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Abstract

We study the default risk in incomplete information. That means we model the value of a firm by a
Lévy process which is the sum of a Brownian motion with drift and a compound Poisson process.
This Lévy process cannot be completely observed, and another process represents the available
information on the firm. We obtain a stochastic Volterra equation satisfied by the conditional den-
sity of the default time given the available information. The uniqueness of solution of this equation
is proved. Numerical examples of (conditional) density are also given.
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1. Introduction

Here we consider a jump-diffusion process X which models the value of a firm. This is a Lévy process. Details
on this class of processes can be found in [1] and [2]. Their use in financial modeling is well developed in [3].
We study the first passage time of process X at level x>0 modeling the default time. We investigate the
behavior of the default time under incomplete observation of assets. In the literature, there exists some papers in
relation to this topic. Duffie and Lando [4] suppose that bond investors cannot observe the issuer’s assets
directly; instead, they only receive periodic and imperfect reports. For a setting in which the assets of the firm
are geometric Brownian motion until informed equity holders optimally liquidate, they derive the conditional
distribution of the assets, and give the available information. In a similar model, but with complete information,
Kou and Wang [5] study the first passage time of a jump-diffusion process whose jump sizes follow a double
exponential distribution. They obtain explicit solutions of the Laplace transform of the distribution of the first
passage time. Laplace transform of the joint distribution of jump-diffusion and its running maximum,
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S, =sup,, X, , is too obtained. To finish, they give numerical examples. Bernyk et al. [6], for their part,
consider stable Lévy process X of index « e]1,2[ with non negative jumps and its running maximum. They
characterize the density function of S, as the unique solution of a weakly singular Volterra integral equation of
the first kind. This leads to an explicit representation of the density of the first passage time. To unify the noisy
information in Duffie and Lando [4], X. Guo, R. A. Jarrow and Y. Zang [7] define a filtration which models
incomplete information. By simple examples, they give the importance of this notion. Similarly to Kou and
Wang, without specifying the jumps size law, Dorobantu [8] provides the intensity function of the default time.
That is very important for investors, but the information brought by this intensity is low. Furthermore, Roynette
et al. [9] prove that the Laplace transform of the random triplet (first passage time, overshoot, undershoot)
satisfies an integral equation. After normalization of the first passage time, they show under some convenient
assumptions that the random triplet converges in distribution as level x goes to o . Gapeev and Jeanblanc [10]
study a model of a financial market in which the dividend rates of two risky asset’s initial values change when
certain unobservable external events occur. The asset price dynamics are described by a geometric Brownian
motion, with random drift rates switching at independent exponential random times. These random times are
independent of the constantly correlated driving Brownian motion. They obtain closed expressions for rational
values of European contingent claims given the available information. Moreover, estimates of the switching
times and their conditional probability density are provided. Coutin and Dorobantu [11] prove that the default
time law has a density (defective when E(Xl) < 0) with respect to the Lebesgue measure in case of a stationary
independent increment process built on a pair (compound Poisson process, Brownian motion).

We extend this approach studying the conditional law of the first passage time of Lévy process at level x
given a partial information. We solve this problem using filtering theory inspired by Zakai [12], Pardoux [13],
Coutin [14], Bain and Crisan [15], based on the so called “reference probability measure” method. The paper is
organized as follows: Section 2 sets the model; Section 3 gives the results on the existence of the conditional
density given the observed filtration and on the integro-differential equation satisfied by this conditional density;
Section 4 gives the proofs of the results. To finish, we conclude and give some auxiliary results in Appendix.

2. Model and Motivations

This section defines the basic space in which we work and announces what we will do. Subsection 2.1 gives the
model of the firm value and defines the default time. Subsection 2.2 recalls some important results in the
complete information case. Subsection 2.3 defines the signal and observation process and the model for
available information. Basically, it introduces the notion of filtering theory. Subsection 2.4 gives our motivation.
2.1. Construction of the Model

Let (Q,]—" ,(]—} 't 20),IP°) be a filtered probability space satisfying the usual conditions on which we define a

standard Brownian motion W, a sequence of independent and identically distributed random variables (Yi )ieN*

with distribution function F,, a Poisson process N with intensity A4 >0 and a stochastic process Q. We assume
that all these elements are independent, (W,Q) is a Brownian motion and (Y,N) is a compound

Poisson process with intensity v under P° defined for any Borel set A by 1/(dt,A)=/1jAFY (dy)dt. On this
probability space, we define a process X as follows:

NI
Xy =mt+W, +DY,. (1)
i

X models a firm value and the default is modeled by the first passage time of X at a level x>0. Hence the
default time is defined as

r, =inf{t>0:X >x}. )
We suppose that X is not perfectly observable and that observation is modeled by process Q.
2.2. Some Results When X Is Perfectly Observed

Let (X,,t>0) beaBrownian motion with drift meR (X, =mt+W,). For z>0,we et 7, =inf{t>0,X, >z}.
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By (5.12) page 197 of [16], 7, has the following law on f& :
f(u,z)du+P°(#, =»)3, (du) (3)

where

f(u, )= |Z| exp[—%(z —mu)z}l]ovw[(u) and P°(7, =) —1—gmim,

3

The function f(., z) is C” on [0,+o0[, and all its derivatives admit O as right limit at 0 and therefore belongs

to C*([0,+e[). For o >0, Roynette et al. [9] consider as a firm value the process X, = mt +oW, +>" Y, and

as a default time the random variable 7, =inf{t>0:X,>x}. They let K, = X, —X namely overshoot and
Lo =x=X_ namely undershoot. They prove that the Laplace transform of (rx, K., LX) satisfies an integral
equation. After a suitable renormalization of 7, that we can note here 7, they show that (7,,K,,L,)
converges in distribution as x goes to oo . Overall they have obtained an asymptotic behavior of the defaut time,
the overshoot and the undershoot.

