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Abstract

Following the economic rationale of the British options, we present a new
class of binary options where the holder enjoys the early exercise feature of
the American binary options with his payoff is the “best prediction” of the
European binary payoff under the hypothesis that the true drift equals a con-
tract drift. Based on the observed price movements, the option holder finds
that the true drift of the stock price is unfavourable then he can substitute it
with the contract drift. The key to the British binary option is the protection
feature and to minimize the losses. A closed form expression for the arbi-
trage-free price is derived in terms of the rational exercise boundary and the
rational exercise boundary itself can be characterized as the unique solution
to a nonlinear integral equation. We also analyze the financial meaning of the
British binary options using the results above.

Keywords

British Binary Option, American Binary Option, Arbitrage-Free Price,
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1. Introduction

The purpose of the present paper is to introduce and examine the British payoff
mechanism (see [1] and [2]) in the context of binary options. The main idea of
the “British” feature provides the option holder a protection mechanism against
unfavourable stock price movements. The contract buyer is able to substitute the
true drift with a contract drift to make his payoff the best prediction of the Eu-
ropean binary payoff.

Following the economic rationale of [1] and [2], we introduce a new binary op-
tion that endogenously provides its holder with a protection mechanism against

unfavourable stock price movements. This protection feature is intrinsically built
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into the option contract and we refer to such contracts as “British” for the rea-
sons outlined in [1] and [2]. The British binary option not only provides a
unique protection against unfavourable stock price movements (see more details
in Section 5) but also enables the option holder to obtain high returns when the
stock price movements are favourable in both liquid and illiquid markets. It is
useful to recall the notion “compound option” by Geske where an analytical so-
lution for compound options was derived (see [3] and references therein). We
refer to a more recent paper [4] for an informative review. This notion is also
used in [5] [6] [7] [8] and [9] for the value of British Asian, British Russian and
British lookback options. The arbitrage-free price of the option is a solution to
an optimal stopping problem with the gain function as the payoff of the option
(see [10]). We use a local time-space calculus on curves (see [11]) to derive a
closed form expression for the arbitrage-free price in terms of the optimal stop-
ping boundary and show that the free boundary itself is a unique solution to a
nonlinear integral equation.

The paper is organized as follows. In Section 2 we present a basic motivation
for the British cash-or-nothing put option. In Section 3 we first formally define
the British cash-or-nothing put option and present some of its basic properties.
We continue in Section 4 to derive a closed form expression for the arbi-
trage-free price in terms of the rational exercise boundary and show that the ra-
tional exercise boundary can be characterized as the unique solution to a nonli-
near integral equation. In Section 5 we provide a financial analysis using the re-
sults above (making comparisons with American binary options). In the final
section, we present other different types of binary options: 1) calls or puts; 2)

cash-or-nothing or asset-or-nothing.

2. Basic Motivation for the British Binary Option

The basic economic motivation for the British binary option is parallel to that of
British put and call options (see [1] and [2]). In this section, we briefly review
the key elements of the motivation on the cash-or-nothing put option.

1) Consider the stock price Xand a riskless bond B evolving respectively as:
dX, = X, dt+oX,dW, (1)
dB, =rB,dt (2)

with X, =X and B; =1 where pzeR is the drift, >0 is the volatility
coefficient, W = (W, )tz() denotes the standard Brownian motion on a probabili-
ty space (Q,F,P) and r>0 is the interest rate. The European or American
put option is well defined in the literature (see [12]). Based on self-financing
portfolios it implies that the arbitrage-free price of the options is given by (see
[13]):
V =E° [e'rT (X; < K)} (European cash-or-nothing put option)  (3)
V = sup E° [e'”l (X, < K)J (American cash-or-nothing put option) (4)

0<z<T
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where the expectation E° is taken with respect to the unique equivalent mar-
tingale measure Q (see [10]) and the supremum is taken over all stopping times
7z of Xwith values in [O,T] .

