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ABSTRACT

We present a study of the so called relaxed field equations of general relativity in terms of a decomposition of the met-
ric; which is designed to deal with the notion of particles. Several known results are generalized to a coordinate free
covariant discussion. We apply our techniques to the study of a particle up to second order.

Keywords: General Relativity; Approximation Methods; Particles

1. Introduction

The notion of particle is fundamental to the Newtonian
mechanics framework; in fact, this whole theoretical
framework can be constructed in terms of the notion of
test particles and massive particles. It is then natural to
ask whether this notion can be translated to other frame-
works, as is general relativity.

Within general relativity one understands Newtonian
mechanics as the limit of weak field and slow motion. So
we know that one can regain the notion of particle in this
regime. Also in general relativity, the concept of test par-
ticle is a natural one, which allows to discuss several
physically interesting situations.

At first sight it is not at all clear that one can extend
the notion of particles (non-test) to the realm of general
relativity. To begin with, if one imagines a process in
which one shrinks the sizes of an object to obtain a point
like object, one knows that at some moment in the proc-
ess one would end up with the formation of a black hole,
which has a characteristic size. However, the post-New-
tonian approach to compact objects is frequently con-
structed in terms of the notion of particles; although
post-Newtonian systems are normally required to have
weak fields and slowly moving objects.

It is interesting to note that the most simple black hole,
namely the one describing a vacuum spherically sym-
metric spacetime, can be expressed in terms of the so
called Kerr-Schild decomposition. In this way, the
Schwarzschild black hole, whose maximal analytic ex-
tension is described in terms of the well known causal
conformal diagrams, when expressed in the Kerr-Schild
decomposition shows a point like description in terms of
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the flat reference metric of the Kerr-Schild form.

This indicates that it might be possible to give a parti-
cle notion to a compact object in general relativity when
expressed with respect to background reference metrics.

If one intends to study the problem of a systems com-
posed of several compact objects, it appears as an ap-
pealing strategy to use approximation techniques for
solving the field equations. Several problems are related
to this.

In building approximation schemes for the study of the
field equations in general relativity it is often useful to
recur to the relaxed form of the field equations; that we
recall below. Also, it frequently useful to decompose the
physical metric in terms of a background metric. In this
work we plan to study both techniques.

In the process of decomposing the metric a key issue is
the notion of gauge, since in general one has more than
one way to decompose the physical metric. In order to
study this issue we bring the techniques used by Frie-
drich in his study of the hyperbolic nature of the gravita-
tional field equations. We will present here a generaliza-
tion of Friedrich’s results that is convenient for our dis-
cussion.

Although we work with coordinate independent ex-
pressions, we also relate our work with the widely used
harmonic gauge condition; and take the opportunity to
restate Anderson’s result in a coordinate independent
fashion.

An approximation scheme is suggested in which the
previous studies are taking into account.

We apply our techniques to the problem of a single
particle up to the second order.
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2. The Decomposition of the Metric

Let us express the metric ¢, of the spacetime M in
terms of a reference metric 7, , such that

gab =n3b+hab' (1)

Let 0, denote the torsion free metric connection of
1, and V, the torsion free metric connection of g, ;
then one can express the covariant derivative of an arbi-
trary vector VvV by

V=0,V +T 2V )
and one can prove that
1
T :Eng (8ahig +0yhay —04hay ) = T 3)
Let us observe that

1
00 =l = 3 g~ Oce (aahbd + 0Ny — 04 hab)
{ 4)
= E(aahbe + abha\e - aeha\b )
The relation between I' and the curvature tensor can
be calculated from

[Vaf Vb]vd = (aarbdc - abradc +rade l—‘bec: - l—‘bde 1—‘aec )Vc (5)
+ ®abcdvc = Rabcdvc;

where © is the curvature of the 0, connection. Then

the Ricci tensor can be calculated from

Rac = Rabcb = ®ac + aal—‘bbc _abrabc + 1—‘abe 1—‘bec _beer ; (6)

ac?

where O, is the Ricci tensor of the connexion 0, .

