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Abstract 
This paper presents the study of reduced-form approach and hybrid model for the valuation of 
credit risk. Credit risk arises whenever a borrower is expecting to use future cash flows to pay a 
current debt. It is closely tied to the potential return of investment, the most notable being that the 
yields on bonds correlate strongly to their perceived credit risk. Credit risk embedded in a finan-
cial transaction, is the risk that at least one of the parties involved in the transaction will suffer a 
financial loss due to decline in creditworthiness of the counter-party to the transaction or perhaps 
of some third party. Reduced-form approach is known as intensity-based approach. This is purely 
probabilistic in nature and technically speaking it has a lot in common with the reliability theory. 
Here the value of firm is not modeled but specifically the default risk is related either by a deter-
ministic default intensity function or more general by stochastic intensity. Hybrid model combines 
the structural and intensity-based approaches. While avoiding their difficulties, it picks the best 
features of both approaches, the economic and intuitive appeal of the structural approach and the 
tractability and empirical fit of the intensity-based approach. 
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1. Introduction 
As stock markets have become more sophisticated, so have their products. The simple buy or sell trades of the 
early markets have been replaced by more complex financial options and derivatives. These contracts can give 
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investors various opportunities to tailor their deals to their investment needs. 
The main emphasis in the intensity-based approach is put on the modelling of the random time of default, as 

well as evaluating condition expectations under a risk-neutral probability of functionals of the default time and 
corresponding cash follows. Typically, the random default time is defined as the jump time of some one-jump 
process. 

In recent years, we see a spectacular growth in trading, especially in derivative instruments. There is also an 
increasing complexity of products in the financial markets with the growing complexity and trading size of fi-
nancial markets; mathematical models have come to play an increasingly important role in financial decision 
making, especially in the context of pricing and hedging of derivative instruments. Models have become indis-
pensable tools in the development of new financial products and the management of their risks. 

Credit risk is defined as the changes in the credit quality of a borrower. This is called the spread risk. If a 
borrower has a lower quality ranking we expect that he will be less able to pay off his running-up debt. There-
fore credit risk is characterized by two risks: default risk and spread risk. The importance of valuation and 
hedging models in derivatives markets cannot be over-emphasized. The financial risk can therefore be catego-
rized into four (4) types namely: Market risk, Liquidity risk, Operational risk and Credit risk. 

The first category of credit risk models are the ones based on the original framework developed by Merton [1]. 
They derived an explicit formula for risky bonds which can be used both to estimate the probability of default of 
a firm and to estimate the yield differential between a risk bond and a default-free bond. In addition to Merton 
[1], first generation structure-firm models include Black and Cox [2]. They try to refine the original Merton 
framework by removing one or more of the unrealistic assumptions. Black and Cox [2] introduced the possibili-
ty of more complex capital structure with subordinated debts, using the principles of option pricing Black and 
Scholes [3]. In such a framework, the default process of a company is driven by the value of the company’s as-
sets and the risk of a firm’s default is therefore explicitly linked to the variability of the firm’s asset value. The 
basic intuition behind the Merton model is that, default occurs when the value of a firm’s assets (the market 
value of the firm) is lower than that of its liabilities. 

Reduced-form models somewhat differ from each other by the manner in which the recovery rate is parame-
terized. For example, Jarrow and Turnbull [4] assumed that, at default, a bond would have a market value equal 
to an exogenous specified fraction of an otherwise equivalent default-free bond. Duffie and Lando [5] would 
have a market value equal to an exogenously specified fraction of an otherwise equivalent default-free bond. 
Duffie and Singleton [6] followed with a model that when market value at default (recovery rate) is exogenously 
specified, allows for closed-form solutions for term-structure of credit spreads. Hybrid model is the combination 
of ideas from both the structural and intensity-based approaches; this is by postulating that the hazard rate of 
default (intensity) event is directly linked to the current value of the firm’s assets (or the firm’s equity). 

For mathematical background, valuation of credit risk, some numerical method for options valuation and sto-
chastic analysis based on the Ito integral, see [7]-[20], just to mention a few. This paper is structured as follows. 
Section 2 presents the reduced-form model. Section 3 discusses hazard processes. Section 4 presents hybrid 
model for the valuation of credit risk. Section 5 concludes the paper. In this paper we shall consider reduced- 
form approach and hybrid model for the valuation of credit risk. 

2. Reduced-Form Model 
In this approach, the value of the firm’s assets and its capital structure are not model at all, and the credit events 
are specified in terms of some exogenously specified jump process (as a rule, the recovery rates at default are 
also given exogenously). We can distinguish between the reduced-form models that are only concerned with the 
modelling of default time, and that are henceforth referred to as the intensity-based models, and the reduced 
form models with migrations between credit rating classes called the credit migration models. 