For a general Lévy process, Doney and Kiprianou [17] give the law of the quintuplet
(er-fx -G _, X, =XX=X_,x- )?T,) where X, =sup,, X, and G =sup{s<t:X =X}.

S

Coutin and Dorobantu [11] consider (1) and (2) and show that z, admits a density with respect to the
Lebesgue measure. They give the following closed expression of this density

AB(L, . (1-F, ) (x= X))+ E(leNt F(t=Ty X=X, )) if t>0
f(t,x)= 3 4)

p) .
5(2—FY(x)—FY(xf))+Z(FY(x)—FY(X7)) if t=0,

where (Ti e N*) is the sequence of the jump times of the process N.

2.3. The Incomplete Information

Our work is inspired and is in the same spirit as D. Dorobantu [8]. In her thesis, Dorobantu assumes that
investors wishing to detain a part of the firm do not have complete information. They don’t observe perfectly the
process value X of the firm but a noisy value. She defined a process Q independent of W, N,Y and satisfying
the following evolution equation

Q =[h(X,)ds+B, teR,

with h a Borel and bounded function and B a standard Brownian motion.

Definition 1. The process X is called the signal. The process Q is called the observation and is perfectly
observed by investors.

This leads us to a filtering model and we introduce the filtering framework inspired of Zakai [12], Coutin [14]
or Pardoux [13].

=N 2( s)ds

Since the function h is bounded, the Novikov condition, VT >0, Eo[e”h J<oo, is satisfied and we

define the following exponential martingale for the filtration (%)_, by

L, =exp(_[;h(xs)dQs —%ﬁhz(xs)dsj, teR,.

For a fixed maturity T >0, the process (L, ,teR,) isauniformly integrable (]P"’,(]-‘t)tzo)—martingale.
Definition 2. For fixed t>0, let us define a probability measure P on F by
Py = L,

We also note that the law of X, so the one of z,, under P° isthe same as under P. Note that investors have
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additional information on the firm which is modeled at time t by
D =01, ust).
Then all the available information is represented by the filtration
G:=(G =FvD, t=0)

where the o-algebra £ is generated by the observation of the process Q up to time t.

2.4. Motivations
D. Dorobantu [8] obtains the g -intensity of the default, namely the G -predictable process (ﬂ1 )tZO, such that
M, =1, ~[4ds, t>0

isa G -martingale. With this result, using their available information, the investors can predict the default time.
More precisely, given that default did not occur at time t, the probability that it occurs at time t+dt is
approximated by Adt . But the information brought by the knowledge of (/11)IZO is low. This motivates us to
show that the conditional law of default time z, given G admits a density with respect to Lebesgue measure
and to give its dynamic evolution.

This section presents our basic model of a firm with incomplete information about its assets. More generally,
we treat a continuous time setting, staying with the work of D. Dorobantu [8] in her thesis second part. Next
section gives our main results.

3. The Results
3.1. Existence of the Conditional Density

We recall that 7, =inf{t>0:X,>x} is the default time of a firm and G is the available information of
investors at time t. In this subsection, we prove that conditionally on the c-algebra G, 7, admits a density
with respect to the Lebesgue measure.

Proposition 1. For all t >0, on the set {r >t} the G, conditional law of 7, has the following form

f(rt X)dl’—i—IP’(r —oo|g) (dr)and P(T —oo|g) Tx>tE(G(oo,X—Xt)|gt), (5)
where
f(rtx)=B[ f(r-t,x=X,)|G].
And
G(t,x)=P(z, >t)=IP>°(rX>t)=.f:°f(u,x)du.
Remark 1 Referring to [9], for all x>0, the passage time z, is finite almost surely if and only if
m+E(Y,)>0.

3.2. Mixed Filtering-Integro-Differential Equation for Conditional Density

In this subsection, we give our main results. Indeed, we first show that the conditional law of the hitting time 7,
given the filtration (_C;t)tzo satisfies a stochastic integro-differential equation. Afterwards, we give a uniqueness

result. This type of equation is the same as the one studied in [18] with the only difference that here, we have
more general VVoltera random coefficients.

Theorem 1. Let t>0 be a real number. For any r>t, on the set {z, >t}, the conditional density of 7,
given G, satisfies the stochastic integro-differential equation:

f(r.x)

f_(r’t’x): ]P’(r >t

jHl (r,t,u)dQ, —f;

f_(l‘,u,x)
E(lrx>uG(t—u,X—Xu)lgu)n(h)(t’”)dQu (6)
f(r,ux)

+It( G(t-u,x=X,)|G,)

[TI(h)( ] du —J'Hl )(r.t,u)II(h)(t,u)du.
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where
E<1Tx>uq)(xu) f (r—U,X—Xu)|gu)
E(1,.,G(t-u,x=X,)|G,)

I (®)(r.t,u)=

B(L,.,(X,)6(1-u.x-X,)I4)

(@)(tu)= B(1,.,G(t-ux=X,)I,)

and G is defined in Proposition 1.
Proposition 2. If Equation (6) admits a solution, this one is unique.