3. Auxiliary Functions or Gauge Vector

Let us consider four independent auxiliary functions X*,
with £ =0,1,2,3. Then let us observe that

g®V, VX = g®V, 0, x* = g%0,0,x" —g*T 50.x". (7)

Then, if 1] denotes the inverse of 9 x*, which
exists by assumption of the independence of the set x*,
one has

0T 5 =—(9™V, VX" —g®0,0,x" )1, =H 1S (8)

where we are using

H* =-g®V,V,x* +9%0,0,x". )
Alternatively, let us define the gauge vector H°
HE=H*“17; (10)
which implies
H* =0, x" H® =H(x"); (11)

so that one also has
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9*rS, =H". (12)
These equations show the relation that exist between
working with a coordinate system, given by the set of
functions x*, and the gauge vector H°; which does not
need any reference to coordinate systems at all. In what
follows we will try to use the covariant approach that
employs the use of the gauge vector H°. We emphasize
that Latin indices are abstract; and therefore our expres-
sions are coordinate independent and covariant.
Then, the Ricci tensor can be expressed by
1
Rac = ®ac +5 gbd (®badehec + ®bcdehea + 2®bcaehed )
1 bd e
+Eg abadhac_éa(gceH ) (13)
-i_gedl—‘aec’]_(d - gbf gedradfrbec

1 bd bd
_E(ra rbcd +rc rbad)'

Let us note that if the vector field H° is given by
(12), then for any function X“ one has

—g®V, VX +9%0,0,x" = H(x"). (14)

In the standard studies on approximations to the solu-
tion of the field equations, one frequently finds the
choice of harmonic coordinates for the set of the x“’s;
however, in Equation (13) one can see that only the vec-
tor field H° appears, without any reference to a choice
of auxiliary functions. Therefore one could just refer to
the gauge vector H°.

4. The Field Equations in Relaxed Covariant
Form

Previous to the discussion of the relaxed covariant field
equations, we would like to refer to the work of Friedrich
[1] and its extension to this coordinate independent dis-
cussion.

4.1. Friedrich’s Theorem without the Use of
Coordinates

The field equations are
1
Ry = —SHK(TaC —Egacgdebd ) (15)

Equation (3.22) in reference [1] can be obtained from
(13) by expressing it in a coordinate frame and neg-
lecting the ® terms. In this way, one would obtain the
analogous expression where all the appearance of 0
derivatives are replaced by coordinate derivatives 0,,,
the tensors I' are replaced by the Chrirstoffel symbols
and one uses F*=-H?; namely:
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1 4 P £
2 070505900 + 9ucV oy F* =979, sl 0

1 .
_E(Fé%rﬂms +Faﬂ§rﬁa5) (16)

_ 1 55
- —8711([TMr _E 9,,9 Tﬂdj

Friedrich has studied [1] this system introducing the
notion of “coordinate gauge source’’

FA = VeV X", (17)

Subsequently, Friedrich studied the case in which F*
is given arbitrarily.

Then, we can rephrase Friedrich’s theorem in the fol-
lowing form:

Theorem 4.1 Let x* be four independent functions
that are used as a coordinate system. If g, is a
solution of (16) together with the matter equations such
that on the initial surface one has F“=V"V x*,
VﬂF“ :vﬂvvvvxﬂ, then 9., is in fact a solution of
Einstein’s field equations.

This theorem can be understood in two ways. In one of
them, we think that the four coordinates x“ are given
and then the theorem checks whether the F*’s satisfy
the above equations. In the other way, one think that the
F#’s are given and then the theorem checks whether
there exists a coordinate system of Xx“’s such that the
equations in the theorem are satisfied.

