

The operator of elastic scattering on gas atoms

5 0 0
L = —(8,v* =y, )] — 20
el (V) @, (V);; 8Vl- ( iV vzvk)avk > Wy (v)
@

conserves a number of electrons and kinetic energy of
scattered electrons w =m,v’ /(26), eV, here w,(v) is
an average rate of elastic electron scattering on (almost)
immovable gas atoms at the electron velocity v. It is
continuous function, positive atall v>0.

The operator of inelastic scattering at electron impact
excitation and ionization

L (1) £ (0) = [ u(vv) (V)= 0(v) £ (V).
A% 3
,u(v,v’) =i, [v,v’,wj )

conserves a number of electrons involved into inelastic
scattering with atoms (here we mind primary electrons—
we do not include secondary electrons, which appear in
ionization in addition):

wo(v)= fd3v',u(v',v)

@ x 4)
= 2njv’2dv’jd€sin Ou; (V,v,c086),
0 0

#(v,v') >0, in general case it is a generalized function,
the kernel of linear operator. This operator has a physical
sense of generator of the electron source density by its
distribution function—for electrons, which suffer one-
time inelastic scattering from initial velocity v’ (second
argument) to final infinitesimal domain of velocity in
neighborhood of v . The property of the energy dissipa-
tion in inelastic scatterings on non-exited atoms puts a
restriction

2 2
+& >—

mn

2e 2e

m\

u(v,v')=0at , &, >0. Q)
¢, 1s the smallest of the energy thresholds for inelas-
tic processes, eV. On physical reasons ¢, >¢, be-
cause atomic ionization energy always exceeding excita-
tion energy of any level from discrete energy spectrum.
It follows from restriction (5) that integration in (4)
could be narrowed to the ball

w(v)= J dVu(v',v)
mev’2 m(,v2
2e < 2e ~Ein
V(v) n
=2n I v’zdv’jdﬁsin Ou, (v’, v, C0S 9),
0 0

Copyright © 2012 SciRes.

2e
viv)= v -2¢
(v)=.|v megm

from which follows that the average rate @(v) of ine-
lastic processes for electron with velocity v has lower
energy threshold ¢,,, namely, @(v)=0 at

m,v’ [(2¢)< ¢, . We consider the function w(v) be
continuous.

E(r)=—-Ve(r) is an electric field defined in the
domain € . Choose the reference level of electric poten-
tial ¢(r) so that it would have non-positive values only,
and maximum of potential value in the closing Q
would be equal to zero. Then the minimal value

mm{(p(r)} =-U. U usually coincides with a voltage
reQ

of discharge.

Let us define, that the local maximum of electric po-
tential on the closing Q is non-empty closed connected
set M:reM, McQ having properties: if the point
I, € M has chosen, then 1) for any other point r e M
(if it exists) the equality ¢(r)=¢(r,) is true, 2) for
some O >0 there existsa O -neighborhood
5y :Vr'es, :AreM:|r'—r|<5, ¢(r')<e(r,). Here
generality quantifier V designates “for any”, existence
quantifier 3 designates “there exists”. The local mini-
mum we define in analogy, by changing sign “less” (<) to
sign “more” (>) in last inequality.

Because the local maximum of the potential is a local
minimum of the electron potential energy, and inelastic
processes occur only at electron kinetic energy exceeding
the threshold value ¢, , it might exist closed domain
with slow electrons in the neighborhood of local maxi-
mum of potential at sufficiently small electron velocity,
the electrons here do not participate inelastic processes,
and thus its total mechanical energy conserves. All such
domains of electron phase space (if they exist) let us join
into a zone of slow electrons:

Define a zone of slow electrons:

E =E (p.6,)=EN O {—¢;(r0(l’)) <eg(r,v)< gp},
p=l1

£, = min[égop,gm]—w(ro(”)),

-o(r),

here ro(” ) is a point of local maximum number p of
potential, dp, is a trap depth, index p=1--,P lists
mutually insolated areas where the inequalities for small
kinetic energy are true (slow electron cannot penetrate
from one area to another through potential barrier).
Define a zone of “fast” electrons as =, =Z\Z_ . The
set Z, 1s an open connected set, so it is a domain.
Openness is obvious, connectedness is provided with

2
m,v

g(r,v) = 2€e
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unrestrictedness of the energy from the topin Z,, .
Any two points (r,v,)eZ,,(r,,v,)eE, could be
connected with piecewise smooth curve inside Z, as

follows: straights C, : {(r;,v,t), 1<t < oo},
C, :{(1,.v,t),1<t <o} belong to E,, because the in-

crease of kinetic energy in the point concerned cannot
transform “fast” electron into slow one. Let be

U = max {—gp (r )} . The hypersurface

reQ

g(r,v) = max{U+2£. g(rl,vl),g(rz,vz )}

in?

belongs to =, atall reQ, because the kinetic energy
in it is not less than 2, everywhere. Connectedness of
this hypersurface is provided by connectedness of Q.
The straights C, and C, cross the hypersurface given,
because total energy is unrestricted along them. So, one
can connect the points of crossing the hypersurface with
third curve because of hypersurface connectedness.

Besides Z=. , we define its subsets

in?

=
in+d0e

=2\, (p,¢, +0),

mn

which distinguish from Z, by that we use overstated
value of the threshold ¢, +d¢, 5¢ >0 in the definition
of Z, (and then =, ) against former threshold ¢, . In
particular, the domain of ionizing electrons

En =E\E,(p,¢,,) we define similarly the domain of
“fast” electrons, a single difference is that minimal en-
ergy of inelastic processes ¢, in the definition we sub-
stitute with ionization energy ¢,,, . Obviously

Ein € &> Bion € EZin . Besides, the subsets of &, ,
which are restricted from the top by energy, we designate
as Z} ., =Z,., {e(r,v)<E}.

The subset of 3D velocity space

veSE, (r):(r,v) ek, m{r :const}

in

let be named a local section of domain =

—

- A local sec-
tion of domain =, either is coincident all velocity
space R’, or it is an exterior of closed ball with velocity
radius, which does not exceeding .|2eg, /m, (slow
electrons from the = are distributed inside the ball).

Let us define natural directions in the point of 6D
phase space (excluding singular points
(r,v):{v=0}n { E(r)= O} ). Their “naturalness” is de-
fined with properties of the operator of the boltzmann
equation, see below.