The main emphasis in the intensity-based approach is put on the modelling of the random time of default, as 
well as evaluating condition expectations under a risk-neutral probability of functionals of the default time and 
corresponding cash follows. Typically, the random default time is defined as the jump time of some one-jump 
process. As well shall see, a pivotal role in evaluating respective conditional expectations is played by the de-
fault intensity process. 

Modelling of the intensity process which is also known as the hazard rate process, is the starting point in the 
intensity approach. 
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2.1. Hazard Function 
Before going deeper in the analysis of the reduced-form approach, we shall first examine a related technical  
question. Suppose we want to evaluate a conditional expectation { }( )1p tsE Yτ >  , where τ is a stopping time on  

a probability space ( ), ,G pΩ , with respect to some filtration ( ) 0t t
G

≥
=   and Y is an integrable, s -measura- 

ble random variable for some s t> . 
In financial applications, it is quite natural and convenient to model the filtration G as G = FVH, where h is 

the filtration that carries full information about default events (that is, events such as { }tτ ≤ ), whereas the ref-
erence filtration F carries information about other relevant financial and economic processes, but, typically, it 
does not carry full information about default event. The first question we address is how to compute the expec-
tation 

{ }( )1p tsE Yτ >                                      (2.1) 

Using the intensity of τ with respect to F. 

2.1.1. Hazard Function of a Random Time 
We study the case where the reference filtration F is trivial, so that it does not carry any information whatsoever. 
Consequently, we have that G = h. Arguably, this is the simplest possible used in practical financial applications, 
as it leads to relatively easy calibration of the model. 

We start by recalling the notion of a hazard function of a random time. Let τ be a finite, non-negative random 
time. 

Let τ be a finite, non-negative, variable on a probability space ( ), , pΩ  , referred to as the random time. We 
assume that { }0 0p T = =  and τ is unbounded; 

{ } 0 for everyp t t Rτ +> > ∈                               (2.2) 

The right continuous cumulative distribution function F of τ satisfies 

( ) { } 1 for everyF t p t t Rτ += ≤ < ∈                            (2.3) 

We also assume that { } 1p τ < ∞ =  so that τ is a Markov time. 
We introduce the right-continuous jump process { }1t tH τ ≤=  and we write ( ) 0t t

h
≥

=   to denote the (right 
continuous and p-completed) filtration generated by the process H. Of course, τ is an h-stopping time. 

We shall assume throughout that all random variables and processes that are used in what follows satisfy 
suitable integrability conditions. We begin with the following simple and important result. 

Lemma 1 
For any  -measurable (integrable) random variable Y we have 

( ) { } ( ) { }
{ }( )

{ }
1

1 1
p t

p t pt t

E Y
E Y H E Y

p t
τ

τ ττ
τ

>

≤ >= +
>

                        (2.4) 

For any t -measurable random variable Y we have 

{ } ( ) { }
{ }( )

{ }
1

1 1
p t

pt t

E Y
Y E Y

p t
τ

τ ττ
τ

>

≤ >= +
>

                           (2.5) 

that is, ( )Y h τ=  for a Borel measurable :h R R→  which is constant on the interval ( ),t ∞ . 
The hazard function is introduced through the following definition. 
Definition 1: The increasing right-continuous function : R R+ +Γ →  given by the formula 

( ) ( )( )ln 1 ,    t F t t R+Γ = − − ∀ ∈                              (2.6) 

is called the hazard function of a random time τ. 
If the distribution function F is an absolutely continuous function, i.e., if we have 

( ) ( )
0

d
t

F t f u u= ∫  
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for some function :f R R+ +→ , then we have 

( ) ( ) ( )0 d1 e 1 e
t u utF t γ−−Γ ∫= − = −  

where we set 

( ) ( )
( )1

f t
t

F t
γ =

−
 

: R Rγ + →  is a non-negative function and it satisfies ( )
0

du uγ
∞

= ∞∫ . 
The function γ  is called the hazard rate or intensity of τ sometimes, in order to emphasize relevance of the 

measure p the terminology p-hazard rate and p-intensity is used. The next result follows from definition 2. 
Definition 2: The dividend process D of a defaultable contingent claim ( ), , , ,X C X Z τ , which settles at time 