3.3. Some Technical Results

Here, we give some technical and auxiliary results which are useful to prove Theorem 1 and Proposition 2.
Proposition 3. For any bounded function ¢ suchthat ¢(z,) is F X -measurable, Vt<T

B (¢(7)L,, L 1 52) =B [o(z)1,, |+ [E°[ Lh(X,) B[ 1, o(n )| A ]I A2 ]dQ,. ™
By this proposition, we establish two corollaries which give a representation more accessible of the processes
toB(L L. | F) and t—E°(1 ;L |A?): we apply Proposition 3 respectively to the functions

gy — l{]a,b[(y)} and ¢:y— 1{Irvw)(y)}’ the second expressions being consequence of the fact that on the event
o>t e, >uf, 5=u+ 7, o6, (Qistheshiftoperator) and
E° |:lrx>t1a<rx<b| -7':1:| :1rx>u E° |:1a—u<rx,xu <b—u| ‘7:u:|
Corollary 1. Forall t<a<b, wehave P°-as
1) E° (L1, .| £%)=P"(a<z, <b)+[E° (Lh(X)B[L, La o | 5 1 A2 )dQ, @)
and equivalently
2) B (L., | F)=P°(a<r, <b)+ [E(Lh(X
Corollary 2. For t<T,

)L [G(a-tx=X,)=G(b-ux-X,)]| £)dQ,. (9)

D) B (Ll | 52) =P (5, >T)+ [E° (Lh(X,)E[1, .1, .+ | % |1 7%)dQ,, (10)
and equivalently
2) B*(1,1 Ly | F2)=P(z, >T) jEO(LUh )L, G(T-ux=X,)| £2)dQ,. (11)

Proposition 4. Forany O<t<a<b, wehaveontheset {7, >t},

EO('—nlaqx@Uio) P°(a<rz, <b) EO(TX>uLuh )[G(a-u,x=X,)- (b—u,x—Xu)}|]-'uQ)
=30 +, dQ,
B (1. LI7) - Fn>y) B (1,0 157
IEO(Lu1a<rx<b|‘7:L|Q)E0(lrx>uLuh(Xu)G(t_u’X_xu)lj:uQ)
[E°(1,. L 170)]
B (Lo 1 77)[ B (1, Lh(X )G (t-ux-X,)| %)
|:]E0 r>tLu|fQ)3

dQ

u

(12)
du

Eo(lrx>uLuh(xu)G(t—U,X—Xu)lﬁQ)d
2 u
(B (1L 1 52)]

—_[]EO( ou L (X,)[G(a—u,x=X,)=G(b—u,x= X, ) ]| £2)x
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Remark 2. Equation (12) of Propaosition 4 can be rewriten as:
— P°(a<r, <h)
l"t = IP)O—

(TX > t)

+ [T, [o(h)(tu)] du—['o* () (t,u)o (h)(t.u)du.

+[o* (h)(tu)dQ, - [T,o(h)(t.u)dQ,

Where
= _EO<Lbla<rx<b|‘ft'Q)
CE(L.LIRY)
E°(1,,., Lh(X,)[G(a-u,x=X,)-G(b-ux-X,)]| £°)
{ry>t}) EO (]_Tx>t|_u |EJQ)

o (h)(tu)=1

E° (1, ., Lh(X,)G(t-ux=X,)| £°)

E° (L. L 1 A?)

This equation is similar to the non normalized conditional distribution Equation (3.43) in A. Bain and D.
Crisan [15], called Zakai equation.

In the same way, Equation (6) which is derived from (12) is similar to the normalized conditional distribution
Equation (3.57) in A. Bain and D. Crisan [15], called Kushner-Stratonovich equation.

o(h)(tu)=1, .,

3.4. Numerical Examples

We simulate the density of the first passage time respectively in complete information and in incomplete
information. We suppose that the jump size follows a double exponential distribution, i.e, the common density of Y

is given by f, (y)=p-7l-e"™1,+q-n2-¢"1,, where p,q>0 areconstants, p+q=1 and 71,72>0.

Here, 771:0—22, n2 :0—23, p :% and x=0.1. The difference between the figures is on one hand due to the

information and on another hand to the values taken by the parameters mand 4.
These four first figures (Figue 1 and Figure 2) represent the densities of the first passage time for a jump

y<0

A CPU time
3 438.03805
f(.,x): complete information with m=-1.5 f(.,x): complete information with m=1.5
184 24 4
16 221
204
14 18]
124 16
104 14 4
— w124
8 104
6 84
4 61
4]
24 2]
O 1 0 1

T T T T T T T T
0 02 0.4t 06 08 1 0 02 0.4t0.6 08 1

Figure 1. Densities for 4=3.
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A CPU time

0.1 376.6704

f(.x): complete information with m=-1.5  f(.%): complete information with m=1.5

304 35-
5] 304

254
204

204

w15 G

151
10

107
5]

5
0 T ) 0

0 02 04 06 08 I 0 02 04 06 08 1
t t

Figure 2. Densities for 4 =0.1.

diffusion process (case of complete information). The variable te [0,1] and Monte Carlo results are based on
5000 simulation runs. _

Figure 3, Figure 4 and Figure 6 are those of the conditional density f (r,t, x) (case of incomplete
information), for fixed t=0.1 and the variable r is such that r e]O.l,O.G] . Part Il of A. Bain and D. Crisan
[15], namely Numerical Algorithms, where the authors give some tools to solve the filtering problem is really
useful. The class of the numerical method used is the particle method for continuous time framework.Here, the
Monte Carlo results are based on 120 simulation runs.

