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Abstract

Nelson and Siegel curves are widely used to fit the observed term structure of
interest rates in a particular date. By the other hand, several interest rate mod-
els have been developed such their initial forward rate curve can be adjusted
to any observed data, as the Ho-Lee and the Hull and White one factor mod-
els. In this work we study the evolution of the forward curve process for each
of these models assuming that the initial curve is of Nelson-Siegel type. We
conclude that the forward curve process produces curves belonging to a pa-
rametric family of curves that can be seen as extended Nelson and Siegel
curves. We show that the forward rate curve evolution has a linear or an ex-
ponential growth, depending on the particular short rate interest model. We
applied the results to Argentinian short and forward rates obtained from the
Lebac’s bills yields using the Hull and White short rate model, showing a good
estimation of the observed forward rate curve for near dates when the initial
forward curve is adjusted with a Nelson and Siegel one.
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1. Introduction

A standard procedure when dealing with concrete interest rate models is to cali-
brate the initial forward curve with the market observed data. That is the case of
the Ho and Lee, and Hull and White models, where every curve can be perfectly
fitted by adjusting the model parameters. By the other hand, some parametric
curves are extendedly used to fit daily data, as is the case of the Nelson-Siegel

curves [1].
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fus(7) =2+ 2,6 + 7,767, 720 (1)

with 7,,7,,z; and 1 being specified parameters. So this means that it is possi-
ble to choose the Ho-Lee and Hull-White models parameters in such a way that
the initial forward rate curve fits with a specific Nelson and Siegel curve. In this
work we show that in this particular case, the following forward rate curves
move on a manifold generated by specific parametric forward curves that can be
written as a sum of a Nelson and Siegel curve and a linear or an exponential
function, depending upon the short rate model. A Nelson-Siegel curve can be

% and 7re™*" . The constant factor is related

decomposed in three factors: 1, e
with the long term interest rate level. The exponential decay is the second factor,
with an upward slope if z, >0 or downward if z, <0. The third factor gives a
hump or o a trough, depending on z,. Finally, A is called the shape parameter,
and it determines the critical point of the third factor and the steepness of the
hump/trough. (See [2]).

We prove that the forward rate curves produced by the Ho-Lee model and the
Hull and White models when starting with a Nelson and Siegel curve is decom-
posed in four factors. Three of them are the same as in the Nelson and Siegel
curve, and the fourth is a linear function (7) in the Ho-Lee model or an expo-
nential function (Cle’a’ +Cze’zaf) in the Hull and White model, where a is a
model parameter. This result extends part of Bjork and Christensen (see [3])
paper results, where they proved that the above two models are inconsistent with
a strictly Nelson-Siegel manifold.

In sections §3 and $4, we present the Ho-Lee and Hull-White models, and de-
rive the formula for the corresponding forward curve. In each case, we choose a
Nelson and Siegel curve as the initial forward curve and then prove that the fol-
lowing ones are extended Nelson-Siegel curves in the sense that they can be
written as (1) plus a linear function or an exponential function.

In particular we also prove that each of these two short rate models is consis-

tent with a forward curve manifold G*, for each 1> 0.

1.1. Notation and Facts

In this section we assume a probability space (Q,F,Q). Let W (t),t>0 bea
Wiener process, and {7} = be the filtration generated by W (t) . Let
(Q, F,Q, {ﬁ }tzo) denote the filtered probability space. A stochastic process «
is called an adapted process if a(t) is F, -measurable for every t>0. An Ito
process with drift u and volatility o is a stochastic process X (t) such that

X (t)=X (0)+ [ s(s, X (5))ds+ [ o (s, X (s))dW (s), t=0, 2)

where x4 and o are adapted process and the second integral at the right
hand side is an Ito integral [4]. Equation (2) is usually written in terms of a sto-

chastic differential equation

dX (t)=p(t, X (t))dt+ o (t, X (t))dW (t) 3)
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We also introduce the relationship between the Ito and the Stratonovich
integral forms. If Xis an Ito process as in (3), then its Stratonovich integral form

is as follows,
dX (t) =( (8, X (1)) +4(t, X (1)) dt+ o (£, X (t) )0 AW (t) (4)

where 0 denotes the Stratonovich integration an ¢(t, X (t)) is a quadratic
co-variance term, (see [4]). If & in (3) is deterministic, then ¢(t, X (t)) =0.