T, equals 

( ) { } ( ] ( ) ( ]1 0, 0,
1 1 d dd

t ut T t t
D X T Hu iCv Z Hu−≥

= + − +∫ ∫  

D is a process of finite variation and 

( ] ( ) ( ] { }

{ } { }

0, 0,
1 d 1 d

1 1

ut t

tt t

Hu cu cu

C C

τ

τ τ τ

>

≤ >

− =

= − +

∫ ∫
 

Note that if default occurs at some date t, the promised dividend t tC C− − , which is due to be paid at this 
date, is not received by the holder of a defaultable claim. Furthermore, if we set { }min ,t tτ τ∧ =  then 

( ] { } { }0,
d 1u t t tt

Z Hu Z Zτ τ τ∧ ≤ == =∫                                (2.7) 

Remark: In principle, the promised payoff X could be incorporated into the promised dividends process C. 
However, this would inconvenient, since in practice the recovery rules concerning the promised dividend C as 
the promised claim X are different, in general. For instance, in the case of a defaultable coupon bond, it is fre-
quently postulated that in case of default the future coupons are lost, but a strictly positive fraction of the face 
value is usually received by the bondholder. 

Corollary 2: For any  -measurable random variable Y we have 

{ }( ) { }
( )

{ }( )1 1 e 1t
p t pt t tE Y E Yτ τ τ

Γ
> > >=                            (2.8) 

Corollary 3: Let Y be ∞ -measurable, so that ( )Y h τ=  for some function :h R R+ → . If the hazard func- 
tion Γ is continuous then 

( ) { } ( ) { } ( ) ( ) ( ) ( )1 1 e dt u
p t t t t

E Y h h u uτ ττ
∞ Γ −Γ

≤ >= + Γ∫                      (2.9) 

If, in addition, the random time τ admits the hazard rate function γ then we have 

( ) { } ( ) { } ( ) ( ) ( )d1 1 e d
u
t v v

p t t t t
E Y h h u u uγ

τ ττ γ
∞ −

≤ >
∫= + ∫                    (2.10) 

In particular, for any t s≤  we have: 

{ } { }
( )d1 e

s
t v v

t tp s γ
ττ −
>

∫> =                              (2.11) 

and 

{ } { }
( )( )d1 1 e

s
t v v

t tp t s γ
ττ −
>

∫< < = −                           (2.12) 

Lemma 4: The process L, given by the formula 
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{ }
( )

( )
( ) ( )

: 1 e

1
1

1 e ,    

t
t

t

t
t

Lt

H
F t

H t R

τ
Γ

>

Γ
+

=

−
=

−

= − ∀ ∈

 

is an h-martingale. 

2.1.2. Martingales Associated with Continuous Hazard Function 
The h-adapted process of finite variation L given by last formula is an h-martingale (for Γ continuous or a dis-
continuous function). 

We examine further important examples of martingales associated with the hazard function, with the assump-
tion that the hazard function Γ of a random time τ is continuous. Also we assume that the cumulative distribution 
function F is absolutely continuous function, so that the random time τ admits the intensity function γ, our goal 
is to establish a martingale characterization of γ. 

More specifically, we shall check directly that the process M̂ , defined as: 

( ) { }

( )
( )

0

0

ˆ 1 d

d

t
t t t

t
t

t

M H Y u u

H u u

H t

τ

τ
γ

τ

≤

∧

= −

= −

= − Γ ∧

∫

∫  

follows and h-martingale. To this end, 

( ) { }
( ) ( )

( )
1

1p s t t t

F s F t
E H H

F tτ >

−
− =

−
  

On the other hand, if we denote 

( ) { }

( )
( )

( )
( )

{ }

1 d

d
1

1
ln

1
1

s

tt

s

t

t

Y u u

f u
u

F u

F t
F

Y Y

τ

τ

τ

τ

γ

τ
τ τ

≤

∧

∧

>

=

=
−

− ∧
=

− ∧

=

∫

∫
 

Let us set { }A tτ= > . Using the Fubini’s theorem, we obtain 

( ) ( ) ( )
1 1 p

p t p A t A

E Y
E Y E Y

pA
= =                            (2.13) 

This shows that the process M̂  follows an h-martingale. 

2.1.3. Martingale Hazard Function 
Lemma 5: Assume that F (and this also the Hazard function Γ) is continuous function. Then the process 

( )t tM H t τ= −Γ ∧                                  (2.14) 

is h-martingale. 
In view of the martingale in Lemma 5, the following definition is natural. 
Definition 3: A function : R R+∧ →  is called a martingale hazard function of a random time τ with respect 

to the filtration if and only if the process 

( ) is an -martingaletH t hτ− ∧ ∧  
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Remarks: Since the bounded, increasing process H is constant after time τ its compensation is constant after τ 
as well. This explains why the function ∧  has to be evaluated at time t τ∧ , rather than at time t. H is thus a 
bounded h-submartingale. 