We observe that the maximum reached is greater if the drift m is positive, meaning the positive level x is more
probably reached in a shorter time.

In incomplete information, the distance between the curve and axis is greater than in complete information
case, this would mean that in case of incomplete information, the level x is more difficult to be reached in a short
time.

The choice of the small value of A4 serves to compare the results with the limiting Brownian motion case
(A=0). In complete information case, the formulae for the first passage times of Brownian motion can be
found in [16].

A large value of A4 implies a lot of jumps, a large computing time and less regular curve.

In these last four figures (Figure 5 and Figure 6), the maximum reached is greater if the drift m is negative,
meaning the positive level x is more probably reached in a shorter time. This is due to the very small value of
A.

4. Proofs

Proposition 1
Proof. First note that, since X isa (F,P)-Markov processand G, = %, we have

B(L,.16)=B(B(L, . | %)16) =B 1, B (L, .)IG]
=1, ,E(G(,x=X)|G), where E'(.)=E(.| %).

The factthat z, isa (Q,IP’) -stopping time justifies the last equality.
Secondly, for any b>a>t the (IP,}' ) Markov property of the process X and the fact that on the set
{r,>t}, 7, =t+7,, o6 ensure

B(Lria 16) =B(B (L | 5)1G) = BB (L )16

()
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A CPU time

2 358.11432

f(.,t,x): Incomplete information
whith negative drift m=-1.5

f(..,t,x): Incomplete information
whith negative drift m=1.5

3 71
2.5 67
5_
2_.
4_
“1.51 L._
3_
1_
2_
0.51 1-
0 T T T T 1 0 T T T T 1
0 01 02 03 04 05 0 01 02 03 04 05
r-t r-t

Figure 3. Conditional densities for 1=2.

CPU time

0.1

353.00736

f(_,t,x): Incomplete information
whith negative drift m=-1.5

f(.,t,x): Incomplete information
whith negative drift m=1.5

77 9-
6.5 &1
7 .
6 N
6_
5.54 5
[ [
5] 44
3 4
451
2_
4] ]
3'5 T T T T 1 0 T T T T 1
0 01 02 03 04 05 0 01 02 03 04 05
-t -t

Figure 4. Conditional densities for 1=0.1.

The F -conditional law of 7, , has the density (possibly defective) f(.—t,x—X,), thus
B(Les o |gt):E[1,x>t_|':f (r—t,x—X,)dr| gt}
By hypothesis, we have r—t>a—t>0. It follows from Lemma 3 of Appendix that
E[lrx>tj':f (r—t,x— xt)er <o,

Then, we have forany b>a>t,

G2)



W. Ngom

A CPU time

0.01 373.16157

f(.,x): complete information with m=-1.5  f{_,x): complete information with m=1.5

504 40 A
45 35
401 304
254
351
- 20
304
15
251
104
20] 5]
15 T T T T 1 0 T T T T 1
0 02 04 06 08 1 0 02 04 06 08 1
t t

Figure 5. Densities for 4 =0.01.

by CPU time
0.01 358.96784
f(.,t,x): Incomplete information f(.,t.x): Incomplete information
whith negative drift m=-1.5 whith negative drift m=1.5
41.54 14 4
41 13 4
40.51 12 4
40 11 4
“+=39.54 « 10 1
394 9
38.54 8 4
384 7
375 T T T T ! 6 T T T T )
0 0.1 OAZI_t 03 04 05 0 01 02 r?ts 04 05

Figure 6. Conditional densities for 4 =0.01.

E[1,X>tj:f(r—t,x—Xt)dr|gt}:J':E[1rx>tf(r—t,x—Xt)lgtJdr as.
Now, we show the equality almost surely forall b>a>t. Let M, and M, be the processes defined by
MlszE[lwtj:f (r—t,x—Xt)dr|gt} and M, :b ['B[L,_, f (r—t,x—X,)| ¢, dr.

These processes are increasing, then they are sub-martingales with respect to the filtration C;b =G Vbxt
Note that b+ E(M, (b)) and b~ E(M, (b)) are too continuous. Using Revuz-Yor Theorem 2.9 p. 61 [19],

G2)
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they have same cad-lag modification for all b, meaning that
E[lrx>tf:f (r—t,x-X,)dr| q] = I:E[lrx>t f(r—tx=X,)|G Jdr as.vb.
We conclude that, almost surely, forall b>a>t,

b,
lrx>tE(1a<rx£b | gt ) = 1rx>t aE |:lrx>t f (r _t’ X= Xt ) | gt]dr
Taking a=t+—, letting n going to infinity and using monotone Lebesgue Theorem yield that, P—a.s Vb>t,
n

(L 1G )= [B[1, . f (r—tx=X,)| G Jdr.