We assume the existence of zero coupon bond market {P(t,T),OSt ST} ,
where P(t,T) denotes the price at time ¢ of a bond with maturity T. We call
this bond a 7-bond. We assume that for each ¢ the curve T — P(t,T) is diffe-
rentiable, with positive values and that {P(t,T),t>0} follows an Ito process
for each T 20. The forward rate curve associated to these bonds is given by

‘ (t,_l_)z_aln P(t,T),
oT
and the short interest rate is given by r(t)= f (t,t). We shall suppose an arbi-
trage free model and we denote with Q the corresponding martingale meas-
ure. Every Ito process shall be described in terms of the Q -measure. As in the
Heath, Jarrow y Morton (HJM) [5] framework, we assume that the forward rate
curve dynamics is given by a family of stochastic differential equations, which

expression under Q is given by
df (t,T)=a(t,T)dt+o,(t,T)dW (1), (5)

with o and o, adapted processes. The hypothesis of an arbitrage free market

implies the HJM-drift condition on « . More precisely
a(tT)=0,(LT)[ op(t,s)ds 6)

where the superscriptin ¢’ denotes transpose in case of a vectorial process.
Given a 7-bond, we denote 7=T —t the time up fo maturity of the bond.
The Brace and Musiela parametrization [6] describes the forward curve process

in terms of tand 7 as follows,

f(tr)="f(t,t+7), (7)

and so r(t)=f,(t,0). Under this parametrization, Equation (5) can be written

as

dfr(t,f):(ifr(t,r)+a(t,r)jfa'(t,s)dsjdt+a(t,f)dw(t), ®)

T 0
where o(t,7)=0,(t,t+7).
In particular, the forward rate process (8) can be expressed in terms of the
Stratonovich integral form as

T 0

df,(t,f):(ai fr(t,r)+a(t,f)j’a'(t,s)dsw(t,r)jdt+a(t,f)odW(t). ©)

1.2. Consistency

Consistency between short rate models and forward curves manifolds were
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stated by Bjork and Christensen in [3]. To make this work more self-contained,
we recall some of their definitions and the main theorem. Let M a given one
factor interest rate model specifying a forward rate process f (t,-). In terms of

the Musiela parametrization, f_  satisfies a stochastic differential equation:

r

ot

df, (t,r)z(i i (t,f)m(t,f)jdtm(t,r)dw (0), (10)

t>0,7>0, where @ and o are adapted processes. In particular, the no
arbitrage Heath, Jarrow and Morton (HJM) drift condition implies that
a(t,X)=O'(t,X)LXO'(t,S)dS. Also, using the Stratonovich integral form, (10)
can be written as

dfr(t,r):(ifr(t,r)+a(t,x)jtra(t,s)ds+¢(t,f)jdt+a(t,r)0dW(t), a1

or

Bjork and Christensen [3] stated the following definitions of consistency be-
tween a short rate model and a parametric family of curves. At first, let Z < R*
be a set of parameters, and let G:Z—)C[O,oo) be a smooth function. The
forward curve manifold G is definedas G=1Im (G) . That is,

G={G(:2):[0,0) >R},

where, with some abuse of notation G ('; Z) denotes the function G (Z) .

Definition 1. (invariance). Consider a given interest rate model M, specify-
ing a forward rate process f (t,), and a forward curve manifold G. We say
that G is invariant under the action of f, if, for every fixed initial time s,
the condition f (s,-)eG impliesthat f, (t,-)eG,forall t>s,as.

Bjork and Christensen also stated a more restricted concept of invariance, the

f, -invariance.

Definition 2. ( f, -invariance). Consider a given interest rate model M, spe-
cifying a forward rate process f, (t,-) asin (11), as well as a forward curve ma-
nifold G. We say that G is f, -invariant under the action of the forward rate
process f,(t,) if there exists a stochastic process Z with state process Z
and possessing a Stratonovich differential of the form
dZ (t)=y(t,Z(t))dt+y (t, Z (t))o dW (t), such that, for every fixed choice of

initial time s, whenever Yy (S, ) € G, the stochastic process defined by

y(t.z)=G(r,Z(t)), vt=s, x>0,

satisfies the SDE (11) with initial condition f, (s,-)=y(s,).