1) A normal to the hypersurface of energy

{E 52
or ov e

2) A direction of phase flow (phase trajectories of col
collisionless electron motion)
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N, = (v,—i ],
mL’

3) A spatial-like direction having spatial component,
which is orthogonal to the velocity and electric field

NrL :(VX E’O)’

4) A velocity-like direction, having velocity component,
which is orthogonal to the velocity and electric field

N,. :(O,V>< E),

5) A velocity-like direction, which is orthogonal to
N, , having a velocity component, which is orthogonal

to velocity
E.
N, = (0, E-v zvj,
%

6) A direction, which is orthogonal to five ones above

N, z[—(%v4 +mi(E -V)Z] E

e

+(E -v)[":f V2 +miE2jv,(E xv)zv]

e

In the case when vx E =0 the directions (3)-(6) we
define with the use of arbitrary two vectors e,,e, of
3-dimensional Euclidean space, which constitute the or-
thogonal triad with non-zero v or E:

N,, =(e.,0),N,, =(0,e,),
N, =(0,e,), N, =(e,,0).
So defined directions do not consist mutually or-

thogonal set of directions in 6D space (because a scalar
e

product: N,-N , =— (E ><V)2 is not equal to zero

2
m,v

in general case), but they consist a complete basis of di-
rections in (regular) point (r,v) €&, .

Indeed, first four 6D-vectors: N,_,N,,N, ,N,  are
mutually orthogonal (in 6D Euclidean space). If a set of
vectors N_,N,,N, ,N ;N . is linear dependent, then
equality N . =aN, +bN,+cN,  +dN , must be true
at some values of factors a,b,c,d . Taking scalar prod-
ucts N-N_,N,-N,,N.-N ,N,-N  one can find,
that only factor 5 can be non-zero: N , =bN,. But it
is obvious from definition, that vectors N .,N, are not
collinear. This contradiction means that the set
N,,N,,N, ,N ;N . is linear independent.

Let us define a function class f(r,v)e D(E,,). The
functions are simultaneously

1) Finite functions, support of which is belonging to
closing Zi, ofthe domain Z, ;

2) Continuously differentiable along direction N, of
the phase flow;
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3) Twice continuously differentiable on v in local
section Ve SE, (r) along sphere |v|=const;

4) Having its continuous extension and continuous ex-
tension of all listed derivatives into the piece of boundary
0=, N {8Qx R3} of domain Z,;

5) As the problem has no differential operators along
the rest of three directions N,, N , and N, we
guess necessary the continuity of function f in &,
itself, nothing about its derivatives in these directions.

In analogy we define the function classes
D(EW&),D(E:EHJS) and so on, having in mind other
domains of definitions in the item 1).

Let us designate as C(E,),C(E,,4 ) C(Ef;Hér )
classes of finite functions, which are continuous on clos-
ings of domains of their definition.

The operator of electron scattering on atoms of gas

L(v)=L,(v)+L,(v), (6)
also operator of phase flow

Vi_iE(r)i
o m ov

e

for collisionless motion of electron in the electric field

can be considered as acting from D(E,) to C(E,).
Define the generalized function g (r,v;r’,v"),

(r,v;r',v')eE, xE, as a fundamental solution of sta-

tionary boltzmann equation

0

L () 21 ]e =0 -0 )

or m
(7

e
in the domain (r,v)eZ, with a point source in the
right hand side, and satisfying the condition of incom-
plete absorption in the boundary (GQX R’ ) NE, of the
domain Z,,:
reoQ,v-n, <0:

g(r,v;rv') ®)
v ’ ’
= ﬂ[v,;nm}g(r,v—z(v-nm)nm;r V),

here n,, is an external unit 3D normal in the boundary
0Q of the domain Q, F:0< <1 is the reflection
factor for electrons in the boundary of discharge.
Physical sense of the condition of incomplete absorp-
tion is: the boundary 0Q of discharge volume Q ab-
sorbs the part 1—/ of all electrons in average, which
get it, the rest of electrons suffer elastic (“mirror”) reflec-
tion by the boundary. In this way, the cathode—a bound-
ary emitter of electrons—is convenient to simulate as a
given singular source, which is located inside Q, but
arbitrarily close to its real boundary position. This con-
venience can be explained by active feature of cathode as
electron emitter, and passive feature of anode and walls

Copyright © 2012 SciRes.

as electron absorbers and reflectors: the flow of cathode
emission must be given as input data of the problem, but
flows of absorption and reflection can be found only in
result of problem solving.

The subset of functions from D(ZE,,), which satisfy
the absorption condition (8):

reoQ,v-n, <0:

F(r.v)
Vv
—ﬁ(v,;-n@ij(l’,V—Z(vﬂm)nm)’ 0<p<],

let us name D, (E,,).

The question: is not D, (Z,,) empty? - has no answer
in this paper. It is tied with formulation of sufficient con-
ditions for existence of stationary solution, discussed
above. So, we guess here: it is not empty.

If v-ny, <0, then for velocity of electron before re-
flection v'=v-2(V-n,,)n,, we obtain

VN =(V=2(V Ny )Ny ) Ny =—v-nyg, 0.
The proof of the theorem below is main goal of this

paper:

3. The Theorem

A solution of integral equation
s(r)=a(r)+ [&rG,(r.r")s(r"), )
Q

respond s(r), where
Go(r,r’):.{d3va)m (v)g(r,v;r'’,0), (10)

a(r) is an arbitrary function, which is integrable un-
der the Lebesgue sense in Q, g is defined with (7)
and (8), at the condition of existence of generalized solu-
tion g, ofauxiliary equation

L L Lt )0l i)

=5 (r-r)s’(v-v'),

which also satisfying boundary conditions (8), exists and
is unique.

4. The Proof
41. Lemmal

The solution of homogenious equation

(v~i—iE(r)-%—Le,(v)+a)(v)]f(r,v)=0 (11)

or m,

in domain Z,, in the class of functions D, (Z,,) exists
and is unique: £ (r,v)=0.