2) Recall that the arbitrage-free price for a European cash-or-nothing put op-
tion is given by

V=E%(eI(X; <K)) (5)

where the expectation E° is taken with respect to the unique equivalent mar-
tingale measure Q. From the stochastic differential Equation (1), we get the

unique strong solution
X, (1) = xexp(oW, +(u-0?/2)t) 6)

under P for te[0,T]. We see that g — X, (u) is strictly increasing so that
u—el (X; <K) is decreasing on R. Furthermore, it is well known that
Law(X ()] Q) is the same as Law(X (r)l P). Therefore, if u=r we get

V=E(eTI(X; (1) <K)). (7)

The left-hand side stands for the value of investment and the right-hand side
represents the expected value of the payoff. On the other hand, the option holder
is glad to see u < r. It follows

V<E(eMI(X; (1) <K)), 8)

Then we say the return is “favourable”. On the contrary the return is

“unfavourable” if 4 >r and
V>E(e”TI(XT(,u)< K)). 9)

3) In the real financial market, the actual drift x is unknown at time t=0
and is not easy to estimate at later times te (O,T] in finite horizon. One will
buy the option if he believes that g <r and surely he is pleased to see what
reaffirm his belief. The British cash-or-nothing put option aims to address the
opposite situation. If the put holder observes stock price movements not satisfy-
ing his belief 7e. the actual drift in his observation tends to be larger than the in-
terest rate r, the option holder therefore enables to substitute this unfavourable
drift with a contract drift which represents the buyer’s tolerance for the actual
drift (see [1]). Then there is an endogenous protection from any true drift larger
than the interest rate and the contract drift represents the buyer’s expected level
of tolerance. Moreover, the real drift u is difficult and nearly impossible for
the option buyer and seller to agree on. But the contract drift g, is not im-
possible for both parties to agree on because it is just a parameter given exogen-
ously. The practical implications of this protection feature are most remarkable
since even when the stock price is above the strike price the option holder can
exercise with a substantial reimbursement of the original option price compared
with the ability to sell in a liquid option market completely endogenously (more

details in Section 5).
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4) In a real financial market, true buyer’s ability to sell will be determined by
the market and this may also involve additional transaction costs and/or taxes.
By “true buyer” we mean a buyer who has no ability or desire to sell the option
at 7'in the European case or at the optimal stopping time 7z in the American
case. Furthermore, in most practical situations of over-the-counter trading it
may be increasingly difficult to sell the option when out-of-money and makes
the option expire worthless. Also in the real world the liquidity of the option
market varies with the term of the contract, for example some extreme news
event may lead to the option contract to become worthless once the news is re-
leased. On the other hand, the protection feature endogenously built into the
British option protect the option holder regardless of whether the option market

is liquid or not.

3. The British Cash-or-Nothing Put Option: Definition and
Basic Properties

We start this section from a definition of the British cash-or-nothing put option
and then give a brief analysis of its properties and rational exercise strategy.
Definition 1 The British cash-or-nothing put option is a financial contract
between a sellerl hedger and a buyer/ holder entitling the latter to exercise at any
(stopping) time v prior to T whereupon his payoff is the “best prediction” of
the European cash-or-nothing payoff | (X, <K) given all the information up
to time t under the hypothesis that the true drift of the stock price equals L .

Werefer p, as “contract drift” and it is natural that 4, satisfies
M > T (10)

if u, <r the put option holder will beat the interest rate r by exercising imme-
diately. Furthermore, 4, can be as large as o, which means the option hold-
er’s infinite tolerance for the true drift. Meanwhile the British cash-or-nothing
put option would become a European cash-or-nothing put option.

1) We define the payoff function G* as

G (t,X,)=E“ [I(X; <K)| %] (11)

where the conditional expectation is taken with respect to a new probability
measure P under which the stock price X expressed as
dX, =y X, dt + o X, dW,. (12)

We see from (1) and (12) that if we exercise the British option, the true (un-
known) drift is substituted by the contract drift. Such a contract is referred as
“British” since in terms of payoff the British option takes a position in between
the European and American options. The British payoff mechanism is also ap-
plied in [1] [2] [5] [6] [7] [8] and [9].

It is followed that G** (t, X) can be written as

G* (t,x) = E[ 1(xzf, <K)] (13)

and Zf¢, isgivenby
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z¢, =exp(oW,_, + (1, ~0”/2)(T 1)) (14)
for te[0,T] and xe(0,). Then we find (13) equals to
G* (t,x) = El(x2#, <K)

=P(X6XP(UWT_t+(/1c_O'2/2)(T —t))< K) (15)

ol et o)

where @ is the standard normal distribution function given by

@(x)zﬁfwe'yz/zdy for xeR. Note that the expression for G* (t,x)

coincides with the Black-Scholes formula for the arbitrage-free price of the Eu-
ropean cash-or-nothing put option with the interest rate substituted with con-
tract drift g, . It shows that the payoff of the British option could be inferred
from the price of the relevant European option that is useful for understanding
the nature of the British payoff. Also, the stock price x can follow any process. In
this paper we make the assumption that the stock price follows geometric Brow-
nian motion and get the explicit expression of the payoff function G*¢ (t,X)
but it is not limited to certain process.