From the fact that H* =—F*, one deduces, using the
same techniques as in [1], that the generalized Friedrich’s
theorem holds, namely, consider the four functions H*
as given a priori, then:

Theorem 4.2 If g, is a solution of (15), with the
decomposition of the metric as in (1) and with the Ricci
tensor as given by (13) with H° = H“I;, together with
the matter equations such that on the initial surface one
has H* =—-(g®V,V,x" +¢%0,8,x"),

VH* ==V (g*V,V,x"-g¥0,0,x"), where x“ are

four independent scalars, then g, is in fact a solution
of Einstein’s field equations.

This result gives great freedom in the problem of find-
ing solutions of the field equations in terms of a refer-
ence metric. Suppose that one solves (15) for a given
vector field H*. Also assume that one can solve for the
functions x* such that g*V,V,x*=-H*. Then, let
us build a flat metric 7 so that g*0,0,x* =0; which
in particular can be satisfied if the Xx“s are thought as
Cartesian coordinates of 7. In this way one would
obtain H*I} =g®I';, and so have a solution of the
field equations.

It also might be of interest to researchers in numerical
relativity, since it provides the possibility to use any co-
ordinate system; i.e., not necessarily an harmonic one.
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Instead, one could have a proposition that does not refer
to the auxiliary functions whatsoever; namely

Theorem 4.3 If g, is a solution of (15), with the
decomposition of the metric as in (1) and with the Ricci
tensor as given by (13), together with the matter equations
such that on the initial surface one has H°=g®Ir?,,
VyH =V, (g*Ty,), then g, is in fact a solution of
Einstein’s field equations.

This theorem can be understood in two ways. In one of
them, we think that the metric 7, is given and then the
theorem checks whether the vector H° satisfies the
above equations. In the other way, one think that the H
is given and then the theorem checks whether there exists
a metric 7, such that the equations in the theorem are
satisfied.

4.2. Relaxed Covariant Form of the Field
Equations and a Generalization of
Friedrich’s Theorem

Alternatively one can use the form of the field equations
in terms of a slight different logic.

When we use the expression of the Ricci tensor as
given by (13) in (15), without assuming that H° is

9Ty, , namely

1
E gbd abad hac - aa (gce’}_(e ) + gedraciHe + ®ac
+ | ( e e e
=9 G)bad hec + G)bcd hea + 2®bca hed )
2
1 (1)
_gbf gedradfrbec _E(rabdrbcd + 1—‘cbdl—‘kzuad )

1
= —81U((TaC _E gacgdebd J;

we will refer to these as the relaxed field equations [2].
Using the standard harmonic gauge technique, one

would say: solve the relaxed field equation in the coord-

inate frame, with H* =0, and then require the equation

g™V, V x* =0. (19)

In the standard approach one makes use of coordinate
basis; therefore the previous statement would be the
complete story. However in our case, H* has a second
term where two covariant derivatives of x“ with re-
spect to the metric 7 appears. At this point it is impor-
tant to notice that if we have the solutions x* from (19)
then, on constructing 7 with this as a Cartesian coord-
inate system, one would obtain H* =0.

In some occasions it is preferable to work with a dif-
ferent set of equations. In this respect, several authors
have indicated that actually to request Equation (19) is
equivalent [2-4] to demand

g*v.T,. =0. (20)

JMP



1250 E. GALLO, O. M. MORESCHI

When dealing with Einstein equations in the relaxed
form, and treating the vacuum case, Equation (20) is un-
derstood as the condition that the divergence of the Ein-
stein tensor must be zero (which of course is identically
zero in the non relaxed form).