JMP



1652

4.1.1. The Proof of Lemma 1
An existence of solution is obvious.
Let be U =m%x(—go(r)), and a number E>U has

0
rom,

=in

Make transformations:

H d3rd3v2f(r,v)(v~a——iE(r).a

V. V. GORIN

chosen. Let us construct the domain
g}, =2, n{e(r.v)<E}. Multiply the Equation (11) by
2/(r,v) and integrate over i :

0

1, <v>+w<v>]f<r,v>=o

J'jd3rd3v2f(r,v)(v~§—mi€E(r)-%]f(r,v)—J]d3rd3v2f(r,v)Le, (V) £(r0)+ [[drds2* (r)o () =0,

s 5| O e 0O
I{df‘d\/(gv—m—ea—v

3o

'—z

+2ﬂ d*rd’y

Ein

First two integrals are reduced to integration along the
boundary 6= . It consists of three kinds of sections: 1)
the section, which is conditioned with the boundary of

spatial domain of discharge I',, :(6Q><R3)r\§§1 , 6-

dimensional normal to the boundary is N, =(nx,,0); 2)
the section, which is conditioned with upper boundary of

—E
energy I, = {g(r,v) = E} M Ein, the normal is
O0g O¢ m
N, =% 20 _[E(r), e
: (ar’ang,i ( (r)’evj

[] d*rd*vng -vr? (r,v)

Tan

=

Taq N{Naqv>0}

=

Ta0N{Naq v>0}

= I

Ta0 N{naq v>0}

; 3) the section,

¢=E

drdwng P (rv)+ ]

a0 N{naq v<0}

drdwng 7 (rv)+ ]

T's0M{naqv<0}

d*rd*vn,, -V(l - B (v,

This expression is nonnegative due to the condition of
incomplete absorption (8).
Second integral vanishes in all three sections of the

So, we have
FaqN{naq v>0}

+2J-J. d3rd3v22a)d ( )(

i=1 k=1

Copyright © 2012 SciRes.

E(r)|f J jj d3rd3vz Z

213
d“rd’vn,,

=in

)60 v ) (1)

llvkl Vk

()( v vvk)a—i(r,v)gf (r.v +2Hd3rd3vf (r,v)eo(v)=0.

Vi

“m

which is conditioned with the lower energy thresholds

. . ’ =E
for inelastic processes T, =J {g(r,v) = 6‘p} NEin ,
p=1

which consists of sections of constant energy

o(6:0) =, theomat i N, =( E(1). ")
e

E:é‘p

First integral vanishes in sections I'y and I',, on a
reason of orthogonality of the phase flow to the normal
of the hypersurface of constant energy. In section I',,
it gives the expression

vf2(r,v)

d’rd*n, -vB* (v,%ﬂmjfz (r,V—z(V'nan)naQ)

j]fu

boundary due to orthogonality of the boundary normal to
the vector of flow density (the intergrand here is a diver-
gence of 3D-vector, which is orthogonal to v ).

213 2 v 2
_U d*rd vnm-v(l—/? (V,—;'naQDf (r.v)

) L 2 02 s (5)00) 0

Zin
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In order that sum of three integrals with continuous
nonnegative integrands be equal to zero it is necessary
that every of integrands be equal to zero in all points of
the domain of integration. Taking into account the condi-
tion of incomplete absorption in first integral and posi-
tiveness of average rate of elastic collisions @, (v) at
nonzero velocity, we obtain

FA(rv)=0,(r,v)el,,, =1, (12)
3 3 2_ i i _
;;(@kv v,vk)aVi(r,v)aVk(r,v) 0, 13
(rv)ez,,

fz(r,v)a)(v)zo,(r,v)eEiF;,. (14)

The equality (12) means, that f(r,v) vanishes in the
section I',, at any velocity (if total reflection is absent
B#1). The equality (13) means that inside = the

function f(r,v) is not dependent of the velocity direc-
tion:

f(rv)=7(r’). (15)

The equality (14) demands f(r,v) to vanish every-
where in Z] , where the average rate of inelastic proc-

esses @(v)=0: f(r,v)=0,(r,v)e (E,F;l \{a)(v) = 0})
But the subset of low kinetic energies
(r,v)e(Efnm{meVZ/(ze)ggm}), where o(v)=0, is

not empty and it needs additional investigation (it in-
cludes “fast” electrons having low kinetic energy, but

total mechanical energy sufficient for inelastic processes).

Substitution the expression (15) into Equation (11) for
the subset mentioned with a)(v) =0 gives

0 0| 2
(V.a_iE(r)-EJf(r,v 0. a6

or

1) Guess primarily that v = 0. Because the direction
of the vector v is arbitrary, we have

0 - 2\ 0@, \2e O - 2
p= F(rv)+ - (r)me — f(rv?)=0. (7
Let us choose some point r=r, inthe Q and arbi-
trary smooth curve in the set
®(u):red®(u):@(r)=p(r,)=—u , which originates
from this point. Because the set <D(u) is not necessary
to be connected, not any two of points in it could be con-

nected with curve in general. Let us name all points of

Copyright © 2012 SciRes.

the set @, (u):re®,(u)< ®(u), which one can con-
nect by a curve with the point r =r,, a connected com-
ponent of the set ®(u). At every value u,0<u<U
we get some integer P =P(u), P=1,2,-- of connected
components of the set ®(u), at that ®(u) can be
presented as a sum of its non-crossing connected com-
ponents:

C~

O(u)=UD,(u),®,(u)n®, (u)=C,p*q.

1

=
I

The sets @, (u), defined here, are 2D surfaces—
boundaries of 3-dimensional body, which could be de-
fined with equation —w(r) <u (or equation for “addi-
tional body” —¢(r)>u ). If one suggests w—o(r)=u,
then from inequality w>0 it follows the equation for
the body mentioned. The body is the domain of 3-di-
mensional space, where the electron can be arranged
having total energy u . In presence of local minimums of
potential, this domain becomes many-connected, but its
addendum would be unconnected set. In presence of lo-
cal maximums of potential—vice versa: electron can be
situated in one of “potential pits” and it cannot jump over
into other “pit”.

Let us fix v = const . Multiplying the Equation (17)
by 3D vector |=1 (r) tangential to the curve in
(D1(_¢7(ro)) at given point I, we obtain that the de-
rivative along the curve I-(6f /6r) =0, therefore func-
tion f r,vz) has constant value in the connected com-
ponent @, (—p(r,)) of theset ®(—p(r,)).

Now let us choose other curve C:r=c(u), which
issues from point r=r, such that electric potential
gp(r) be only increasing (or only decreasing) along it.
The parameter of the curve can be chosen as u =—¢(r)
Any point r of this curve belongs to one of connected
components of the set d)(—(p(r)), the suffix p could
be regarded as fixed, for example, as equal to unit. The
curve can be prolonged upward (downward) the electric
potential as far as local maximum (local minimum) of the
potential has reached.