2) The arbitrage-free price of the British cash-or-nothing put option can be
expressed as

V = sup E?[e B [1(X; <K)| £ ] (16)

0<z<T
where the supremum is taken over all stopping times z of X with values in

[0,T]. For the process X started at any point xin (0,%) atanytime te[0,T],

the expression (16) extends to

V(t,x)= sup Eg, [e‘"G"C (t+7, Xw)} (17)

0<7<T -t

where the supremum is taken over all stopping times 7 of X with values in
[O,T —t] and ESX is taken with respect to the (unique) equivalent martingale
measure Q under which X, =X . Since LaW(X ()] Q) is the same as
Law(X (r)l P) , it follows that

V(t,x)= sup Etvx[e’”G”c (t+7, xXT)J (18)

0<7<T -t

where the supremum is taken over all stopping times 7 of X with values in
[O,T] and the process X =X (r) under P solves

dX, = rX,dt + o X,dw, (19)

with X, =1.
3) To get the solution to the optimal stopping problem (18), apply Ito’s for-
mula and get

e G (t+5, X, ) =G" (t,x)+ jos e MH* (t+u, X, )du+M, (20)

where the function H*® (t, X) is defined by
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H* =G/* +rxG.e + & 5 X’GLe —rG*e (21)

and M, = O'J‘Os e "X, G (t+Uu, X, )dW, is defined as a continuous martingale

for se [O,T —t] with te [O,T) . From the optional sampling theorem we get
E[e7G" (t+7.X,., ) ]|=G* (t.x)+ E[joe H (t+u,xX, )du} (22)

for all stopping times = of X with values in [O,T —t]. Moreover, the payoff
function obviously satisfies the Kolmogorov backward equation

2
Gl + 1, XGL +%XZG;‘; =0 (23)
thus we get
H* =(r -, ) XGe —rG*. (24)

It is easy to verify that G/* <0 and we see that if g, <r then H* <0 it
is always optimal to exercise immediately from (22) since the option value is
smaller than the payoff P-as. Then we calculate G/° and substituting G.°
and G then get

H* (tx) = (4 _r)a\/']l: —t (p[aﬁ —t {Iné_(% ; J(T _t)D

-rof (e Jr 0

where go(y):%e‘yz/2 for yeR.
T

(25)

A direct examination of the function H* in (25) shows that there exists a

continuous (smooth) function h:[0,T] >R such that
H* (t,h(t))=0 (26)

for all te [O,T) with H* (t,X) >0 for x> h(t) and H* (t,X)<O for
x<h(t) when te[0,T) is given and fixed. The relationship (22) implies that
no points (t,x) in [0,T)x(0,00) with x>h(t) is a stopping point. On the
other hand, it is easy to verify that if x <h(t) and t<T is sufficiently close to
T then it is optimal to stop immediately since the gain obtained from being be-
low A cannot offset the cost of getting there due to the lack of time. This implies
that the optimal stopping boundary b separating the continuation set from the
stopping set satisfies b(T)=h(T) and this value equals Kas is easily seen from
(25).

4) Standard Markovian arguments lead to the following free-boundary prob-

lem
2
V, +rxvx+%xzvxx—rv =0 for x>b(t)and te[0,T) (27)
V(t,x)=G* (t,x) for x=b(t)and t[0,T) (28)
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V, (t,x)=Gj¢ (t,x) for x=b(t)and te[0,T) (29)
V(T,x)=1(x<K) for x>b(T)=K (30)
V(t,0)=0 forte[0,T). (31)

We will show in the following sections that this free-boundary problem has a
unique solution V'and b which coincide with the value function (18) and the op-
timal stopping boundary respectively (cf. [14]). It follows that the continuation
set can be expressed as C = {V > G } = {(t, x)€[0,T)x(0,00)| x> b(t)} and
the stopping set is given by