O
Proposition 2 o
Proof. Let f and g be two solutions of Equation (6) and ¢ = f —@. It follows that
5_(r,t,x)=—J';5(r,u,x)K(t,u,x)dQu+.[;5(r,u,x)K(t,u,x)H(h)(t,u)du (13)
where
K (t,u,x)= M(h)(t) . (14)
B(L,.,G(t-u.x=X,)|4,)
We recall the expression
E(1, ,h(X,)G(t—u,x-X,)|G,
H(h)(t,U)= ( X ( ) ( )I )
E(1,.,G(t-ux=-X,)|G,)
and remark that [IT(h)(t,u)| <[, . Then
h
|K(t,u,x)|slr w [l .
TE(L,.,G(t-ux=X,)1G,)
Markov property implies
h
|K(t,u,x)|slrx>u$.
E(lrx>t |gu)
We use Lemma 4 with t=uY =1 _ and b=t and it follows that
E°(1 TR
|K(t,U,X)|S"h" 1T >UM
B (L L L AR
and Lemma 7 (22) with the pair (t,u) gets
E°(1, ., L | RS
k(L1 . )
o EO (lrx>t Lu |£IQ)
All computations are done on the set {r, >t}. We observe too u—» 5 is a positive

B (1, . L1 AR)
submartingale. Then for all T >t>u, we obtain by Lemma 7 (22) with the pair (t,T), Doob’s inequality and
{z’x >T} C{TX >t},

2 2 2
0 o off 1 0 1
’ {S“EEE"(LX»L‘IEQJ - {E()(lrptm}f)} - [E[’(LNLTM;QJ |
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Thanks to Jensen inequality and Lemma 8 with ¢« =2 and t=T, it follows that

o qup—— L
’ [Sﬁ? (1L |ﬂ°)}<°°'

Lim2ix
Concerning the numerator, E°(1, _,L, | £%)<E°(L, |£%). Since Novikov condition ]E"[eZI" > )SJ@o

is satisfied then E"(Lulj-“uQ) is a locally square integrable (IPO,]-‘Q)-martingale. Once again Doob’s
inequality gets

B sup B (1., 1 7°) <o
usT
So finally

<o P-as. (15)

_ B (1., L 1 7?) B (1., L1 7%)
Let T, (@)=infit20:————-<>n;, and Q,=q0:——————~<=<n;. On the set Q,
B (1, L | 72) E°(1, . L1 A?)

|K(t,u,x)|<nh|, T,(@)>t.Moreover (15) proves that T, > so J Q,=Q.
It follows using (13) that

s(rtx)l, =1, [—ﬁg(r,u, x)K (t,u,x)dQ, +_[;5(r,u, x)K(t,u,x)H(h)(t,u)du}

1, [— ;ATng(r,u,x)K(t,u,x)dQu +J';AT"5(r,u,x)K(t,u,x)H(h)(t,u)du}

1, [—ﬁlugng(r,u,x) K (t,u,x)dQ, +J';1ugn5(r,u,x) K(t,u,x)H(h)(t,u)du}.
Taking A, (r,t,x)=35(r.t,x)1, , we obtain

A, (rt,x) =—J';Zn (r,u,x)K (t,u,x)dQ, +.[;Zn (r,u,x)K (t,u,x)I1(h)(t,u)du. (16)

gl

Then

A, (r,t,x)ﬂ < ZEU'[;ZH (r,u,x) K(t,u,x)dQUH
+2]E[U$Zn (r,u,x)K(tu, x)H(h)(t,u)duH.
<2n|f; (+[nf: ) B

By Gronwall’s lemma, we deduce that Zn (r,t, x) =0 is the unique solution of (16) on the set Q_, so Vn
g(r,t, x)lQn =0. Uniqueness of solution of (6) is a consequence of Q= UnQn . O

Zn(r,u,x)ﬂdu

Proposition 3
Proof. Let be a process S €S where the set of processes S is defined in Lemma 5 and a time t. Lemma 7
appliedto Y =¢(z,)1, ., whichbelongsto L*(Q,P°,F*) implies
t
B (p(r,)1,, LS, ) =B [o(r),., ]+ B[ 0(5) L, 0L S,p0 (X, ) du.

Conditioning by Z° under the time integral, it follows that

G2
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E(p(z,)1,, bS) =B [p(r, )1, |+ E° (I;Supqu (Lh(X,)L (7))l ]—"UQ)du).

Conversely compute the expectation of the product of S, =1+ j;Su £,dQ, by right hand of (7):

2|5, (E'[0(r, )L, ]+ [E (Lh(X)L,0(r )1 50)Q )|
=E°[p(7,)1,,, ]+E°(josupum° (Lh(X, )1,X>t¢(rx)|fu°)du)'

Since S isdense in LZ(Q,]—‘Q,]P‘)),

EO((p( X) Tx>tL |]:Q) ':(0 fx>x:| IEO[LUh ) Ty (/](TX)”:UQ]dQU'

Finally we could replace 1Tx>t¢)(rx) by its F, conditional expectation since F° c .. O

Proposition 4
Proof. Applying Lemma 4, it follows that

E° (LyLacen | A°)

E(1a<rx<b|gt):lrx>t Eo(l tLtlj_:Q) :

(17)

But, since the condition f;EO ( f2 (t -Uu, X=X, ))du < oo is not necessarily satisfied, we are not able to prove

that E°(1Tx>tL[ |J—}Q) is a semi martingale (e.g. see Protter’s Theorem 65 Chapter 4 [20]). This leads us to
consider for t<T <t+1, the expression E°(1, ,L;|%°) instead of E°(1, L |Z£°) at denominator of