Let us name a connectedness domain of electric poten-
tial the set

Q, =Jo,(-o(r))
reC

Here the curve C is meant as the longest. If two of
such curves connect the same pair of local maximum and

local minimum of potential, they define identical set
Q

.-
Indeed, suppose contrary: for such curves C, and
C, exists a value u':u,, <u'<u, of parameter, for
which corresponding points of curves belong two differ-
ent connected components of potential:

¢, (u)ed (u'), c,(u')ed,(u'). If we start from
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point of local maximum of potential
ly =C, (upy ) =C, (1, ) » the 3D spatial body
{r:u,, <-p(r)<u’} would be a connected body, hav-

ing not less than two disconnected pieces of its boundary:
{red («')} and {red,(u')}. So, the additional set

{r:u'<-p(r)<u,,} isdisconnected set, consisting of

two insolated bodies, with boundaries @, (u') and
@, (u') . Therefore, the curve C, ends inside @, (u'),
but the curve C, ends inside @, (u’), so curves could
not come to a single local minimum of potential. From
this contradiction it follows that points

¢ (u),c, (u); uy, <u<u,, of both curves always be-
long to the same connected component of potential.

So, a connectedness domain of electric potential is de-
fined with pair of local minimum and local maximum of
potential, and does not depend on a choice of connecting
curve. It should be mentioned that not every pair defines
a connectedness domain.

Choosing arbitrary pairs, which can be connected with
some curve, having monotonically changed potential
along it, one can get different connectedness domains of
the potential, which can cross each other, but no one can
be arranged inside another entirely. The feature of a con-
nectedness domain is to have single local minimum and
single local maximum of electric potential. In the con-
nectedness domain of potential at fixed value of the ve-
locity the function f (r,vz) has identical value where
the potential is identical, therefore the dependence of
function on coordinates takes place through the potential
only:

In 6-dimensional phase space the connectedness do-
mains of the potential originate open sets
(Qc xR3)mE§1 , which are connected in a sense of
curves in this space (it can be proved in analogy of con-
nectedness of Z! or E, ). These 6-dimensional do-
mains we name connectedness domains of the potential
also. For the connectedness domain of the potential the

equation (17) can be rewritten as:

Z—f(r)[%f(¢,w)+%f(¢,w)} _0.

1.1) Where electric field is not vanish, we have

o - 0 B
af(¢,W)+%f(¢,W)—o

f(o.w)=2(w-9),
here y is any arbitrary-differentiable function. With

Copyright © 2012 SciRes.

the use of (15), in the connectedness domain of the po-
tential at v #0 we obtain:

f(r’V):f(r’Vz):Z(mze:Z _q)(r)J (18)
= z(&(r.v)).

1.2) The set of singular points {r : E(r):O} is a
closed set. Consider any its connected component. Ob-
viously, the potential has constant value along it. The

Equation (17) gives a%f(r,vz)=0, which means a

dependence on one scalar value v’ only. It does not
contradict the expression (18), therefore this expression
can be extended into the set of singular points of electric
potential mentioned, if such exist.

Function f is a continuous function, so, if two dif-
ferent connectedness domains of the potential cross each
other at some value of total energy ¢, the values y(¢)
of appropriate functions are equal. The exception is a
case when the set {5 r,V):const} consists of non-
connected subsets of =, in this case values of y(¢)
in different subsets can differ at the same value of total

energy ¢.
E

Thus, all solutions of Equation (11) on E; at v=0
exhaust with functions
S(rv)=7,(e(rv)),
V2 19)
£(rv)="2—p(r).g=1-.0(¢).

where O is a number of connected components of hy-
persurface of constant energy. This number can differ the
number P of connected components of the potential:
O(u)# P(u),0<u<U, because connected components
of equal potential —gp(r) =u are divided by presence of
both local minimums and local maximums of the poten-
tial, but connected components of constant energy
(r,v)=const are divided by presence of local maxi-
mums of potential only. This difference is stipulated by
non-negatively defined kinetic energy. If O >1, there
exists several local maximums of potential-minimums of
potential energy of the electron. Obviously, the number
O of connected components of hypersurface of constant
energy cannot exceed the number of local maximums of
potential.

For some value of total energy g,¢ > ¢, choose
any of connected components of set {g(r,v) =g } , such
one, that its crossing with Z! is not empty (it means
that the electron, which is arranged over given “potential
pit”, has the kinetic energy in some place, which exceeds
the threshold of inelastic processes &, ). In the point
ro(q) of local minimum of the electron potential energy
we have g(ro("),v) >&,—Q ro(q) , or, other way to say,
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my’[(2¢)> &, , therefore here w(v)>0. Because of
continuity, there exists a neighborhood of the point ro(q)
in the connected component of energy hypersurface
given, in which everywhere ®(v)>0, and therefore
f(r,v)=0 (in account of (14)). The union of all such
neighborhoods of the point ro(") bounds with the set, on
which @(v)=0, where the statement (19) is true. The
continuity of f at this boundary means that

7,(£)=0. So, the statement (19) extends the lemma
condition onto the set of low kinetic energies

(r,v)e (Ei A {my? [(2¢) < gin}),

where a)(v) =0, because this set is reachable along the
hypersurface of constant energy from the points of high
kinetic energy. Thus, the lemma condition is true in the
set =, \{v=0}.

2) The set =, N{v=0} is a boundary set for open
set =, \{v=0}. Since the solution of Equation (11) is
seeking on the class of continuous functions, the state-
ment (19) can be extended on zero values of the velocity
by passage to the limit, in result of which one extends the
lemma condition onto whole set = .

3) Since the choice of upper limit of the energy
e(r,v)=E fortheset =} isnotbounded from the top
with any condition, for any point (r,v)eZE, one can

find such E , that this point would belong to the set =

mn
also, therefore the lemma condition is extended onto
whole set =, .

The lemma is proved.

4.1.2. The Remark

The domain of uniqueness of zero solution of homoge-
neous Equation (11) can be extended into zone =, of
slow electrons along those hypersurfaces of constant en-
ergy, which cross the boundary o= . It follows from the
fact, that (12) at ##1 one can obtain by integration
over Z_ also. Therefore the condition of absorption
makes zero solution unique also in those potential pits,
where absorbing walls of the device are present. So, the
zone of absence of uniqueness remains the pits, which
are insolated from the walls, on the bottom of which in-
definite amount of slow electrons could present.