D={V=G*}={(t,x)€[0,T)x(0,0)[ x<b(t)] U{(T,x)[x>b(T)} and the
optimal stopping time in (18) is given by
7, =inf{te[0,T]| X, <b(t)}. (32)

5) The relationship (10) leads to different position and shape of the optimal
stopping boundaries b (see Figure 1). We divide it into three different regimes
with g, islarge, p, closeto rand an intermediate case. We see when g, > T
is relatively large, the boundary b is an increasing function of # and when g,
close to r, the boundary b is a U-skewed shape. If we make 4, move from o0
to r, the optimal stopping boundary b will go up from 0 function gradually
passing through the three shapes above with b(T)=K.

4. The Arbitrage-Free Price and the Rational Exercise
Boundary

In this section we will derive a closed form expression for the arbitrage-free price
Vin terms of the rational exercise boundary b (the early-exercise premium re-
presentation).

We will make use of the following functions in Theorem 2 below:

F(t,x)=G* (t,x)-e""G" (t,x) (33)
J(txv,z)= —e’r(v")j: H* (v,y) f (v—t,xy)dy (34)
A
as .l r
\\
~__

Figure 1. A computer drawing showing how the rational exercise boundary of
the British cash-or-nothing put option changes as one varies the contract drift.
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for te[O,T),x>0,Ve(t,T) and y>0, where functions G" and G* are
given in (15) above, the function H* is given in (21) and (25) above, and
y> f(v—t,X,y) is the probability density function of XZ, , from (14) above
with g, replaced by rand T —t replaced by v-—t

F(v=t,x,y)= Gwlmco(w\l/__t[log(y/x)—(r‘02/2)("4)}} (35)

for y>0 where ¢ is defined as in (25) above. Note that since H* (V, y) <0
forall ye (0, b(v)) as b lies below A, then it is easy to verify that
J (t, X,v,b(v)) >0 forall te[0,T),x>0,ve(t,T).]Itis easy to see that

_ _ —r(T-t) 1 Z/\K_ _(7_2 _
J(txT—z)=re @[Gﬂ{log " [r 2J(T t)D (36)

which is positive almost surely. It means that no matter what value zis, the buy-

er should exercise the option at the very closing time t=T . It follows what we
get in (26) that b(T) tends to be K.
Theorem 2 The arbitrage-free price of the British cash-or-nothing put option

follows the early-exercise premium representation
V(tx)=e"TIG (4, x)+J'tTJ (t.x,v,b(v))dv (37)

for all (t,X) IS [O,T]X(0,00) , where the first term is the arbitrage-free price of
the European put option and the second term is the early-exercise premium.

The rational exercise boundary of the British put option can be characterised
as the unique continuous solution b:[0,T]—> R, to the nonlinear integral eq-

F(tb(t))= [ 3 (t.b(t).v.b(v))dv (38)

satisfying 0<b(t)<h(t) forall te[0,T] where Ais defined by (26) above.
Proof. We will first derive (37) and (38). Then we will show the uniqueness of
(38).
1) Let V:[0,T]x(0,0) >R and b:[0,T] >R, denote the unique solu-
tion to the free-boundary problem (27)-(31), set
C, = {(t, X) € [0,T)><(0,oo)| X > b(t)} and
D, = {(t, X) € [O,T)X(0,00) | x < b(t)} ,and let

2
L,V (t,x) =V, (t,x)+%xzvxx (t,x) for (t,x)eC,UD,.

We summarize that V'and b are continuous functions satisfying the following
conditions:
e Vis C*? on C,UD,;
e bis of bounded variation;
o P(Xl:C)=O for all te[O,T] and ¢>0;
o V. +L,V-rV islocally bounded on C,UD,;
o toV, (t,b(t)i) =Gl (t, b(t)) is continuous on [0,T].