It happens that the martingale hazard function can be found explicitly. In fact, we have the following. 
Proposition 6: The unique martingale hazard function of τ with respect to the filtration h is the right-conti- 

nuous increasing function ∧  given by the formula 

( ) [ ]
( )
( )0,

d
1t

F u
t

F u
∧ =

− −∫                                   (2.15) 

( ]
{ }
{ }0,

d
1t

p u
p u
τ
τ
≤

=
− >∫                                   (2.16) 

Observe that the martingale hazard function ∧  is continuous if and only if F is continuous. In this case, we 
have 

( ) ( )( )ln 1t F t∧ = − −                                    (2.17) 

We conclude that the martingale hazard function ∧  coincides with the hazard function Γ if and only if F is a 
continuous function. 

In general, we have 
( ) ( ) ( )( )

0
e e 1

ct t

u t
u−Γ −∧

≤ ≤

= − ∆ ∧∏                                (2.18) 

where 

( ) ( ) ( ) ( ) ( ) ( )
0

andc

u t
t t u u u u

≤ ≤

∧ = ∧ − ∆ ∧ ∆ ∧ = ∧ − ∧ −∑                     (2.19) 

2.2. Default Table Bonds: Deterministic Intensity 
In order to value a defaultable claim, we need, of course, to specify the unit in which we would like to express 
all prices. Formally, this is done through a choice of discount factor (a numeraire). For the sake of simplicity, we 
shall take the savings account 

0 de ,    0,
t

r v
tB t Tγ ∗∫  = ∀ ∈                                  (2.20) 

as the numraire, where r is the short term interest rate process. 
We also postulate that some probability measure Q∗  is a martingale measure relative to this nomeraire. This 

assumption means, in particular, that the price of any contingent claim Y which settles at time T is given as the 
conditional expectation. 

In accordance with our assumption that the reference filtration is trivial, we also assume that: 
• the default time τ admits the Q∗ -intensity function; 
• the short-term interest rate ( )r t  is a deterministic function of time. 

In view of the latter assumption, the price at time t of a unit default-free zero-coupon bond of maturity T 
equals 

( ) ( )d, e
T
t r v vB t T −∫=                                   (2.21) 

In the market practice, the interest rate (more precisely, the yield curve) can be derived from the market price 
of the zero-coupon bond. In a similar way the hazard rate can be deduced from the prices of the corporate zero- 
coupon bonds, or from the market values of other actively traded credit derivatives. 

In view of our earlier notation for defaultable claims adopted, for the corporate unit discount bond we have 
0C ≡  and 1X L= = . And since the reference filtration is assumed trivial, we have that G h= . 

2.3. Zero Recovery 
Consider first a corporate zero-coupon bond with unit face value, the maturity date T, and zero recovery at de-
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fault (that is, 0X =  and 0Z ≡ ). Finally, the bond can thus be identified with a claim of the form { }1 Tτ >  
which settle at T. It is clear that a corporate bond with zero recovery becomes worthless as soon as default oc-
curs. Its time t price is defined as 

( ) { }( )0 1, 1t T tTQ
D t T B E B τ

−
∗ >=   

The price ( )0 ,D t T  can be represented as follows: 

( ) { } ( )0 0, 1 ,tD t T D t Tτ >=                                (2.22) 

where ( )0 ,D t T  is the bond’s pre-default value, and is given by the formula 

( ) ( ) ( )( ) ( ) ( )d d0 , e , et tr v v v v vD t T B t T
τ τγ γ− + −∫ ∫= =                        (2.23) 

2.3.1. Fractional Recovery of Par Value (FRPV) 
According to this convention, we have 0X =  and the recovery process Z satisfy tZ δ=  for some constant 
recovery rate [ ]0,1δ ∈ . This means that under FRPV the bondholder receives at time of default a fixed fraction 
of bond’s par value. 

Using Corollary 3, we check that the pre-default value ( ),D t Tδ
  of a unit corporate zero-coupon bond with 

FRPV equals 

( ) ( ) ( ) ( )d d, e d e
u
t t

T r v v v v

t
D t T u u

τσδ δ γ− −∫ ∫= +∫
 

                         (2.24) 

where r r γ= +  is the default risk-adjusted interest rate. Since the fraction of the par value is received at the 
time of default, in the case of full recovery, that is, for δ = , we do not obtain the equality ( ) ( ), ,D t T B t Tδ =  
but rather the inequality ( ) ( ), ,D t T B t Tδ >  (at least when the interest rate is strictly positive, so that 
( ), 1B t T <  for t T< . 