(17). But Lemma 7 of Appendix ensures that

B (L lacra | 5°) B (Llacr, | 5°)
Bl L |R°)  E°(L . LIR%)

EO (Lbla<rx<b | ft'Q )
B (L, LI 7S)
satisfying the stochastic equations respectively (9) and (11):

We apply Ito formula to the ratio of processes

. For this end, we let two processes

X =B (Lo | 52, Yo =B (1,0 L1 R2) and f(x,y) =2

The 1t6s formula applied to f (X ,Y) from 0 to t gives us
B (Llar o | F2) PO(a<z, <b) B (L. LD(X,)[G(a—ux=X,)-G(b-ux-X,)]| A?)

0 Q - 0 +.[0 Q dQu
B (1L 1 AS) - P B (1, L1 50)

rE"(Lu Lo | FO)E (1, ., Lh(X, )G (T —ux-X,)| )
° (B (L, L 17%) ]
B (L2 ) F0)[E° (1, L(X,)G(T —u,x= X, )| 52 |

+.[o 3
[B°(1, - L 1R2)]
0 v Q
_J']EO( o L(X [G a-u,x-X,)-G (b—u,x—Xu)]IﬁQ)xE (1r*>ulmh(X”)G(T ux=X,)I % )du.

(B (1,1, 170)]

Ty >T

dQ

u

du
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We achieve the proof letting T —t using the monotonous Lebesgue theoremsince 1__, increasesto 1,
when T —t. ]
Theorem 1

Proof. Let us now find a mixed filtering-integro-differential equation satisfied by the conditional probability
density process defined from the representation

E(LisG)= j:f_(r,t, x)dr for some a>t. (18)

We fix a and t such that a>t. Letbe u<t, recalling the (P“,f)-Markov property of X at point u and the
factthat 7% c F justify

E° (L Lar o | A2)
B LB (L 1)1 52
By definition of G, we have
E°(1a_u<,Hu<b_u/gu):G(a—u,x—xu)—e(b—u,x—xu)
:_Lbf(r—u,x—xu)dr.
Then
B (L s, | A7)
:EO(Lulwu_[:f(r—u,x—xu)dr|]{f3).
By Tonelli Theorem,
B (L Leer o | 22
= "B (L1, f (r—ux=X,)| £2)dr.
Similarly
E°(L, . L | 72) =B (LL,.,G(t-ux=X,) | £?).
In Equation (12) of Proposition 4,
E” (L, Taer, o | A2 ) and
E° (1., Lh(X,)[G(a-u,x=X,)-G(b-ux-X,)]| £?)
are respectively replaced by
B (L, £ (r—ux=X, )| AR )dr
and I:E°(1,X>ul_uh(xu)f(r—u,x—Xu)|]-;°)dr.

By hypothesis, we have r—u>a-u>0.
For T =t, Lemma 8 of Appendix ensures that

< 00,

E° J-t du
B (1, LG(t-ux-X,)E2)|

The numerators being bounded by |h[, L, we can apply stochastic Fubini’s theorem to Equation (12) Pro-

position 4, which can be written again as
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_ 1 b b tEO(lrx>uLuh(xu)f(r_u’x_xu)lj:uQ)
E<1a<fx<b'gt>‘mfaf<”>"”fafo CIENE- R
_ _ Q\ 1m0 _ _ Q

_” E° (L4, f(r=ux=X,)| £)E (1rx>ul_uh2(XU)G(t ux—X,)| % )dQudr
[E°(L,. L 17%)]

{1 E(L,L, ., (r—u,x—Xu)|}'UQ)[EO(LXMLuhEXU)G(t—u,x—Xu)|}"uQ)TdUdr
(B (L, L1 72)]

~["['B°(1 h(X,)f(r—ux-X,)|FE? IE:lo(j'wuLuh(XU)G(t_u'X_XU)lﬁQ)dudr.

J.aJ'O (Tx>ULU ( U) ( u)l u)

2

[B(1,. L IR
To express this result with P conditional expectation instead of P° conditional expectation, each fraction
under the integral is multiplied and divided by the same term [E° (1TX>U L, |}“UQ). To manage the indicator func-

tion, we use the filtration (G,t>0) since rz, isa G -stopping time.
Therefore, using (20) in Lemma 4, on the set {7, >t}, we obtain

B(L,.,h(X,)f(r-ux=X,)I4,)
g ( WG (t-ux=X,)14,)
E(1 (r—u,x-X )|g)

rx>u

(

[E G(t-u,x-X )|gu)}

[E(lmh(xu)G(r—u,x—xu)|gu)}2

[]E(lTX>UG(t—u,x—Xu)lgu)]3

) f(r=ux=X,)1G,)B(1, ,h(X,)G(t-ux-X,)|G,)
[E(lTX>UG(t—u,x—X |gu)]

which finishes the proof. O

j:f_(r,t,x)drz j f(r,x) dQ,dr

JP’(z' >t

—J':J';f_(r,u,x)

dQ,dr

dudr

+I:f;f(r,u,x)

pplash

dudr

5. Conclusion

This paper extends the study of the first passage time for a Lévy process in [5] from complete to incomplete
information and D. Dorobantu’s work in [8] from intensity to conditional density. Here, we are proving the
existence of the density of 7, law given an information set, giving a stochastic differential integral equation
satisfied by it and some numerical examples. All this gives us a behavior of the default time. In future works, we
will be interested by the same studies in discrete time, in another kind of information set or under another
process modeling the firm value.
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Appendix