DOI: 10.4236/jmf.2019.94038

754 Journal of Mathematical Finance


https://doi.org/10.4236/jmf.2019.94038

M. Gao

From these conditions we see that the local time-space formula is applicable to
(s.y)—>e "™V (t+s,xy) with te[0,T) and x>0 given and fixed (see [11]).
This leads to

eV (t+s,xX;)
=V (t,x)+J'05e’rv (V, +L,V =rV)(t+v,xX, )| (xXV # b(t+v))dv+ M?  (39)

1

+§_|'Ose‘rv (VX (t+v, XX . )—VX (t+v, XX )) I (xX :b(t+v))d£3(xx)

v

where M! =0 Jj e "' xX,V, (t+Vv,xX,)dB, is a continuous local martingale for

is the local time of X* =(xX,)

0<v<s

se[0,T-t] and €b<XX)=(f3(XX))

0<v<s

on the curve bfor Se [O,T —t]. Furthermore, since V satisfies (27) on C, and
equals G** on D,, and the smooth-fit condition holds at b, we see that (39)
implies

e "V (t+5,xX,)
(40)

=V (t,x)+.|'ose’“’ (Ve + LV =1V ) (t+v,xX, ) 1 (xX, <b(t+Vv))dv+M]
for se [O,T —t] and (t, X) € [O,T)X(O,oo).
2) Since M? is a continuous local martingale, there exists a sequence of
stopping times 7, such that 7, Too as nTo and the stopped process
M is a martingale. Replacing sby SA 7, in (40), we get

SATY

e (srmly (t +SAT, XX, )

T (41)
=V (t, x)+.f:A e (Vo +LyV =1V ) (t+v, XX, ) (XX, <b(t+Vv))dv+M] .
The martingale term vanishes when taking E on both sides. It follows
Ele ™V (t+sar,,xX,,.
[N ok, ] -

=V (t,x)+ E[J';Ar“e’”H"c (t+v,xX, )1 (xXv < b(t+v))dv]

where H’* (t, X) is well defined in (25). When taking lim , , it reduces to
E[e™V (t+5,xX,)]
s (43)
=V (t,x)+ EUO e MH  (t+v,xX, )1 (xX, <b(t +v))dv}
3) Replacing s by T -t in (43), using that V (T,X)=G" (T,x)=1(x<K)
for x>0 and from the optimal sampling theorem, we get
e "TUE(1(xX,_, <K))
=V (tx)+ [ e E[H (t+v,xX, )1 (xX, <b(t+v))]dv (44)
=V(t, x)—J'tT J(t,%,v,b(v))dv.

Note that the left-hand side of (44) is e " VG' (t,x) and we will get the ex-
pression (37). It follows by (38) since V (t,b(t)) =G* (t, b(t)) for all
te [O,T] .
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4) We will show that the rational exercise boundary is the unique solution to
(38) in the class of continuous functions t—>b(t) on [0,T] satisfying
0<b(t)<h(t) forall te[0,T]. To prove this, we assume a continuous func-
tion C: [O,T] — R which solves (38) and satisfies 0< C(t) < h(t) for all
te [O,T] . From (44), the function U° :[O,T]X(O,oo) — R is defined by

U° (t,x)=e " TIE[G* (T,xX, )] s
T-t
— [0 e ME[HA (v, xX, ) (XX, <c(t+V)) [dv
for (t,x)e[0,T]x(0,) . It is easy to know that if c solves (38) then
U°(t,c(t))=G* (t,c(t)) forall te[0,T].

a) First we will show that Uc(t,X)=G”C (t,x) for all (t,x) E[O,T]X(O,OO)

such that X <c(t).Takesuch (t,X) and the Markov property of X implies

e U (t+s, xXS)—IOSe’”H “ (tv, XX, ) T(XX, <c(t+v))dv (46)

is a continuous martingale under P for se [O,T —t] . Consider the stopping time
o, =inf{se[0,T —t]| XX, 2c(t+s)] (47)

under P. We see that U° (t+O'C,XXJC ) =G* (t+o-C,XXUC) since
U°(t,c(t))=G* (t,c(t)) for all te[0,T] and U°(T,x)=G"* (T,x) for all
X >0. Now we replace sby o, in (46) and take E on both sides, from the op-

tional sampling theorem
U (t,x) =E[ e "*U° (t+0,,xX,, )|
_ EU:c e H  (t+v,xX, )1 (xX, < c(t+v))dv} w®
= E[e‘”’CG“C (t +0,, XX, )} -E UOUC e H* (t+v, xXV)dv}

=G* (t,x)
where we use (22) in the last step.

b) Next, we will show that UC(I,X)SV(t,X) for all (t,X)e[O,T]x(O,oo).

Then we consider the stopping time
7, =inf{s[0,T —t]| XX, <c(t+s)} (49)

under P.