It is clear from physical sense that accumulation of
slow electrons in the insolated pit reduces positive spatial
charge of the pit, in result of which the pit vanishes. Be-
sides, the motion of slow electrons should satisfy another
kinetic equation with non-linear integral of their mutual
collisions, which leads to maxwellization of their distri-
bution. But the consideration of back influence of the
electron distribution on the electric field, also the kinetics
of slow electrons, does not include into subject of this

paper.
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4.1.3. The Conjugate Equation
Let f ( r,V) e D, (Ei) . Multiply non-homogeneous equa-
tion

(20)

on arbitrary function 7 ( r,v) eD (Ei) and integrate
over the domain E :
[[d*rd*va(r,v)

-

=in

L e L L) | ()

0
= ﬂ. d3rd3vh(r,v)s1 (r,v).

Making integration by parts in the left hand side of the
equation, we obtain:

ﬂ d’rd*vn, Vi (r,v) f(r,v)

L)
+[[drdvf (r.v)

=in

0 e 0 @D
v 2 Le)Lon, ol iy
= [[&rd*vh(r.v)s (r.v).
Designate:
0 e 0
D, :V.E_m_eE(r).E—Ld (V)+o(v), (22)
VRN -y P L
D} =—v 8r+m(, E(r) = L,(V)+ao(v). (23)

From the obtained equality (21) it is apparently that if
function % satisfies conjugate homogeneous equation

Dih(r,v)=0, 24)
also the “conjugate” condition of incomplete absorption:
reoQ,v-ng, =0:
h(r.v)= ﬂ(v,—%- nmjh(r,v ~2(V-ng )N )s (25)
0<p<1

(in which a sign of scalar product of the velocity on the
normal is opposite to that was in (8)), then the left hand
side of the equality, in account of transformations
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J_[ (12rd3v|’]aQ 'Vh(l',V)f(r,v) _ J.J,

T I'aaN{nan v>0}

-

FanN{nag v>0}

.l

I'a0M{Naq v<0}

=

Ta0N{naq v>0}

-l

To0 N {naq v>0}

vanishes, and consequently, the condition of the or-
thogonality of the right hand side of (20) to all solutions
of the homogeneous problem (24), (25) becomes the
condition of solvability of the Equation (20) (the Fred-
holm condition). But for this problem the next lemma is
true:

4.2. Lemma 2

The unique solution of conjugate homogeneous equation
(24) at “conjugate” condition of incomplete absorption
(25) on class of functions A (r,v)e D(EZ) is
h(r,v)=0.

The Proof
is completely analogues to the proof of the lemma 1.

4.3. Lemma 3

Generalized function
g (rv;r' v, (rvrv)eE, xE

n in?®

which satisfies the equations:

0 0
L) Lo ()
=8 (r-r)s’ (v—-v'),
(26)
OBl (V) + o
(—V ar'+meE(r) aV, Lel(v)+a)(v)j (27)

g (rvirv)=6(r-r")s* (v-v')
and the conditions of incomplete absorption:
(reoQ,v-n,, <0):
g (r,v;rv) (28)

v
= ﬂ(v,;- nmjg1 (rv=2(v-ng)ng:r.v'),

Copyright © 2012 SciRes.

d>rd’vn, -vh(r,v) f(r,v)+ H

d>rd’vn, -vh(r,v) f(r.v)

T'a0N{Naq v<0}

d*rdvn,, -V,B(v,—!-nmjh(r,v—z(v-nm)nm)f(r,v)
1%
d*rd*vn, -vh(r,v)ﬁ(v,x- nm]f(r,v—z(v-nm)nm)
1%
d*rdvn,, ~V,B(v,—1-nmjh(r,v—z(wnm)nm)f(r,v)
v

d*rd v -VA(r,v=2(v-ny, ) ny, )ﬂ(v,—x- nmjf(r,v) =0,
v

(r'eoQ,v'-n,, >0):
g (r,v;r,v') (29)

!
= ﬁ’(v',—%- nmjgl (rvr v =2(v-ng)ng).

if it exists, is unique. The support of the function belongs
to the set

(B, xE,)n{e(r.v)=¢(r'v)}.

Physical sense of the lemma: the electron, which ap-
pears in some point r' having the velocity v', con-
serves its total energy during its motion as long as it
leaves the energy hypersurface in result of the act of ine-
lastic collision or absorption with a wall.

The Equation (26) and conjugate Equation (27), also
the conditions of incomplete absorption (28) and (29),
right and “conjugate”, are interrelated: one of them fol-
lows from another. Indeed, let us write down the equa-
tion (20) with arbitrary right hand side in the operator
form: D, f =s,. The Equations (26) and (27) in that
form take a view: D g =1, D'g =1 (here I is
identical operator, g, and g, designate linear integral
operators with the kernel g (r,v;r’,v’) and the kernel
conjugated). Let us multiply (26) from the right on s,
then obtain: D, g;s, =s, , from which it follows
f =g, . Now let us multiply (20) from the left on g,
and obtain: gD, f =gs, =f . Because of f one can
consider an arbitrary function (which satisfies a condition
of differentiability and the conditions of incomplete ab-
sorption in the boundary), from the expression obtained it
follows & D, =1, which is identical to (27). Conse-
quently from (26) it follows (27). And back, from (27) it
follows: &D, =1, &D,f=f, and then with account
of (20): g5, =f, Dgs =D, f=s,, from which, be-
cause of arbitrariness of s,, we obtain D, g, =1 .

The Proof
Existence and uniqueness. The Equation (26) is equiva-
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lent to the operator equation D, g, = I, and the equation
(27) the operator equation D;g" =1 , or, that is the same,
to the equation gD, = I; in the aggregate they are
equivalent to existence of the reciprocal operator
&, =D;', or to existence and uniqueness classical (not
generalized) solution of the Equation (20) at an arbitrary
continuous right hand side. For existence of a solution of
non-homogeneous Equation (20) at the boundary condi-
tions of incomplete absorption it is necessary the or-
thogonality of the right hand side of the equation to all
non-zero solutions of conjugate homogeneous equation
(24) at “conjugate” condition of incomplete absorption
(25). By lemma 2 it was proved that such solutions do
not exist, thus right hand side of (20) has no additional
restrictions. As mentioned above, the formulation of suf-
ficient conditions of existence of solution of the equation
(20) is not an easy problem, so we do not consider it
here.