Let us study the relation between the divergence of the
energy-momentum tensor and the vector H°. One can
write the relaxed field Equations (18) in the usual form in
which on the right hand side we have just the standard
term —87nxT, ; and so on the left hand side, the terms

ac ?
involving H°® would be

_va(gceHe)-i_%gacgefver; (21)

where we have used that the term 8nxT contributes
with the term

-9" V. H,. (22)

Then in taking its divergence, on the left hand side, the
terms involving H° are

1
gabva (_va(gceHe)'i_Egacgefver j (23)
If we replace H°® by ' =g*I';, the divergence of
the left hand side would be identically zero, since the
Einstein tensor has divergence zero. Therefore we con-

clude that the divergence of the stress energy-momentum
tensor is

-8nxg®V,T,. = 9*V, —(vb (gce (He -T* ))
| (24)
+Egbcgdevd (gef (Hf - ))j

Therefore, the stress energy-momentum is conserved if
and only if

g™V, (—V(gce (ne-1°))
! (25)
209"V (9u (' -1 ))) =0.

Working out the relations, one finds that the previous
equation can be expressed as

1 a A | P
0~ L0.g"wy (10 1)L (). o

Which coincides with Friedrich calculation.

It follows that if one solves Equation (26) such that on
an initial hypersurface H°=T° and V,H"=V,I",
then the energy-momentum tensor will be conserved in
the evolution of the system. Furthermore, one also de-
duces that:

Theorem 4.4 If, given the metric 77, one solves the
relaxed field equations for h together with the matter
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equations, which include the conservation of the energy-
momentum tensor, such that %* =T° and V,H° =V, "
on an initial hypersurface, then g, is a solution of
Einstein equations.

This is a rephrasing of Friedrich’s theorem applied to a
decomposition of the metric and to its general relaxed
covariant form of the field equations.

It is interesting to remark that Anderson [3], using a
retarded integral expression for h, was able to prove the
equivalence between the conservation of the energy-
momentum tensor with the harmonic gauge condition. In
relation to this let us remark that if the set of functions
x* is obtained from the solutions of (19); and one uses
them as harmonic coordinates of the metric 77, then one
deduces that T°=0. And also, if T°=0, then Carte-
sian coordinates of 7 are harmonic coordinates of .
This means that we can state Anderson’s result in a coor-
dinate independent way, namely:

Theorem 4.5 Let h be the retarded solution, with
respect to a flat metric h of the relaxed field equations
together with the matter equations of state, such that
H® =0, then the conservation of the energy-momentum
tensor implies that g, is a solution of Einstein
equations.

5. The Approximation Method and the
Treatment of Particles

The approximation method that we introduce below, is
adapted to the treatment of particles; therefore, it is con-
venient to begin by treating the problem of one single
particle in the context of linearized gravity, in order to
clarify some of the techniques.

5.1. The Gravitational Field from One Particle in
Linearized Gravity

5.1.1. The Description of a Particle

Let us consider a massive point particle with mass m,
describing, in a flat space-time (Mo,nab), a curve C
which in a Cartesian coordinate system X* reads

x“=z7"(7), (27)
with 7 meaning the proper time of the particle along
C.

The unit tangent vector to C, with respect to the flat
background metric is

= (28)

that is, 77(u,u)=1. Now, for each point Q=1z(7) of
C, we draw a future null cone €, with vertex in Q.
If we call x5 the Minkowskian coordinates of an arbi-
trary point on the cone &, then we can define the re-
tarded radial distance on the null cone by
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r=u,(xt-z"()). (29)

The energy momentum tensor T\ of a point particle
is proportional to mv,v, ; where m is the mass and v*
its four velocity. We are distinguishing between the unit
tangent vector U* and the four velocity vector v*, be-
cause in future works we would like to consider the pos-
sibility to normalize the vector v with respect to a dif-
ferent metric. In order to represent a point particle T\
must also be proportional to a three dimensional delta
function that has support on the world line of the particle.