2.3.2. Fractional Recovery of Treasury Value (FRTV) 
Assume now that 0X =  and that the recovery process equal ( ),Z B t Tδ= . This means that the recovery 
payoff at the time of default τ  represent a fraction of the price of the (equivalent) Treasury bond. The price of 
a corporate bond which is subject to this recovery scheme equals 

( ) { } { }( ),t t tS B t T Q t T Q Tδ τ τ∗ ∗= < ≤ + >   

Let us denote by ( )ˆ ,D t Tδ  the pre-default value of a unit corporate bond subject to the FRTV scheme. Then 

( ) ( ) ( ) ( ) ( )d dˆ , , e d e
v T
t t

T v v r v v

t
D t T B t T u uγδ δ γ− −∫ ∫= +∫

  

or equivalently, 

( ) ( ) ( )( ) ( )d dˆ , , 1 e e
T T
t tv v v vD t T B t T γ γδ δ − −∫ ∫ = − + 

 
                     (2.25) 

In the case of full recovery, that is, for 1δ = , we obtain ( ) ( )ˆ , ,D t T B t Tδ =  as expected. 
Remarks. Similar representations can be derived also in the case when the reference filtration F is not trivial, 

and under the assumption that market risk and credit risk are independent that is: 
• the default time admits the F-intensity process γ, 
• the interest rate process r is independent of the filtration F. 

3. Hazard Processes 
In the previous section, it was assumed that the reference filtration F carries no information. However, for prac-
tical purposes it is important to study the situation where the reference filtration is not trivial. This section 
presents some results to this effect. 

We assume that a martingale measure Q is given, and examine the valuation of defaultable contingent claims 
under this probability measure. Note that the defaultable market is incomplete if there are no defaultable assets 
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traded on the market that are sensitive to the same default risk as the defaultable contingent claim we wish to 
price. Thus, the martingale measure may not be unique. 

3.1. Hazard Process of a Random Time 
Let : Rτ +Ω →  be a finite, non-negative random variable on a probability space ( ), , pΩ  . Assume  

t tV=    for some reference filtration F, so that G FVh= . 
We start by extending some definitions and results to the present framework. We denote { }t tF p tτ= ≤  , 

so that { }1t t tG F p tτ= − = >   is the survival process with respect to F. F is a bonded non-negative, F-sub- 
martingale. As a submartingale, this process admits a Doob-Meter decomposition as t t tF Z A= +  where A is an 
F-predictable increasing process. Assume, in addition, that 1tF <  for every t R+∈ . 

Definition 4: The F-hazard process Γ of a random time τ is defined through the equality 1 e t
tF −Γ− = , that is, 

lnt tGΓ = . 
Notice that the existence of Γ implies that τ is not an F-stopping time. If the event { }tτ >  belongs to the σ - 

field tF  for some 0t >  then { } { }1 0t tp t ττ >> = >  (p-almost surely) and this τ = ∞ . 
If the hazard process is absolutely continuous, so that 

0
d

t
t u uγΓ = ∫ , for some process γ, then γ is called the 

F-intensity of τ. Thus the case only if the process Γ is increasing and thus γ is always non-negative. Note that if 
the reference filtration F is trivial, then the hazard process Γ is the same as the hazard function ( )Γ ⋅ . In this 
case, if T is absolutely continuous, then we have ( )t tγ γ= . 

3.2. Terminal Payoff 
The valuation of the terminal payoff ( )dX T  is based on the following generalization of Lemma 1. 

The question is how to compute { }( )1p tsF Yτ >   for and s -measurable random variable Y? 

Lemma 7: For any  -measurable (integrable) random variable Y an arbitrary s t≥  we have 

{ }( ) { }
{ }( )

{ }
1

1 1
p ts

p ts t
t

E Y
E Y

p t
τ

τ τ τ
>

> >=
>





                            (3.1) 

If, in addition, Y is s -measurable then 

{ }( ) { } ( )1 1 e t s
p t p ts tE Y E Yτ τ

Γ −Γ
> >=                              (3.2) 

Assume that Y is t -measurable. Then there exists on t -measurable random variable Y  such that  

{ } { }1 1t tY Yτ τ> >=  . 

The latter property can be extended to stochastic process: for any G-predictable process X there exists an F- 
predictable process X  such that the equality 

{ } { }1 1t tt tX Xτ τ> >=                                     (3.3) 

is valid for every t R+∈ , that both processes coincides on the random interval [ )0, t . 

3.3. Recovery Process 
The following extension of Corollary 3 appears to be useful in the valuation of the recovery payoff Zτ  (Note 
that the payoff occurs at time τ). 