For uniqueness of solution of non-homogeneous Equa-
tion (20) it is necessary and sufficient, that the homoge-
neous Equation (11) would have unique solution (equal
to zero). The last was proved by lemma 1.

The support of g, . The proof of the lemma 1 (also the
lemma 2) remains true in that case, if from the set =,
one excludes any layer { <&(r,v)<s,|. At that, it is
not necessary to put any boundary condition in the
boundary of the layer, because the vector field of phase
flow is tangential to the boundary in any point, and the
flux through the boundary from appropriate integral
terms vanishes. In result, the equalities (13) and (14) be-
come true again, and the proof of lemma 1 and lemma 2
for the set =, \{g1 Sg(r,v)ng} is carried out in
analogy to made above.

Let

1
C, eXp(rz—l)’|r|<1;

0,

1 -1
C, :U4nr2 exp( 21 jdrj
v r-—1

be the normalized “cap” [15]. Build a sequence of “caps”,
which are convergent to the delta-function of right hand
side of (26) or (27):

n, (r.v;r' V) =n'n(n(r=r"))n(n(v-v")).

(Here the convergence treats in a sense of weak con-
vergence of linear functional, see [16].) The support of
any “cap” is concentrated in the right product of balls

suppr, = {|r —r'|<1/n}x{jv-v|<1/n}.

At fixed r',v' consider the equation D,f, =7, re-
spond the unknown f,. Because of continuity of the

n(r)=

>1.

r

Copyright © 2012 SciRes.

function &(r,v) on its variables, for any J¢>0 one
can find such number #,, to begin from which it is true
the estimation for the energy:

|g(r,v)—5(r’,v’)| <&, (r,v)esuppn,, n>n

If now one chooses & =¢&(r',v')-de,
& =¢(r',v')+de, than we obtain that the equation
D,f,=n, on the set E,\{g <&(r,v)<e,} is homo-
geneous: D, f, =0. Because of lemma 1 it has here sin-
gle solution - zero. Hence, the support of the solution of
the equation D, f, =7, belongs to the set
E,n{e <e(r.v)<e,}. Because 5z could be chosen
arbitrarily small, the support of (generalized) function
f=lim f, (weak limit) belongs to the crossing of all
such"sets, namely, to the set Z, m{g(r,v):g(r’,v’)}
(at fixed r',v"). Now if one fixes r,v and consider in
analogy the conjugate equation D/h, =7,, one, using
lemma 2, comes to analogues result respond variables
r',v’. Therefore the support of generalized function g,
belongs to the set (Z,, xZ,, )N {e(r,v)=¢(rv')}.

The lemma is proved.

4.4, Lemma4
The solution g(r,v;r',v") of the Equation (7)
a € a 3 ' 3 ’
L _fEmZg — 5 (r=r)& (v-
L () 2ot |e =0 ()0 v-v)

in the class of generalized functions on the set
(r,v;r',v')e &, xE,,, at the boundary conditions of in-
complete absorption (8), in a condition of existence of
the function g (r,v;r',v') (see lemma 3), exists, is

unique and has a property:
g(r,v;r’,v’):o at g(r,v)>g(r’,v’). (30)

Physical sense of inequality (30): the electron, which
has arisen in glow discharge in the phase point r',v’ at
the energy £(r’,v’), can not gain more energy in the
process of motion under elastic and inelastic scattering
on “motionless” atoms of gas, because inelastic proc-
esses make its mechanics of motion dissipative.

4.4.1. The Proof
Rewrite the Equation (7) in the form

L) Lt ) olo) (i)

or m,
- J'd3v”y(v,v")g(r,v”; r'v)+38° (r=r)s’ (v-v).

Because of property (5), if a point (r,v)eE, , then
point (r,v")eZ, (otherwise the factor x vanishes).
Using the superposition principle [15] p. 195, let us rep-
resent the solution of Equation (7) as a sum of solutions
with elementary sources from (26). It enables to repre-
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sent the Equation (7) in integral form

g(r,V; r”V!) — J'J' d3rmd3vwg1 (r vir"” VW)

(_[d3v,u v V) g (rm Ve v)
£2 (1" r)5 ()
or
g(r.v;r,v')
= [[dr"dvg, (rv;r" v ) [dV (v v") g (1 v V')
+g (rv;r,v).

Because of property (5) one can change the order of
integration by the velocities v",v" :

g(r,v;r'v')
— jjd3 nd3 V!IdSV!!rgl r V;I’",V"')
u(V" V) g (rm Ve v )+ g (v,

Due to (5) the integration here is made over set

R3 mEVWZ - mevﬂz .
2e 2e my

From structure of this set we have inequality:

(rN’vm;Vﬂ) E

Vn2 > VmQ

2e .
+=—¢g, >v" so,if (r"

me mn
(r",v")eE, also. This makes it possible to change the
order of integration mentioned.

We obtained the integral equation

g(rv;r,v)

v")e&, than

in

_ J'J' d3l""d3V”K(r,V; r",V”)g(r",V”; I",V') (31)
+g1 (I’,V;I",V'),
where
K(rv;rmv") = [dv"g (rvr,v") u(v.v").  (32)
Using (5), we obtain:

K(r,v;r"v")

= 2 2
2e 2e

From the lemma 3 for the function g, and from the
property of energy dissipation (5) it follows that the sup-
port of function K (by variables r,v) can be arranged
only at

d3vﬂ/g1 (I’,V;I‘",V”’)y(v'" v )

Ein

e(rv)=e(r'v")<e(r',v')-e,,

Copyright © 2012 SciRes.

from which we have:

K(r,v;r',v')=0 at e(r,v)>e(r',v)-g,. (33)

Physical sense: the operator

Kf (r,v) ”'d3 VK (rvir V) F(rV) (34)

Ein

reduces the energy of electrons not less than the value

g, of minimal energy of all inelastic processes: if func-

tion f(r,v) has a support restricted by energy, which

belongs to the set 2, n{z(r,v) <&}, then the support

of the function Kf (r,v) must belong to the set

E,n{e(rv)<eg-g,}.
Let [,(r,v)=L(r,v)eE,;I,(r,v)=0,(r,

be an indicator of the set =,,. The operator

K:D,(Z, )= D,(E,) one can present as a product of

two operators:

K=gup:D,(2,)=C(E,).&:C(E,)=>D(E,),

V) E Ein

where
af(r,v)
r,v).[d3r’53 (r- r’)jd%'y(v,v’)f(r’,v').