In this case, we say that the short rate model M and the manifold G are
consistent. It is easy to prove that f,-invariance implies invariance. Moreover,
Bjork and Christensen proved the following theorem.

Theorem 3. The forward curve manifold Gis f, -invariant for the forward

rate process f, (t,-) in M ifand only if

G, (2)+o(t) [ o (t,s)ds +4(t,) e Im[G, (:2)] (12)
o(t)elm[G,(+2)] (13)
DOI: 10.4236/jmf.2017.74050 922 Journal of Mathematical Finance
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for all (t, Z) IS [O,oo)x Z. G, and G, denote the Frechet derivatives of G with
respectto 7 and Z,which are assumed to exist.

Definition 4. An interest rate model M is consistent with the forward rate
manifold Gif the consistent drift and volatility Conditions (12)-(13) hold.

2. The Ho-Lee Short Rate Model

The short rate model proposed by Ho and Lee [7], (henceforth HL) has a dy-
namic given by the r~process

dr(t)=6(t)dt+odW (t) (14)

In (14), {W (t),t > 0} is a Wiener process, >0 and 6 is a deterministic
function. The HL model belongs to the family of affine short rate models. That
is, if P(t,T) denotes the price at time ¢ of a zero coupon bond with maturity 7,

then the term structure of the interest rate is given by:
P(t,T) _ eA(t,T)—r(t)B(t,T), (15)

for certain functions A and B. In particular, in the case of the Ho-Lee model, A

and Baregiven by:

B(t,T)=T-t (16)
2 3
J' 9(s)(s-T ds+% (17)

(see for instance [8]). The forward rate curve is related with the term structure

by the equation:

oy OM(P(LT))  oA(LT) aB(LT)r(t)
= - (18)

Then, in this case replacing A and B by the expressions in (17) and (16), we
get:

oT

{ [T0(s)(s-T) dS—Z(TT_t)g]+r(t)i(T—t)

( T-[ 6(s)ds-To(T ))—%Z(T—t)2+r(t) (19)
=["o(s) ds——T —t) +r(t)

In particular it holds that f (t,t) = I’(t). IfT-> f*(O,T) is the observed in-

itial forward curve, and & is defined as

of”
o(t)=c*t+—(0,t
(1=0't+ L (o),
then f(0,T)= f*(O,T). That is, the model parameters can be adjusted such
that the initial forward curve fits the observed one.
We now assume that the initial forward curve is given by a Nelson and Siegel

parametric curve. That is, we define:
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f7(0T)=2,+z,e" +z,Te ", T >0 (20)

where 7,,7,,Z;, and A are fixed real numbers, A>0. We want to study the
evolution of this initial curve in the t variable. With this particular choice of
f", @ is given by:
O(t)=oc’t+(z,—z,4)e " —zate™

and the solution of the Ho-Lee stochastic differential Equation (14) is given by:

ot ,-7,A _, 1 ;
r(t)=r(0)+ 5 —%e “—f(l—e “(M+l))+o-W(t)

2t2

2

=r(0)+ g —%+(z2 +z;t)e ™ + oW (t)

where r (O) is the short rate value at time t=0.
We compute the integral term in (19):
T T s - s
[ 0(s)ds =] o%s+(z,—2,2)e ™ —z,hte *ds
02

:7<T2 —'[2)+(z2 +2,T)e " —(z, +z;t)e ™

We can now derive an explicit formula for the forward rate curve process:
O-Z O-Z 2
fLT)=—(T?=t*)+(z,+2,T ) —(z, +zt)e " ——(T —t)" +r(t
(T)= 2T =)+ (g2 )e T ~(zr2)e - (Tt +r(t)
=o’t(T—t)+(z, +2,T)e ™ —(z, +zt)e ™ +r(t)
The above computations allow us to state the following theorem.
Theorem 5. Let r denote the HL short rate with a dynamic as stated in (14).

Then, if the initial forward rate curve is a Nelson and Siegel parametric curve as

in (20), the corresponding forward rate curve at time #is given by the formula
f(tT)=r(t)+o’t(T—t)+(z, + 2T )e " —(z,+z;t)e™

Let 7=T -t the time up to maturity. Using the Brace and Musiela parame-
trization, we denote f, the forward curve given by f, (t,7)=f(t,t+7).