Lemma 8: Assume that the hazard process Γ is a continuous, increasing process, and let Z be a bonded, 
F-predictable process. Then for any t s≤  we have: 

{ }( ) { } ( )1 1 e dt u
s

p t p u tt s t t
E Z E Z uτ τ τ

Γ −Γ
< > >= Γ∫                        (3.4) 

3.4. Promised Dividends 
To value the promised dividends (that are paid prior to τ, it is convenient to make use of the following result. 
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Lemma 9: Assume that the hazard process Γ is continuous. Let C be a bounded, F-predictable process of 
finite variation. Then for event t s≤  

( ) ( ) { } ( ], ,
1 d 1 e dt u

p u u t p u ttt s t s
E H C E Cτ

Γ −Γ
>

  − =   
   ∫ ∫                      (3.5) 

3.5. Valuation of Defaultable Claims 
We assume that τ is given on a filtered probability spaces ( ), ,G Q∗Ω , where G FVh=  and { } 0tQ tτ∗ > >  
for every t R+∈  so that the F-hazard process Γ of τ under Q∗  is well define. A default time τ is thus a G- 
stopping time, but it is an F-stopping time. 

The probability Q∗  is assumed to be a martingale measure relative to saving account process B, which is 
given by (3) for some F-progressively measurable process r. In some sense, this probability, and thus also the 
F-hazard process Γ of τ under Q∗ , are given by the market via calibration. 

The ex-dividend price tS  of a defaultable claim ( ), , , ,X C X Z τ  is given by definition 5 below. 
Definition 5: For any date ( )0,t T∈ , the ex-dividend price of the defaultable claim ( ), , , ,X C X Z τ  is given 

as 

( ]
1

,
dt t u tp t T

S B E B Du∗
− =  

 ∫                                 (3.6) 

we always set ( )d
TS X T= . With p∗  substituted with Q∗  and F replaced by G. We postulate in particular, 

that the processes Z and C are F-predictable, and the random variable X and X  are T -measurable and T - 
measurable, respectively. Using Lemmas 7, 8, 9 and the fact that the savings account process B is F-adapted, a 
convenient representation for the arbitrage price of a defaultable claim in terms of the F-hazard process Γ is de-
rived. 

Proposition 10: The value process of a defaultable claim ( ), , , ,X C X Z T  admits the following representa-
tion for t T<  

{ } ( ] ( ) { } ( ) { }( )1 1 1 1
,

1 d d 1 1t t t u u u u u t t t T T t t T tt t TQ Q Qt T
S B E B C Z B E B X B E B Xτ τ τ∗ ∗ ∗

− − − − −
> > >

 = − + + 
 ∫          

If the hazard process Γ is an increasing, continuous process, then 

{ } ( ] ( ) { } ( ) { }( )1 1 1
,

1 e d d 1 e 1t u t T
t t u u u u t t T t t T tt t TQ Q Qt T

S B E B C Z B E B X B E B Xτ τ τ∗ ∗ ∗
Γ −Γ Γ −Γ− − −

> > ≤
 = + Γ + − + 
 ∫     

Corollary 11: Assume that the F-hazard process Γ is a continuous, increasing process. Then the value process 
of a defaultable contingent claim ( ), , , ,X C X Z τ  coincides with the value process of a claim ( )ˆ, , ,0,X C X τ , 
where we set 

0
ˆ d

t
t t u uC C Z= + Γ∫ . 

3.6. Defaultable Bonds: Stochastic Intensity 
Consider a defaultable zero-coupon bond with the par (face) value L and maturity date T. First, we re-examine 
the following recovery schemes: the fractional recovery of par value and the fractional recovery of Treasury 
value. Subsequently, we shall deal with the fractional recovery of pre-default value, but in this section using the 
stochastic intensity instead of the deterministic intensity used earlier. We assume that τ has the E-intensity γ. 

3.7. Functional Recovery of Par Value 
Under this scheme, a fixed fraction of the face value of the bond is paid to the bondholders at the time of default. 
Formally, we deal here with a defaultable claim ( ),0,0, ,X Z τ , which settle at time T. With the promised payoff 
X L= , where L stands for the bond’s face value, and with the recovery process Z Lδ= , where [ ]0,1δ ∈  is a 

constant. The value at time t T<  of the bond is given by the expression 

{ } { }( )1 11t t tt T T TQ
S LB E B Bτ τ τδ∗

− −
< > >= +                           (3.7) 

If τ admits the F-intensity γ, the pre-default value of the bond equals 
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( ) ( )1 1, d
T

t u u T tQ t
D t T LB E B u Bδ δ γ∗

− −= +∫                            (3.8) 