Q

:[in(

The indicator of set =, is included to avoid consid-
eration of zone =, of slow electrons (the process of
transformation “fast” electrons into slow ones is not in-
teresting for the problem stated). Because the function
feD,(8,) is finite, its support is restricted by energy
with the value &(r,v)<g, , therefore the function
s,(r.,v)=af(r,v) is finite also, for its support the
inequality &(r,v)<e —¢g, is true.

The operator K acts into the same manifold of func-
tions, on which it is defined, so there exist powers of the
operator K> = KK, K* = KKK, and so on.

In the operator form (where the names of integral op-
erators correspond to its kemels) the equation (31) takes
form: g= Kg +g,, or (I K ) g=2g,. Its formal solu-
tion is the Neumann series:

g=(1-K) & :(ZKjg

However, because the energy is restricted from the
bottom, but every action of the operator K reduces the
energy of electron not less than &, , so an operator
K"g, vanishes on functions of the class C(Ei) at
n>E/g, , other to say, the operator K is nilpotent
on functions, which support is restricted from energy top
with energy E, the index of nilpotency is equal to
n=[E/¢,]+1 (here the brackets designate integral part
of number: [3.14] = 3). Thus the series has finite number

of summands:

JMP



V. V. GORIN 1659

§=(Zk"]gl, N=[e(r V) e ] B9

Existence and uniqueness of g(r,v;r’,v') are con-
sequences of those for kernels g, and K, which are
included into formula for the operator, and unambiguity
of finite number of operations in it. Since there is no
summands, which increase initial energy of electron
g(r’,v’) (which electron had before first act of inelastic
scattering), then g(r,v;r',v')=0 at
g(r,v) > g(r’,v’) .

Because of arbitrary choice of upper boundary of en-
ergy in limits of the domain of “fast” electrons the state-
ment of the lemma can be extended into whole set
(r,v;r',v')eg, xg,,.

The lemma is proved.

4.4.2. Normalized Spaces
In manifolds D,(Z,,) and C(E,) one can introduce
the norm of space L, in such way:

seC(E,):|s]= J d3rd3v|s(r,v)|,

f € Do (Em ) : "f" = "le": le € C(Ein )

Such definition of the norm is convenient in the sense
that the norms of the operator D, and its reverse opera-
tor g, are equal to unit, and they turn out to be re-
stricted and continuous automatically. These norms have
physical sense: they are equal to the total flow of “fast”
electrons from non-negative distributed source in all
volume of discharge. In this way, the norm of the opera-
tor 4 is equal to the norm of the operator K= 97,
and it does not exceed unit, because of conservation of
flow of electrons, which undergo inelastic scattering. In
sequence, the operators 4 and K are restricted and
continuous also.

However, the other norm | f] = _[ d3rd3v|f(r,v)|
could have physical sense for the space D, (E,,) also,
at non-negative f it coincides with (average) total
number of “fast” electrons in the discharge volume. But
if such norm to use, the operator g, can be unrestricted
on C (Em ) . Indeed, let an electron potential energy “pit”
exists in the discharge volume, which has a bottom
&=&Ey,, a depth Op, > ¢, and does not border with
walls of discharge volume. Then for Equation (20) there
is a solution

f(rv)=z,(e(r.v)),
supp 7, e{gl.n S(s—gmm)séwp},

Df=o(v)z,(s(r.v))=s(r.v).
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Obviously, one can build a sequence of functions

. (&)=n {(n+1)(5—5mm)—ngm -6p, J,

2‘/[7 5(0;1 - 6‘in

n,(x)quexp( 21 J,—1<x<l; m(x)=0,x>1;

x° -1

c-{javen( )]

which weakly converges to §(&—¢,, —¢,); at that
way the norm “number of particles” would converge to
(n)

Sy

finite positive limit, but in the same time the flow ‘

of the electrons, which undergo inelastic scattering,
would tend to zero because of factor (v). If now one
builds new sequence from previous one, in which every
(n)

S ,

term of initial sequence is divided on the number ‘

then now for every term of new sequence the flow is
equal to unit, and in the same time “the number of parti-
cles” would increase unrestrictedly.

Nevertheless, in the norm “number of particles” for
functions from D, the operator g, would be restricted
on manifolds C(Z,,, ), 8 >0, and, in particular, on
C(Z,,). Unrestrictedness of g, on the whole C(Z,,)
is tied with increase of concentration of “fast” electrons
in bringing near to zone of slow electrons, because of
necessity of the flow conservation in a stationary prob-
lem, though the rate a)(v) of inelastic processes tends
to zero in reaching the boundary of division of “fast” and
slow electrons. As mentioned above, the gaining of elec-
trons in the pit must lead to “deformation” of the pit itself
and to formation the configuration of electric field of
discharge, which does not enable too high concentrations
of electrons.

4.5. Lemma 5
The operator G, :s,(r)= fd3r'G0 (r,r')s(r") is defined
Q

identically and has properties:
1) Shrinking of a support: if a support of non-negative
function s(r) belongs to the set

Q. =Qn {—(p(r) < u} , then the support of the nonnega-
tive function s, (r)=G,s(r) belongs to the set
Qus, =QN{-p(r)<u-s,,},

~ion on

and the enclosure Q,_ < Q, is true.

2) Nilpotency: since the potential energy is restricted
from the top and bottom, there exists positive integer
power M of the operator éo, which turns any function
s(r), reQ, integrable on Q, identically into zero:
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(G,)" s(r)=0.

The Proof
Unambiguity. On the definition

G,(r.r') =[dva,, (v)g(r.v:r’,0).

Though unambiguity of definition of the function
g(r,v;r',0) at fixed r’' is guaranteed by lemma 4
only in the domain (r,v)eZ, for “fast” electrons, the
integration by velocities in zone Z  of slow electrons
does not contribute, because first factor in the integral,
the rate of ionization @, (v), is equal to zero in zone
Z, (because of (1)). Therefore function G,(r,r') is
defined identically.

1) From lemma 4 it follows, that g(r,v;r’,0)=0 at

mv?

e

2e

—o(r)>—-p(r"), other to say, non-zero values of

2

mzez <o(r)-¢(r'). But, due

g are possible only at

to property (1), to provide the factor @, (v) not to van-

. .- . m\N
ish it is necessary, that the condition ¢, < 28 be

e
2

true, from which follows ¢,, < mze_v <o(r)-o(r'), or
e
—p(r)<-p(r')-¢,, . It means that
G,(r,r)=0at—p(r)>—-p(r')-¢,,. (36)

Since the support of the function s(r') belongs to the
set Q. =Qm{—¢)(r’)§u} , than from (36) it follows,
that non-zero values of s (r) are possible only at
-p(r)<-p(r')-¢,, <u-g¢,,, other to say, the support
of the function s, (r) belongsto -, . The enclosure
Q cQ, is obvious because of positive value of

U=Eion
ionization threshold ¢, .