Then the forward rate curve f,, has the expression

fu (t.7)=0’tr +C (t)+C,(t)e* +Cy(t)ze™™, t>0,7>0, (22)

where C,,C,,C, are coefficients that depends on t and the Nelson and Siegel

parameters:
Ci(t)=r(t)—(z, +zt)e™
C,(t)=(z, +z;t)e™
Cy(t) =2z,
Proof. The proof follows arranging terms after replacing T by 7+t in Eq-
uation (21).

The expression of the function 7 — f,, (t,7) given in the formula (22) is a

sum of a linear function plus a Nelson and Siegel parametric curve.
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Definition 6. Let A >0 and ¢ :[0,00) — R be a function defined as

_ At 2t
9(r)=2zc+7z,+2,6" +2,e7",

where Z,,z, and 2z, are constant real numbers. We call g a linearly extended
Nelson-Siegel curve.

In particular, in the following subsection we study the consistency of the
Ho-Lee model with a family of forward curve manifolds G* generated by li-

nearly extended Nelson-Siegel curves.

Consistency between the HL Model and Forward Curve Manifolds

The forward rate curve fgiven in (21) satisfies the Heath, Jarrow and Morton

drift condition:
a(tT)=o(tT)[ o(ts)ds=c(T -t),

and the stochastic differential equation
df (t,T)=a(t,T)dt+o(t,T)dW (t)=c*(T —t)dt+ cdW (1),

with T>0 and 0<t<T . In terms of the Brace and Musiela parametrization,
fHL satisfies:

dfy, (t,7)= (% fr (t7)+ Gzrj dt + odw (t), (23)

t>0,720. Starting from Equations (22) and (23), our conjecture is that there
exists a forward curve manifold containing linearly extended Nelson-Siegel
curves that is consistent with the HL model. In fact, this is stated and proved by
the following theorem.

Theorem 7. Let Z=R* 1>0 and

G* (z’;,B) =B+ P+ pe +pre™, >0

Let fy, (t,.) be the Ho-Lee forward rate process. Then, for each 1 >0 the
forward curve manifold G* is f, -invariant.

Proof. We shall apply Theorem 3 to see that G* is f, -invariant. Because
the volatility term in (23) is deterministic, the standard differential equation is
the same for the Ito and the Stratonovich integral formulation. The Frechet de-

rivatives of G* are given by:
G;(r.8)= [r,l, e"’,r,e*“J
G/ (7. 8)= By +(~PoA+B,)e " - pare™

In order to prove that G* is f, -invariant, we must check the drift and vo-
latility consistency Conditions (12) and (13). We shall first prove that
G’ (-,,B)+O'2(-) IS Im[GI[’}1 (,,B)] This means that there must be real numbers

T

A/B,C and D such that:

By +(—PoA+ py)e* — Bare™™ +o’r=Ar+B+Ce ™" + Dre ™’
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In fact, this is possible taking
A=0? B=f, C=-B,A+, and D=-p5,1

so Condition (12) is satisfied. To prove Condition (13), we must find A,B,C
and D such that

oc=Ar+B+Ce* +Dre ™

and this can be done taking A=B=D=0 and B=o0.

Theorem 7 implies that the forward curve manifold G* is f,, -invariant, so
the next corollary follows:

Corollary 1. For every A >0, the forward curve manifold G” is consistent
with the Ho-Lee short rate model.

Corollary 1 implies that, in the particular case that & in (14) is chosen such

that the initial forward rate curve fits the Nelson and Siegel curve
f7(0,7)=2+2, % +2,06*, 720

then, for each t>0 the corresponding forward rate curve f, (t,7) can be

written as a linearly extended Nelson and Siegel curve. That is:

L (t,r) =B+ B+ P + fre ™, >0

then the drift consistency condition is not satisfied, because it requires £, =A.