If x<c(t) then 7,=0 so that U°(t,x)=G" (t,x) from a) above. On the
other hand, if x> C(t) then U° (t,C(t)) =G* (t,c(t)) and
U (T, X) =G* (T, X) for all x>0. From above analysis, we claim that
U°(t+rC,XXTC)=G“° (t+z’c,XXrC ) Replacing sby 7, in (46) and taking E on

both sides, from the optional sampling theorem we get
ue (t, X) - E|:efl'ch c (t +7,, erc >i|

—EUOTc eV H e (t+v, XX, ) 1 (XX, < c(t+v))dv}

(50)
= E[efrneﬂc (t +7,, XX )]
<V (t,x)
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where

V(t,x)= sup Etvx[e’”G“c (t+r,xxr)]. (51)

0<7<T-t

Therefore, U°® (t, X) <V (t, X) as claimed.

c) Next, we are going to show that b(t)<c(t) forall te[0,T]. We will prove
in reverse. Suppose that there exists t[0,T] such that c(t)<b(t). Take any
x<c(t) and consider the stopping time

o, =inf {s [0, T —t]| xX, 2 b(t+s)} (52)

under P. Replacing s with o, in (40), taking E on both sides and applying the

optional sampling theorem we get

eV (troy 00, ) | =V (LX) +E[ [T e He (tovox, Jov]. (53

Repeating the above process in (46), we find

E [e*rabu c (t +0,, XX, )J (50
=U°(t,x)+ EU:h e VH* (t+v,xX, )l (xXV <c(t +v))dv]

We see U°(t,x)=G" (t,x)=V(t,x) since x<c(t) and by b) we know
UC(t+0,, XX, )<V (t+0,,XX,, ), then (53) and (54) imply that

EU:b e H  (t+v,xX, ) 1(xX, 2 C(”V))d"} =0. (55)

On the other hand, the fact that b lies below A forces (55) to be strictly nega-
tive and provides a contradiction. Therefore, C(t) > b(t) as claimed.

d) Next, we will show that b(t)=c(t) forall te[0,T]. We first assume that
there exists te [O,T] such that C(t) > b(t) . Take any Xe (C(t),b(t)) and

consider the stopping time

7, =inf{se[0,T —t]| xX, <b(t+s)} (56)

under P. Replacing s with 7, in (40) and (46), taking E on both sides and ap-
plying the optional sampling theorem we get

Ele ™V (t+7,XX, )| =V (t,x) (57)

E|:e—rrbU c (t+z-b,XX,b ):| (58)
=US(t,x)+ E[J'Orb e VH  (t+v,xX, )1 (xXV < c(t+v))dv]

We see that U° (t +1, XX ) =G* (t+rb, XX, ) =V ('[+rb,XXTb ) by a) and ¢)
above since b <c. Furthermore, by b) we know U°® <V so (57) and (58) leads

to

E[ [ e ™R (v, )1 (xx, <c(t+v)av |20 (59

However, the fact that ¢ lies below 4 forces (59) to be strictly negative and

provides a contradiction. Therefore, ¢(t)=b(t) as claimed.
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5. Financial Analysis of the British Cash-or-Nothing Put
Option

In this section, we focus on the practical features of the British cash-or-nothing
put option. We compare it with the American put option that is universally
traded. We address the problem as to what the return would be if the price of the
underlying asset enters the given region at a given time.

1) As shown in Figure 1, the rational exercise strategy of the British
cash-or-nothing put option varies with different contract drift g, . Recall that
M. > since if the opposite condition occurs, the option holder is overprotected
by exercising the option at once. Furthermore, he can also avoid any discounting
of the payoff. We also noted above that b(T)=K . In particular, if u, =r the
boundary tends to be infinity backwards in time from 7, which means it is op-
timal to stop immediately at the very beginning of time. The interest rate r
stands for a infinite boundary and any g, > represents a non-trivial rational
exercise boundary. On the other hand, when g, T o the boundary decreases
sharply to 0 backwards from b(T) =K. The option buyer should hold the op-
tion till maturity and it is not optional to exercise the option before time 7. In
this case the o represents an infinite tolerance of the true drift and reduces the
British cash-or-nothing put option to European cash-or-nothing put option. All
above, the contract drift g, should not be set too close to r or too large since
the former case leads to overprotection and the latter reduces it to a European
style option.