We will suppose that the particle does not have multi-
polar structure. Then, given an arbitrary Minkowskian

frame (XO,XI,XZ,X3), we will express the energy mo-
mentum by
T(O)z"b(x0 =z°(r0),xl,xz,x3)

=m,v* (7,)V° (7,) (30)
5(x'=2'(z,))8(X* =2 (7)) 8 (X' -2’ ()
u’(z,) '

5.1.2. The First Order Solution

The retarded solution, in terms of Green functions, for
the relaxed field Equations (18) for particle A, in which
we take H°=0 and 7 a flat metric, is

1
VaVo =5 b
h{) =—4mA+; 31)
so that in general
0a {H@]% -y, (32)

In these equations we have considered the definition
b
V, =77,V . (33)

It is interesting to realize that the exact inverse of this
metric is

4m,
a 1 o
g = > n®—T v, (34)
1+ rA 1_(2mAj
r

Note that one can solve for h, for an arbitrary mo-
tion of the particle; however, the complete solution of the
problem involves having to set also I'°=0; which in
terms of a coordinate frame treatment is equivalent to the
harmonic condition. Then, recalling, as mentioned pre-
viously, that Anderson has proved [3] the equivalence
between the harmonic condition and the divergence free
condition on the energy-momentum tensor; one deduces
from this, that for the case of the energy-momentum ten-
sor of a particle it implies its geodesic motion.
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5.2. Iterative Approximation Method

Now we present a general iterative method to solve the
relaxed field equations.

First of all, let us note that given the decomposition (1)
and defining the tensor h®  from

h® =7 n"hy. (35)
where
71, =62, (36)

that is 7® is the inverse of 7, , one can always
express the inverse g* in the form

g® = —f® _ g 37)
Then making the contraction
9%0,. =07 —h*h,-d®g,. =% (38)
one finds
d*® =-h*h,g%; (39

which can be considered an implicit equation for d®;
but it also shows explicitly that d is quadratic in terms
of h.

This suggests the natural series d,,d,,d,,d,,d,
defined by

d;* =—h*hy (), (40)
d;h :_ﬁadhdc(an_ﬁCb); (41)
d:b :_ﬁadhdc (UCb_HCb_d(Cr?_z)); (42)

fo(r)natural numbers n>3. It is clear that d, is order
h'"

However, we have seen that in the first order solution
for a single particle, the inverse of the metric has a term
which is conformal to the flat metric 7 ; which it will be
convenient to take into account. For this reason we pro-
pose the following method of approximation where this
issue is considered.

The idea is to express (18) and eventually (19) in the
form

pn*0,0,f =S(f); (43)

where @n®™ is the term proportional to 7 that is
contained in g® ; while the general case would be to
consider just 7%°0,0,f for the left hand side. This
equation can also be expressed by

1%0,0, (pf)=s(pf)+S(f); (44)
where
s(pf)=n"0,0,(pf)-pn™0,0,f (45)

Now one would like to solve Equation (44) by itera-
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tions. )

Let us define the sets f) such that for j=0, one
takes h=0, X* to be harmonic functions of the metric

n and ¢=1;andfor j>0, () s the solution of
ﬂabaaab(¢(J 1) f(j))=3(¢)(j_1) g0 )+S( ) (46)

using the retarded Green function. As we have seen
above, (0(1) clearly arises in the first order calculation.
The application of this method to the first order, for a
single particle, reproduces the calculation explained in
Subsection 5.1.2. Next we study this case at second order.

5.3. The Second Order Solution

Let us remark that the first order solution is stationary
and spherically symmetric. This structure transports to
the second order solution.

The equation for h{ is

S0 ,0,n) = (gceHe)+g§;)r§1€Hd
—g"" griryr )
+%(rg)b"r( TR, )
—8nT!).