3. The Hull and White Model

The short rate model proposed by Hull and White [9], (henceforth HW) or ex-

tended Vasicek model has the following stochastic differential equation:
dr(t)=(6(t)—ar(t))dt+ocdw (t) (24)

where a,0 are positive real numbers and 6 is a deterministic function. @
can be chosen in such a way that the initial forward curve f(0,-) fits with the
observed data at t=0. Let f*(0,~) be a particular forward curve observed at
t=0.Then @ isdefined as:

* 2

0()= 2 (0)+af (0.)+ Z{1-e ) (25)

The Hull and White short rate model belongs also to the class of affine mod-

els, and in this case the functions A and Bin Equation (15) are given by [8]:

B(tT)= %(1— e ™) (26)
ALT)=[ (%UZBZ(S,T)—e(s)B(s,T))ds @7)

The corresponding forward rate curve is given by:
OA(L,T) . OB(t,T)r(t)
or or

= _aﬁTU‘T [%0282 (s,T)-6(s) B(s,T)jds] +r(t)e ™

f(t.T)=

(28)
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Now, by Leibniz rule, we have:

2
i[ TEO'ZBZ(S,T)deZEO'ZBZ(T,T)-f- TEGZMdS
aT Ut 2 2 t aT
:GZITB(S,T)MdS
t aT
-a(T-s) (29)
= UZIT —1_ € eia(Tis)dS
t a
2n2 ? —a(T-t) )2
=-—0‘B (t,T) —?(1—9 )
0 (¢T T GB(S,T)
9 (Mo(s)B ,T):@T B(T.T)+[ 0(s) 2> g
([ 0(s)B(s.))=0(T)B(T.T)+ [[0(s) —=—ds

(T o(s)e )
_.L o(s)e ds

We now assume that the initial forward curve is fitted to a Nelson and Siegel
parametric curve,

f7(0T)=2,+z,e" +z,Te ", T>0

Then, the solution of (24) and the function & are given by the following ex-
pressions:

r(t)=r(0)e™ + j; e o(u)du + o—j; e dw (u)

=r(0)e™ +a(t)-a(0)e ™ +of e dw (u)

2
O(t)=az, +(z,-z,A+az,)e " +(az; —z,4)te ™ +U—(1—e’2a‘)

2a
where
. o’ a2
a(t)=f (0,t)+g(1—e ‘).
Now we can compute explicitly
[To(s)e™™ds = (T)-a(t)e ™Y
. 2 (30)
=f * (O,T ) +E<1— e_aT ) - a(t)efa(T*t)

Replacing the Expressions (29) and (30) in the forward rate curve formula

(28), we get:
2 2
__ 9 (1_e ™Y 4 g T (1—e Y — g (t)e Y -a(T-)

f(tT)=—5 (2-e )+ 17 (0T)+ o (1-e) —a(t)e ™"V rr(t)e

With the above computations we arrive to the next theorem.

Theorem 8. Let r denote the Hull and White short rate model with the dy-
namics stated in (24). Then, if the initial forward rate curve is a Nelson and Sie-
gel parametric curve as in (20), the corresponding forward rate curve at time ¢is

given by the formula

2 2
(o}

f(t,T) =—g(1_e—a(T—t))2 . f*(O,T)+%(1_e7aT )2 _a(t)e—a(T—t) N r(t)e—a(T_t)
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Let 7=T -t the time up to maturity. Using the Brace and Musiela parame-
trization, we denote f,,, the forward curve given by fy, (t,7)=f(t,t+7).

Then the forward rate curve f,,, has the expression

faw (. 7)=C (t)e ™ +C,(t)e™ +C,(t)+C, (t)e ™ +Cy(t)re™™  (31)
where C,,C,,C;,C, and C; are coefficients that depends on t,r(t) and the
Nelson and Siegel curve parameters:

C,(t)= Z—zz(l—e‘a‘)—a(t) +r(t), C,(t)= ;—azz(e‘za‘ _1),

Ci(t)=1z, C,(t)=z,6 " +zte™, Cy(t) =z

The expression of the function 7 —> f,, (t,7) given in the formula (31) is a
sum of an exponential function plus a Nelson and Siegel parametric curve.
Definition 9. Let 41 >0 and ¢ :[0, 00) — R be a function defined as

—2ar

g(r)=ce ™ +ce ™ +zr+7,+2,6 " +2,7",

with ¢,,C,,2,,z, and 2z, constant real numbers. We call g an exponentially
extended Nelson-Siegel curve.