2) We have mentioned above that the “overprotection” in this paper mainly
refers to the initial stock price is below K which leads to the option holder is
overprotected as the highest boundary in Figure 1 shown. Although bigger than
the interest rate r the contract drift is favourable enough to exercise the option
immediately. Figure 2 compares the rational boundaries with different fixed pa-
rameters. In addition to this, the values of the boundary have a strong relation-
ship with the volatility o . With larger volatility, the option buyer has a greater
tolerance of the drift. This is due to the “drown-out” effect of the higher volatili-
ty Ze. the option holder tends to believe that the high volatility can drown out
the loss of the drift. In this case, the boundary b is likely to be more U-skewed
with larger b(0). Therefore, the contract drift 4, should be set further away
from the interest rate r with larger volatility. On the other hand, Figure 2 also
illustrates the fact that if the contract drift gz, is set closer to the interest rate r;
the British cash-or-nothing put option will be more expensive since the over-
protection feature is stronger.

3) Assume that the initial stock price is 11. The price of the European
cash-or-nothing put option is 0.3498 with K=10, T=1, r=0.1 and
o =0.4. The price of the American cash-or-nothing put option is 0.7885 and
the price of the British cash-or-nothing put option is 0.3597 with g, =0.13 and
0.3536 with g, =0.2. We get that the closer the contract drift gets to z the pro-
tection feature is stronger and the option price is more expensive. What is more,

we notice that the price of the British option lies between the price of the

DOI: 10.4236/jmf.2019.94038

758 Journal of Mathematical Finance


https://doi.org/10.4236/jmf.2019.94038

M. Gao

. 1 1 . 1 1 . 1
0.0 0.2 0.4 0.6 0.8 1.0

Figure 2. A computer drawing showing the rational exercise boundary
of the British cash-or-nothing put option with K=10, T =1,
r=01, 0=04 when g =013 and g =0.20.

European option and the American option. If the contract drift x_ is too close
to r, the protection feature works and makes the price of the British option ex-
tremely close to the American option. On the other hand, if z, T the British
cash-or-nothing put option will be reduced to the European cash-or-nothing put
option. Therefore, we conclude that the price of the British cash-or-nothing put
option lies above the European option and below the American option.

4) Table 1 illustrates the power of the protection feature in practice. For in-
stance, if the stock price is 11 halfway to maturity then the option holder can ex-
ercise to a payoff with a reimbursement of 66% - 74% of the initial investment.
However, in the case of the American cash-or-nothing put option, the holder is
out-of-the-money and would receive zero payoff. We see that the size of the
reimbursement also varies with the contract drift as analyzed in the former pa-
ragraph. When the contract drift gets closer to r, the option holder gets more
protection as well as greater reimbursement.

5) In Table 2, we compare the returns of the British cash-or-nothing put op-
tion and the American style as the stock price is moving favourably. The results
generally indicate that the British option outperforms the American option
except a few points. In Table 3, we compare the protection feature of the British
option with the reimbursement of American option if the holder of the latter can
choose to sell his option freely without friction. The value of the American
cash-or-nothing put option is always 1 below the strike price K so we make the
region above K. Actually, above K the payoff of the American option is 0 and
when this happens we assume that the option holder can sell his option. We see

in Table 3 that this makes the returns very close to the British cash-or-nothing
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put option. However, in the real market the option holder’s ability to sell the op-
tion is affected by many exogenous factors such as the friction costs, taxes the
liquidity of the market and so on. Therefore, from this point of view it makes the
British style option more attractive since the protection feature to the British op-

tion is intrinsic and endogenous.

Table 1. Returns observed upon exercising the British cash-or-nothing put option at and
above the strike price K. The returns are calculated by R(t,x)=G* (t,x) /V (o, K) . The

parameter set is same as in Figure 2 ie. K =10, T=1, r=0.1, 0=04 and the
initial stock price is 10.