Remarks. The above setup is a special case of the fractional recovery of par value scheme with a general F- 
predictable recovery process t tZ δ= , where the process tδ  satisfies [ ]0,1tδ ∈ , for every [ ]0,t T∈ . A gener-
al version of formula (3.8) is given by 

( ) ( )1 1, d
T

t u u u T tQ t
D t T LB E B u B Fδ δ γ∗

− −= +∫                            (3.9) 

3.8. Fractional Recovery of Treasury Value 
Here, in the case of default, the fixed fraction of the face value is paid to bondholders at maturity date T. A cor-
porate zero-coupon bond is now represented by a defaultable claim ( ),0,0, ,X Z τ  with the promised payoff 
X L=  and the recovery process ( ),tZ LBU Tδ= . ( ),B t T  stands for the price at time t of unit zero-coupon 

Treasury bond with Maturity T. The corporate bond is now equivalent to a single contingent claim Y, which set-
tle at time T and equals 

{ } { }( )1 1T TY L τ τδ> ≤= +                                (3.10) 

The price of this claim oat time t T<  equals 

{ } { }( )( )1 1 1t t T tT TQ
S LB E B τ τδ∗

−
≤ >= +                           (3.11) 

or equivalently, 

( ) { } { }( )1 1, 1 1t t T T tt T TQ
S LB E B B t T Bτ τδ∗

− −
< ≤ >= +                      (3.12) 

The pre-default value ( )ˆ ,D t Tδ  of defaultable bond with the fractional recovery of Treasury value equals 

( ) ( )( )1 1ˆ , , d
T

t u u T tQ t
D t T LB E B B u T u Bδ δ γ∗

− −= +∫                        (3.13) 

Again, the last formula is special case of the general situation where t tZ δ=  with some predictable recovery 
ratio process [ )0,1tδ ∈ . 

3.9. Fractional Recovery of Pre-Default Value 
Assume that tδ  is some predictable recovery ratio process [ )0,1tδ ∈  and let us set X L= . The pre-default 
value of the bond equals 

( ) ( )( )1 d, e
T

u t ut r u
M tQ

D t T LE δ γδ
∗

− + −∫ =  
 

                          (3.14) 

where 

( )( )( )0
ˆ exp 1 d

t
t u u uB r uδ γ= + −∫                            (3.15) 

3.10. Choice of a Recovery Scheme 
A challenging practical problem is the calibration of statistical properties of both the recovery process δ and the 
intensity process γ. The empirical evidence strongly suggests that the amount recovered at default is best mod-
elled by the recovery of par value scheme. However, we conclude that recovery concept that specifies the 
amount recovered as fraction of appropriately discounted par value, that is, the fractional recovery of treasury 
value, has broader empirical support. 

4. Hybrid Model 
This is basically combination of ideas from both the structural and intensity-based approaches, this is by post-
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ulating that the hazard rate of default (intensity) event is directly linked to the current value of the firm’s assets 
(or the firm’s equity). Reduced-form models with this specific feature are referred to as hybrid model. In this 
setup, the default time is still a totally inaccessible stopping time, but the likelihood of default may grow rapidly 
when the total value of the firm’s assets approaches some barrier. Madan and Unal [20] consider the discounted 
equity value (including reinvested dividends) process t t tE E B∗ =  as the unique Markovian state variable in 
their intensity-based model. 

They postulate that the hazard rate of default equals ( ),t tE tλ λ ∗=  or simply ( )t iEλ λ ∗=  for some function 
: R Rλ + +→ . The process E∗  is assumed to follow a diffusion process, specifically 

( ) 0d , d ,    0t t tE E t W Eσ∗ ∗ ∗ ∗= >                              (4.1) 

Under the martingale measure p∗  and for some constant volatility coefficient σ . We assume that the 
process E∗  takes on strictly positive values: 0tE∗ >  for every [ ]0,t T∈ . The default time τ is given by the 
canonical construction, so that it is defined on an enlarged probability space ( ), ,G Q∗Ω . W ∗  a standard 
Brownian motion under Q∗  and Q∗  is an extension of p∗ . 

We take a function ( ) ( )( ) 2
lnx c x vλ

−
= , where c and v  are strictly positive constants. It is interesting to  

notice that the stochastic intensity ( )t tEλ λ ∗=  tends to infinity when the discounted equity value tE∗  ap-
proaches, either form above or from below, the critical level v . To avoid making a particular choice of de-
fault-free term structure model, we focus on the futures price of a corporate bond. 