In particular, in the following subsection we study the consistency of the Hull
and White model with a family of forward curve manifolds G* generated by

exponentially extended Nelson-Siegel curves.

Consistency between the Hull and White Model and Forward
Curve Manifolds

The dynamics of the forward curve process is given in terms of the Ito integral
formulation by
2
df (£,7) = "€ " (1-e ) dt + oe T Jaw (1),
a

0<t<T <, and in the Musiela parametrization 7=T —t,

a 02 —ar —ar —ar
dfy (t,7) :(E fuw (t,7) +——e (1-e™) |dt+oe*dw (1)  (32)
720,t20. Because the volatility term is a deterministic function, the Strato-
novich and the Ito integral formulation are the same.
We state the next theorem:
Theorem 10. Let Z=R® and foreach A1>0 let G*: Z — C(0,%) be de-

fined as
G (i B)=Le™ + e + By + By + fire ™. (33)

Let f, (t,;-) be the Hull and White forward rate process given by the stan-
dard differential Equation (32). Then, the forward curve manifold G* is f,, -
invariant.

Proof. We note that the Frechet derivatives G; and G/ are given by:
G; (T, ﬂ) — I:e—ar , e—2a‘r ’1’ e—lr,z_e—lr]
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G/ (r;B)=p(-a)e™ + p,(-2a)e ™™ +(-B,A+ f;)e " - fAre ™.
2
So, first we prove that G/ (-;,B)+O——efa(') (l—efa('))e Im[Gg1 (ﬂ)] So we
a

look for real numbers A, B, C, Dand E such that
2

Bi(-a)e™ + B, (-2a)e ™™ +(~B,A+ fs)e ™ — fAre ™ +%e’“ (1-e)
=Ae ™ +Be® +C+De " +Ere ™.

This is true setting
2 2

A=—aﬁl+%, B=—2a,82—%, C=0, D=-B,A+A, E=—4,.

We next prove that oe e |m[Gﬁ (', B )] , or equivalently, we look for real

numbers such that
ce ¥ = Ae ™ +Be? +C+De " +Ere™

Setting A=c and B=C=D=E =0 the identity follows.

As a conclusion, we have the following corollary:

Corollary 2. For each A > 0, the Hull and White short rate model is consistent
with the forward curve manifold G* given in (33).

Remark. As in the case of the HL-model, we see that if the initial forward
curve is a Nelson-Siegel curve, then the following forward curves are exponen-
tially extended Nelson-Siegel curves, belonging to a particular manifold G*. It
must be noted that, even when the forward curve process moves on a wider ma-

nifold H with parameter set Z=R°,
H(r;8)=pe™ + B+ By + B+ fore™™, 720,

it is not true that this particular manifold is consistent with the HW model. The
parameter S must be equal to the parameter A in (1) to get the drift consis-

tency condition (12).

4. Application to Argentina’s Interest Rate

In this section we apply the Hull-White model to the Argentinian Central Bank
bills, named Lebac (Letras del Banco Central). There are seven maturities for the
Lebac bills: 35, 63, 98, 120, 147, 203 and 252 days. We have taken the
35d-maturity Lebacs as the short interest rate and we roughly estimated the for-

ward rate curve using the other six maturities:

f(O,ti)(tM—ti):[M—l}

Lebac(0,t;)

where Lebac(0,t;) is the price of the Lebac bill with maturity t; at the initial
date, t, =35d, t,=63d, and so on. The data used to calibrate the model pa-
rameters are weekly data, from January 6 to December 27, 2016 In order to
model the forward rate curves, we set January 4, 2017 as the initial date and cali-

brated the initial curve to a Nelson and Siegel rate curve. The observed forward
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rates f(0,t;) for each of the seven maturities are plotted in “Figure 1, together
with a Nelson and Siegel curve with z =0.19508 , z,=0.040724 and
7, =0.0061793.

The scale parameter A was estimated from the data: A = 0.051237 which corres-
ponds to a maximum at thirty five days, or A = 0.3587 respectively at five weeks.

In “Figure 2” we show the Hull-White forward curves consistent with Nelson
and Siegel manifold for specifics days and the corresponding Lebac forward
curve observed in the market in the same day, so as to do a back-testing of the
models.