Lemma 1. Letbe x and o real numbers and G a Gaussian random variable with mean zero and variance
one, then

Proof. Indeed using the law of G, we have

7(y+o’G)2 1 7(y+ay)2 7y72
Ele * = RTe 4 e 2dy.
T

2 2
Since (,u+0'y +2y* =| yN2+ 0% + 2” ~, then
\/2+0' 2+O'

4

2
2 o2+ HT
o)y 3 P

By change of variable x = yv/2+o? , it follows that

s

2 2

_ Xt HO M
7(,u+o'G)2 \/Ee 2(2+az) 1 7[ 2+02J \/Ee 2(2+02)
Ele * = ==

e 4 dx=

2+0° Fan V2+0?

Lemma 2. If (Ti,i € N*) is the sequence of jump time of the process N, then

1 1
E{ﬁ]<ﬁ+2/&/f.

Proof. We have

1 1
IE{ _I_TNJ:;E{—JI__T“lTﬁKTM] N3 ZE[ N Tn«wlj

where S, is an exponential random variable with parameter 4 and independent of T, which follows a
Gamma law with parameters n and A . Therefore

1 e t 1 (/1u)"'1 T
E =+ Ae” ™| Ae *dvdu
[ t—TNJ Jt E“[‘)\/t—u (n-1)! qu

n-1
si+ﬂe’ﬂ‘z(ﬂ) jt Mok

t (-1 t—u Wt
~ O
Lemma 3. There exists some constants C and C such that vt >0, x>0,
c.Im <«
f(t,x £+—+—+C+2/1m\/f. 19
()< 7 m (19)

Proof. The function f defined in (4) satisfies
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f(t,x)< /1+E(1,X>T Ft-Ty X=Xy, )) vt>0.

Nt
Using the fact that if 7, >T then x> XTNt , we have

E(lTPTN[ f (t STy XXy, )) < E(l{X_XTNt 4 f (t ST X=Xy, )J

Replacing f by its expression, we obtain

[x-x (x=Xq, ~m(t-T ))2
X= X— —-m(t—
fLX)<SA+B|L, .o ™ _exp| - Ty Ny
" 2n(t-T,,) 2(t-T,,)
2
<A+E [X_XTN‘l exp —(X_XTNt_m(t_TM))
V(=T ) 2t
o ‘X—XTNt _m(t_TNt) exp _(X_XTN‘ _m(t_TNt))Z +|m|E ; |
Z(t—TNt) Zn(t_TNt)

\/ 2n(t-T, )

N X=X, —m(t=Ty)
y|e 4. We apply this bound to y = . :

't
\/t ~Ty,

Let C,=sup,

_(X—XTNt —m(t—TNt ))2
f(t.x)<A+|mE ! +E S e )

2n(t-T,) | | (t-T)v2r

X=Xq, —m(t—TNt)

Remark that conditionally to process N and the Y,, the law of the random variable \/t = isa
~Ty,
. . x—mt—3"My, . , T
Gaussian law with mean u=—F+===— and variance o° =——1
ft _TNt t _TN[
Applying Lemma 1 we get the conditional expectation
(x—XTNt —m(HNI))2 ’2(2/12 ?)
Ele ™ N,V i=LoN, 2T
2+0°
. , Ty , =Ty L ) t
Using the factthat 0 =———=2+0" = L, we obtain since 2+oc°>
-Ty t-T, t-T,
t t t
C 1
f (t,x)£/1+(|m|+—°)]E — .
Jin (t-Ty)
The proof is completed with Lemma 2. ]

The next lemma is inspired of Jeanblanc and Rutkovski [21] and Dorobantu [8].
Lemmad4. Forall teR,, forallaandbsuchthat t<a<b, forall Y eL'(F,,P)

)
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E°(LYL., |A°
E(1,.1£°)>0 E(Y1. |G)=1.., EO((L; ‘thl 'f; )). (20)
Ty >t t

For instance with Y =1 we get

a<ry<b?

E° (Lylarr | A2)
B (1. LIAR)

Proof. Assume that there exists t, such that P(z, >t,)=0. Then for all t>t), P(z, <t,)=1. It follows
that the density function of 7, f, defined in (4), is the zero function on [t,,+oo[ . This means that WVt et,, o[,

E (1a<rx<b | gt ) = 1rx>t

f(t,X) = 2B(L, . (1= F ) (x= X))+ B(L, g, F(t-Ty x=X, ))=0 P-as
Then, P(r, <t)=1 impliesthat B(1, . (1-F, )(x—X,))=0.

Thus E(lr o1 f~(t—TN,x—XT )):O. Butwe have t-T, >0 P-a.s and on the set
X t N¢ t

Nt

{r.>Ty}, x=X;, >0. Therefore, f~(t—TN X=X, )>0 for all t > t, Hence, we obtain 1__ =0,Vt>t,
t Ne t Nt

7y >Ty, N

what is not possible. Indeed,
1TX>TNt =0< zlrx>Tn1Nt:n =0

n>0
That means forall neN,P(T, <t<T,_,,7,>T,)=0. Inparticular, for n=0,
P(T,>t,7,>0)=P(7,>0)P(T, >t)=e* 0.