The statement a) is proved.

2) Since the electric potential in a gas discharge device
is restricted from top and bottom, statement 2) is true at
M = [U/g. ]+1, where U :qu{—q)(r)} .

won
reQ

The lemma is proved.

4.6. The Proof of the Theorem

The Equation (9) in operator form takes a view:
s(r)=a(r)+Gys(r), or (I-G,)s(r)=a(r). Formal
solution is given by the Neumann series:

s(r)=(1-6,)" a(r):(gég’]a(r).

However, because of nilpotency of the operator GO ,
which was proved in the lemma 5, this series has only
finite number of summands:
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M
s(r):(ZGg’ja(r),M:[U/gion]. 37)
m=0

The Formula (37) obtained defines identically the so-
lution of the Equation (9), and thus it proves an existence
of the solution (at the condition of existence of solution
the Equation (26)) and its uniqueness.

The theorem is proved.

5. Discussion of Results and Conclusions

In the proof of the uniqueness theorem for solution of
Equation (9) there are built many of useful constructions
and formulae. All of them have clear physical sense and
enable to understand a structure of non-local electron
avalanche, which forms configuration of non-local
source of ionization in glow discharge and hollow cath-
ode.

First of all, one manages to understand that an ele-
mentary source of “fast” electrons, which can be re-
garded as localized in some point of 6D phase space,
supplies electrons into hypersurface of constant energy,
which the source point belongs to. The elastic collisions
with atoms do not change significantly the electron en-
ergy because of slow velocity of atoms in comparison
with typical velocities of “fast” electrons and small mass
of electrons, so elastic scattering can be regarded as con-
serving the electron energy. Thus, the auxiliary differen-
tial Equation (26) with appropriate boundary conditions
defines the distribution g, of electrons from a point
source, which did not suffer inelastic scattering and wall
absorption as yet. This stationary solution might exist, if
a point source of electrons is balanced with distributed
electron losses in inelastic scattering and wall absorption.
The distribution g, has monochromatic energy spec-
trum (everywhere here we mean total mechanical energy

2—;o(r).

The inelastic losses of energy generate a source of
electrons having lower energy than primary ones had,
this process is described with operation s, = fig,. The
distribution g, of lower energy electrons gives opera-
tion g, = Kg, . If distribution g, describes “fast” elec-
trons, they are able to loose its energy again: g, = Ieg2 ,
and so on.

If one guesses that only some finite number of energy
transformations are significant among all inelastic proc-
esses (for example, excitation of atom from ground state
to first exited level, and its ionization from ground state
to the bottom of electron continuous energy spectrum),
the operator g would consist of finite number of
monochromatic summands, having as factors the delta-
functions of appropriate energy changes. Then primary
point source generates discrete spectrum of energies for

m,y
e(r,v)= oo
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inelastically scattered electrons. The generalized function
g represents an electron distribution, which is generated
by the point source (g does not include the distribution
of ionization product-secondary electrons, born in ioni-
zation). The Formula (35) illustrates the structure of g .

Other hand, among inelastic processes there are pre-
sent ionization processes, which generate secondary elec-
trons—product of ionization. Primary energy of secon-
dary electron (in assumption of its slow starting velocity,
which we neglect) depends not on energy level of pri-
mary electron, but on value of electric potential in the
spatial point of their birth. The potential changes con-
tinuously along hypersurface of constant energy for pri-
mary electron, so secondary electrons, starting with zero
velocity, would have continuous spectrum of energy. If
secondary electron is “fast”, it generates its own discrete
spectrum, but taken they all together, their spectrum
would be continuous. The equation in the introduction of
the paper (obtained in [12] by V. V. Gorin) represents the
source of ionization s(r) as a sum of contribution of
electrons from the cathode, and contribution of secon-
dary electrons from discharge volume. First are primarily
monochromatic, after inelastic action they are distributed
on some discrete spectrum, so the first summand has
discrete energy spectrum. In second summand we see the
integration inside discharge volume over r'. As poten-
tial energy of the electron changes continuously in this
integration, and secondary electrons supposed to be born
with negligible kinetic energy, electron energy in a
source s(r') changes continuously, and, though the
kernel G, (r,r’) at fixed r’ would give discrete spec-
trum (see definition (10)), the averaging on r’ gives
continuous energy spectrum of ionization with secondary
electrons. So, the non-local ionization source has both
discrete and continuous energy spectrum that was found
earlier by other authors [18]. Formula for distribution
function, obtained in [12]:

fo(rv)= [ &rg(r.v;r,0)j,(r')
aQ
+Id3r’g(r,v;r',0)s(r')
Q

has analogues structure: first summand, from cathode
electrons, has discrete energy spectrum due to constant
value of potential along the cathode and discrete spec-
trum of the point source; second summand has continu-
ous spectrum due to averaging in the integral over all
discharge volume.

Final Formula (37) for a source of ionization demon-
strates a structure of non-local avalanche: operators
éé”, m=1,--,M. increase primary ionization source.
Other words, one primary electron ionizes in average
some number of atoms, some of secondary electrons are
“fast”, and they, in their turn, ionize some number of

Copyright © 2012 SciRes.

atoms in addition, and so on, as long as no “fast” elec-
trons appear (at m = M ). Mathematically it means: the
norm of operators Gg” >0, m=1,---,M , so, the norm
of operator

M ~
m
2.6
m=0

G Grl>1LM =[U/e,,]

> ‘
m=0

Here general inequality for norms is substituted with
equality, because all operator summands are non-nega-
tive and act on non-negative source functions. When
“more than unit” (>1) can be substituted with “much
more than unit” (>1), the primary ionization source
(first summand of series in (37) at m =0) could be very
small in comparison with all sum, this is named “ava-
lanche”. As distinct from the Townsend local avalanche,
where increase of number of electrons occurs along one
of spatial coordinates in the direction opposite to electric
field, the increase in the non-local avalanche is not spa-
tial, but rather energetic one. It is a reason why the light
of hollow cathode looks like very uniform.

M
:1+;‘
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