Time(months) 0 2 4 6 8 10 12

Exercise at 10 with g, =0.13 100% 101% 102% 103% 105% 106% 222%
Exercise at 10 with g, =0.20 87% 89% 92% 94% 98% 102%  227%
Exercise at 11 with g, =0.13 80% 79% 77% 74% 70% 58% 0%
Exercise at 11 with g =0.20 67% 67% 67% 66% 63% 55% 0%
Exercise at 12 with g, =0.13 62% 60% 57% 51% 43% 27% 0%
Exercise at 12 with . =0.20 51% 50% 48% 44% 38% 24% 0%
Exercise at 13 with g, =0.13 48% 45% 41% 34% 25% 11% 0%
Exercise at 13 with . =0.20 39% 36% 33% 29% 22% 10% 0%

Exercise at 14 with g, =0.13 37% 33% 29% 22% 14% 4% 0%
Exercise at 14 with g, =0.20 29% 26% 23% 18% 12% 3% 0%
Exercise at 15 with g, =0.13 28% 25% 20% 14% 7% 1% 0%
Exercise at 15 with . =0.20 21% 19% 16% 11% 6% 1% 0%

Table 2. Returns observed upon exercising the British cash-or-nothing put option (with
4. =0.13) at and below the strike price K compared with the American cash-or-nothing
put option in the same contingency. The returns are calculated by

R(t,x)=G*(t, x)/V (011) and R,(t,X)=G,(t,x)/V,(0,11)  respectively. The
parameter set is same as in Figure 2 ie. K=10, T =1, r=0.1, 0=04 and the
initial stock price is 11.

Time (months) 0 2 4 6 8 10 12
Exercise at 10 (British) 125% 126% 128% 129% 131% 133% 278%

Exercise at 10 (American) 127% 127% 127% 127% 127% 127% 127%

Exercise at b (British) 137% 154% 173% 193% 217%  243%  278%
Exercise at b (American) 127% 127% 127% 127% 127% 127% 127%
Exercise at 8 (British) 186% 192%  200%  211% 226% 252% 278%
Exercise at 8 (American) 127% 127% 127% 127% 127% 127% 127%
Exercise at 6 (British) 243% 250% 258% 266%  274% 278% 278%
Exercise at 6 (American) 127% 127% 127% 127% 127% 127% 127%
Exercise at 4 (British) 274%  276% 277% 278% 278%  278%  278%
Exercise at 4 (American) 127% 127% 127% 127% 127% 127% 127%
Exercise at 2 (British) 278% 278%  278%  278% 278% 278%  278%
Exercise at 2 (American) 127% 127% 127% 127% 127% 127% 127%
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Table 3. Returns observed upon exercising the British cash-or-nothing put option (with
4. =0.13) at and above K compared with selling the American cash-or-nothing put
option in the same contingency. The returns are calculated by

R(t,x)=G*(t, x)/V (011) and  R,(t,x)=V,(t,x)/V,(0,11)  respectively. ~The
parameter set is same as in Figure 2 ie. K=10, T =1, r=0.1, 0=0.4 and the
initial stock price is 11.

Time (months) 0 2 4 6 8 10 12
Exercise at 10 (British) 125% 126% 128% 129% 131% 133% 278%
Selling at 10 (American) 127% 127% 127% 127% 127% 127% 127%
Exercise at 11 (British) 100% 98% 96% 93% 87% 73% 0%
Selling at 11 (American) 100% 98% 95% 91% 84% 70% 0%
Exercise at 12 (British) 78% 75% 71% 64% 54% 34% 0%
Selling at 12 (American) 78% 75% 70% 63% 52% 32% 0%
Exercise at 13 (British) 60% 56% 51% 43% 32% 14% 0%
Selling at 13 (American) 60% 56% 50% 42% 31% 13% 0%
Exercise at 14 (British) 46% 42% 36% 28% 18% 5% 0%
Selling at 14 (American) 46% 42% 36% 28% 17% 5% 0%
Exercise at 15 (British) 35% 31% 25% 18% 9% 2% 0%
Selling at 15 (American) 36% 31% 25% 18% 9% 2% 0%

6. Other British Binary Options

We remarked above that the British binary option analyzed in this paper plays a
cononical role among all other possibilities. The aim of this section is to provide
a brief review of other British binary options as discussed in Section 1. Extending
Definition 1 of Section 3 in an obvious manner we obtain the following classifi-
cation of British binary options (according to their payoffs):

e The British cash-or-nothing call option:

EX[1(X; >K)|A] (60)
e The British asset-or-nothing call option:

E“[ X 1(X; >K) | A] (61)
e The British asset-or-nothing put option:

E“[ X 1(X; <K)|A] (62)

with g, is a contract drift.
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