The Hull-White model presents a good fit when it is used to make projections
in this market for few weeks. The estimated forward curve at the closest date to
the initial one presents a good picture comparing it with what actually hap-
pened. It follows the same decreasing shape and with less than one basic point of
difference, and it continues providing an accurate projection along the time. As ¢
grows, the estimated curve becomes a flat curve, due to the exponential decreas-
ing terms in #that appears in the coefficients of the forward curve formula (31).

Another interesting issue is to test the projection of the Lebac bills in each
maturity date. “Figure 3” shows the cross-section of the forward curve for each
maturity and the estimated one. Showing the projected evolution for Lebacs at
different maturities and the corresponding market data. As in the further case,
the decreasing exponential term in ¢ produces a very small estimated volatility
and the estimation is acceptable only for some few weeks.

5. Conclusions

In the previous sections we presented two families of parametric curves that are
consistent with the Ho-Lee and the Hull and White short rate models, respec-
tively. These families contain curves that are extensions of the Nelson and Siegel

Initial Forward Curve 04-01-17
04 T

. .Observed in'itial forward‘ curve
Nelson-Siegel initial forward curve
035 1

o
w
T

0.25§

Forward rate

0.2r

0.1 . ! * ' '
Jan Mar May Jul Sep Nov

Time to maturity

Figure 1. Initial forward rate curve.
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Figure 2. Forward rate curve evolution.

Time to maturity

classical curves, in the sense that each element can be written as the sum of a
Nelson and Siegel curve plus a linear function in 7 or plus an exponential func-
tion in . We proved that each of these short rate models is consistent with a
such family of forward curve manifolds G*. Moreover, foreach 1, G” isa set
of forward curves driver by four factors. Three of them are the Nelson and Siegel
factors 1, €% and re™**. In the HL model, the fourth factor is a linear func-
tion in 7 multiplied by o, the short rate volatility. In the HW model it is an
exponential decaying function ™ +c,e7°*, where a is the model parameter.
In both cases, the scale parameter A remains the same along the forward rate
process.

Nevertheless, it is worth noting that the dynamics of the Nelson and Siegel
curve under the hypothesis of an HJM framework does not seem to be a good
estimator for the evolution of the observed forward rate curve. In fact, the de-
creasing exponential terms in the case of the HW-model produce flat curves as ¢
grows, and the linear term tr in the HL-model produces too big values that
does not represent rate values. A clearly and known reason for this poor estima-

tion is that they are one factor short rate models and so they cannot capture the

DOI: 10.4236/jmf.2017.74050

931 Journal of Mathematical Finance


https://doi.org/10.4236/jmf.2017.74050

P. Kisbye, K. Meier

Lebac 63d evolution

Lebac 98d evolution

0.5 T 0.5 T = T
e Lebac 63d observed * Lebac 98d observed
Lebac 63d estimated Lebac 98d estimated
04 r 04
o )
© g
2 2 L
s 03¢ S 03
g ) g B
*e ) - . * [ J— —]
o2t ¢ * 02t"” . y
0.1 . - ' 0.1 . - :
Jan Mar May Jul Jan Mar May Jul
Time Time
Lebac 147d evolution Lebac 203d evolution
0.5 T T 0.5 ;
* Lebac 147d observed e |Lebac 203d observed
Lebac 147d estimated Lebac 203d estimated
04 . 04t
.
2 O
g B
°
s 03¢f . g 03}
g z
9 o o
[ o . o
. o - B ) . .
0.2+t — 02 7o . o
L] * .
° LR L ] . .
0.1 . L 1 0.1 . . .
Jan Mar May Jul Sep Jan Mar May Jul Sep
Time Time
Lebac 252d evolution
0.5 - -
* Lebac 252d observed
Lebac 252d estimated
04
2
o
he)
5 03¢
g
o
[
S . .
0.2 '... e o . . L4 -
01 1 1 '
Jan Mar May Jul Sep
Time

Figure 3. Cross-section of the forward curve.

hole forward curve evolution.

A further research work is to study the consistency of multi-factor short rate
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models with families of Nelson and Siegel curves, so as to incorporate other vo-

latilities term structures and make the forward rate curve evolution more realis-

tic.
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