We will call the right hand side, the tensor T ; which
has the structure

T=a(r)dt2—ﬁ(r)(dx)2—y(r)(x-dx)z; (48)

where we are using the three dimentional notation
=(x,y,z) and where

2

2m
= —8mmo. s 49
“ (2m+r)2(2m—r)r amd, (x) “
—2m’*(4m+r)
B= (50)

(2m+r)’(2m-r)r? ’

8m> (2m2 +mr —2r2)
y= . — (51)
(2m+r) (2m-r)°r

Therefore one assumes for h?
namely

h® = A(r)dt* —=B(r)(dx)" -C(r)(x-dx)*. (52)

In this way one has

the same form,

W) = A, (53)
hi§2>:—(B+(xi)zc), (54)
h?) = —x'xIC; (55)

ij

where the index i, j=1,2,3 denote spatial coordinates.
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One can see then that the equations to solve are

oA=2a, (56)
ac-2%¢ (57)

r dr
oB=2(4+C); (58)

where we are using the symbol o to denote nbdabad .

We can solve these equations in two ways, either using
Green function techniques, or, recalling the stationary
nature of the solution, just integrating the Laplace opera-
tor. For this presentation we choose the second option.
Let us note that for any function f(r) one has that

__yrfo| Ldfdl
of(r)=-v>f [I’Z dr(r drﬂ' (59)

Therefore one can find A by two consecutive inte-
grations, obtaining

| 2m
1 2m T ka
A(r)=—|1-==11 r ——1. 60
r

Similarly one can see that the function C(r) satisfies

_1 i(r dcj 2 (61)

ré dr dr

which after integration gives
r 5 2m
c(r )—40 . 5[ (r*+288m )1n(l—T

2m
+(416m° =7r° )In| 1+ =— |+128m° In(r
( )n[ rj n(r) (62)
—8ke,m* +40kc,m’r’ —352m*r
A+lem’r? —16m?r® +12mr* )
Then the function B(r) is given by

B(r)= ((288m5 —-20m’r* —30m*r’ + r5)

120m’r?
1n(1—2—m] (-416m® +20m°r?
r

~130m’r* +7r° )ln(1+27j 128m°In(r)  (63)

—120kb,m?r* +120kb,m’r’* +8ke,m’
—40ke,m’r’ +352m*r —1024m*r” —12mr* )

Our choice for the integration constants is: ka, =m
181 1 4
a,=0, kb=—28 Sm o, T e =
15 5
kc, =0. This ch01ce is made taking into consideration

and
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the exact solution and the integration of the solution
coming from a Green function approach; that we will not
discuss here due to considerations of space. By the exact
functions we mean the metric components of the Sch-
warzschild spacetime in harmonic coordinates; which are

m
&xact :_I:']’ (64)
1+—
r
m 2
Beaet = (1-1— I‘j , (65)
1+? m>
Cexact = - (66)
My
r

A graphical comparison with the exact functions of the
Schwarzschild solution in harmonic coordinates are
shown in Figure 1.

It can be observed that in second order one obtains
anexcellent comparison of the solution with the exact val-

ues of the metric components; even for very small values
of the radial coordinate. Although this comparison has
limited value, it is in any case remarkable that it is only
necessary to go only to second order to obtain such a
good approximation.

6. Final Comments

We have presented an study of an approach to the gravi-
tational field equation through the relaxed covariant form
of them. The whole approach is intended to deal with the
notion of compact objects.

The relaxed field equations was studied using Frie-
drich approach to the problem and we have also refer to
Anderson’s result in the field of harmonic conditions.

We have generalized Friedrich results to a covariant
formulation in terms of a decomposition of the metric.

Anderson’s result has been restated in a form that does
not make reference to coordinate conditions.

We have presented an approximation method that can
be applied to the notion of particles in general relativity;
and which is successful in second order for the case of a
solitary compact body.

25 T T T T T T T
(t)
t, aexac(t)
o
t, bexac(t) ey
t, (c(t)
oL t, cexac(t) .
15 |
L I
0.5 |
ol |
-0.5 | 1 ] 1 L L l .
5 10 15 20 30 35 40 45 50

Figure 1. Comparison of the functions calculated in the second iteration with the exact values.
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It is our intention to apply these techniques to the pro-
blem of a binary system in general relativity.
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