Thus for any t, t, P(7, >t)>0 and (1, |%%)>0.

On the set {r, >t}, any G -measurable random variable coincides with some £ -measurable random
variable (cf. Jeanblanc and Rutkovski [21] p. 18). Then for all Y e Ll(Fb,IP’), there exists a £ -measurable
random variable Z such that

]E(lth |g) =1 _,Z.

Taking the conditional expectation with respectto %°, we get

E(L,.Y | A%)=2E(z, >t| £2).
This implies that
(1, 1g) -1, ke )

B(L,.|%°)

Using Kallianpur-Striebel formula (see Pardoux [13]) and E° (Lb |]—}Q) =L, we obtain
E°(LL,.Y 1 7?)
B*(L,., L1 5)

E(lex>t |G, ) = 11X>t

The following is in [14].
Lemma 5. The family of F° adapted processes

S= {S, = exp(jfsdQs —%J;pfdsj pel’([0T], R)}

(=)
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is total in the set of processes taking their values in L*(Q, £°,P°).

Let us denote by F“ (resp. FN and F*) the completed, right continuous filtration generated by W, (resp.
N or X)

Lemma 6. Let {U,,t>0} be an F" ® F" -progressively measurable process such that for all t>0, we
have

E° [J';U fds} < 400,
Then
E° [J';USdQS | FY @ FN ] -0. (21)
Proof. As in Lemma 5, the family of processes
R= {r_ = S[Lysdws +MA(eﬂsf‘x) —1) N (dsdx)} 7el’([0T].R), Be L ([0,T]x A,R)}

is total in the set of processes taking their values in L*(Q, F" ®]—'N,IE”°), where N is the compensated
Poisson random measure on RxR and AcR isa Borel set.

Therefore, since rt:1+j;rsydeS+J';J'Arsf (eﬂsf(x)—l)NN(dsdx), by 1t6’s formula, we have
B (52| JU.dQ. | 7" 0 7" || -2 r[U.0,
=E°[j;rs 7 U.d(W,Q) }HE}OU S (e —1)d<N~,Q>J=

The equality is obtained from the fact that under P°, (Q,W)= <Q, N > =0 by independence. O

Lemma 7. Let be a process S e S suchthatforanyt S, = exp(J.;,osdQS —%f;pfdsj, pel?([0,t],R). Let

Yel*(QP,F") and T>t, then

EO(YLTSt):]E°(Y)+E°(I;EO(Y/ﬂ)SUpULUh(XU)du)
and
B (YL | £2)=E° (YL | £8); B (YL, | R) =E* (YL | ). (22)
For instance
E° (L, 1L | R)=E(1, - L | F).

Proof. Letbe S = L;SupudQu €S, t<T and let us define the process K
K =1+[$,p,dQ,.
The integration by parts 1t6 formula applied to the product LK between 0 and T yields

I‘TKT :1+J.JLuSupudQu +I(;rlu§t KuLuh(Xu)dQu +I 1u<t uLupu ( )

and remark that L;K; =L;S,.
Since X and Q are independent under P°, we use Lemma 6 and it follows

E° (YL, S,) = E° (Y)+E°(ﬁ”ﬂ«z° (Y/fu)supuLuh(xu)du)

=E° (Y)+E°(jo\(supuLuh(xu)du).

(=)

(23)



W. Ngom

Similarly, using first E°[YLS,]=E° [EO (Y/R) L[St], It6’s formula on product of processes E°(Y/F)LS

and the independence between X and Q under P° vyields
B (YL,S,) =B (¥) + B ([YS,n, L, (X, )u). (24)
Equations (23) and (24) imply that
E°(YLr | £2)=E° (YL | £2).
Now letbe f,(X)eL”*(Q,P° £*) and apply the above equality to Yf, (X ):
E° (Y (X)L | F2) =B (Yf, (X)L | 72)
so
E° (Yf, (X)L;S, ) =E* (Yf, (X)LS,)

which concludes the proof. O

Lemma8.Forall T>t, Va>0, E° (11 L | F° )>0 almost surely and

[B° (b e 17°)]

Proof. The process (E°(1{TX>T}L | 72 ) t< T) is a positive F? (upper ) martingale, which converges to

E° <Pz, >T)" ea E

X

the non null random variable EO( e | 7R ) see Lemma 4) then it never vanishes.

From Corollary 2 (i), the process M = ( ( on L ) t<T) is a (P°,79) martingale with decom-
position

B (1, Lr 1 52 ) =P (7, > T) + [ B (1, ., L (X,) 1 52 )dQ

. 1 . N -
Let R, =inf {t >0,E° (1 L |]—;°)<—}, using 1td’s formula for x> x™* between 0 and tAR, and

0T} n

taking the expectation we derive
EO{]E,O (1{TX>T} L 5%, )1
0 Q 2
0!(0!+1) t/\RnE (1r>T Luh(xu)l‘Fl..l )
2 B ,[ Q a+2
E ( 1X>T Lu | F )

R U ol ECHRTRE X

Using Gronwall’s Lemma

=P°(r,>T) "+ du

0

11 a+l
ez

E° !
B (1 b | B2, )

The proof of Lemma 8 is achieved by letting n going to infinity. O

<E’(z,>T)"e
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