The futures price ( )f Xπ  of a contingent claim X, for the settlement date T, is given by the conditional ex-
pectation under the spot martingale measure; 

( ) ( ) [ ]for 0,f
t tQ

X E X t Tπ ∗= ∈                            (4.2) 

In particular, the futures price ( ),fD t T  of a defaultable bond with zero recovery is given by the formula 

( ) { },f
tD t T Q Tτ∗= >                                 (4.3) 

More explicitly, 

( ) { }
( )

{ } ( )

, d
, 1 e

1 ,

T
ut E u uf

tt p

tt

D t T E

V E t

λ

τ

τ

∗

∗

−

≥

∗
>

∫ 
=  

 

=


 

for some function :v R R+ +→ . 
By virtue of Equation (4.1) and the Feynman-Kao theorem, the function r satisfies, under mild technical as-

sumptions, the following pricing partial differential equation 

( ) ( ) ( ) ( ) ( )2
6

1, , , , , 0
2 xxv x t x t v x t x t v x tσ λ+ − =                       (4.4) 

subject to the terminal condition ( ), 1v x T = . For the sake of notational simplicity, we assumed here that W ∗  
is one dimensional. Under these assumptions the futures price of a corporate bond is given by 

( ) ( )( ), ,f
v tD t T G h E T t∗= −                              (4.5) 

where the parameter v satisfies ( ) 21 2v v cσ −+ =  and 

( )
( )( )

2

22

2,
ln 2

th x t
x v t

σ

σ
=

−
                             (4.6) 

For a fixed value of the parameter v, the function :v R R+ →  satisfies the second-order ordinary differential 
equation 

( ) ( ) ( ) ( )2 13 1 0
2 4v v v

v v
x x x x x

+ ′′ ′+ − − = 
 

                         (4.7) 
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with the initial conditions ( )0 1v =  and ( ) ( )1
0

4v

V V− +
′ = . The quasi-explicit valuation formula above may  

serve to produce estimates of parameters of the hazard rate process, based on the observed market yields on de-
faultable bonds. 

5. Conclusion 
We have in our disposal two models for the valuation of credit risk named the reduced-form model and the hy-
brid model. It is worth noting that the cornerstone of credit risk and its modelling is based on the information 
one can perceive. This information can be complete (structural approach), partial (incomplete information model 
which is called hybrid model) or not available (reduced-form model). This perceived information defined the 
methodology that one can apply to model credit risk. Everything lies on whether information is available or not. 
And that is the very fundamental economic notion of credit risk. We conclude this paper by commenting on the 
advantages and disadvantages of the reduced-form model and the hybrid model for the valuation of credit risk. 

5.1. Advantages of Reduced-Form Model 
• The level of the credit risk is reflected in a single quantity: the risk-neutral default intensity. 
• The random time of default is an unpredictable stopping time, and thus the default event comes as an almost 

total surprise. 
• The valuation of defaultable claims is rather straightforward. It resembles the valuation of default-free con-

tingent claims in term structure models, through well understood techniques. 
• Credit spreads are much easier to quantify and manipulate than in structural models of credit risk. Conse-

quently, the credit spreads are more realistic and risk premia are easier to handle. 
• The intensity of the random time of default plays the role of a models input. 
• Valuation result for corporate bonds and credit derivatives are relatively simple, even in the case of basket 

credit derivatives. 
• In practice, the intensity of default can be inferred from observed prices of bonds (the calibrated or implied 

default intensity). 

5.2. Disadvantages of Reduced-Form Model 
• Value of the firm is not explicitly modelled. 
• Typically, current data regarding the level of the firm’s assets and the firm’s leverage are not taken into ac-

count. 
• Specific features related to safety covenants and debt’s seniority are not easy to handle. 
• All (important) issues related to the capital structure of a firm are beyond the scope of this approach. 
• Most practical approaches to portfolio’s credit risk are linked to the value-of-the-firm approach. 

5.3. Advantages of Hybrid Model 
• This is basically combination of ideas from both the structural and intensity based approaches. While avoid-

ing their difficulties, it picks the best features of both approaches: the economic and intuitive appeal of the 
structural approach and the tractability and empirical fit of the intensity-based approach. 

• Hybrid model is of great importance in credit risk valuation because of the existence of a bankruptcy 
process. 

• Dependent defaults are easy to handle through correlation of processes corresponding to different names. 

5.4. Disadvantages of Hybrid Model 
• A stringent assumption that the total value of the firm’s assets can be easily observed. In practice, conti-

nuous-time observations of the value processes are not available. Thus the structural model with incomplete 
accounting data can be dealt with using the intensity-based methodology. 

• Most practical approaches to portfolio’s credit risk are linked to the value-of-the-firm approach. 
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