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Abstract

We recalculate the magnetic moment of neutrinos in a hot and dense medium. The magnetic di-
pole moment of neutrinos is modified at high temperature and chemical potential. We show that
the magnetic dipole moment of electron neutrino does not get a significant contribution from ther-
mal background to meet the cosmological bound. However, chemical potential contribution to the
magnetic moment is non-ignorable even when chemical potential is an order of magnitude greater
than the electron mass. It is demonstrated that this effect is more significant in the models with an
extended Higgs sector through neutrino mixing.
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1. Introduction

Neutrinos were originally discovered as massless neutral fermions. These fermions can only interact weakly and
conserve individual lepton number in the standard electroweak model (SEWM). Neutrinos are massless left-
handed fermions in SEWM and are called Weyl neutrinos. These left-handed neutrinos can interact weakly with
leptons (of the same flavor) and quarks. On the other hand, the neutrino oscillation (flavor or spin) is only al-
lowed with nonzero mass of neutrino, though this mass can be small enough to give ignorable contributions to
beta decay. However, neutrinos can oscillate among different flavors if they have nonzero mass and a right-
handed partner. A very tiny nonzero mass of neutrino leads to the numerous extensions of the standard model
and opens up new venues of research in high energy physics with its tremendous applications to astroparticle
physics and cosmology. Minimally extended standard model (MESM) still obeys the law of conservation of in-
dividual lepton number. In this paper, we look at the MESM with nonzero tiny Dirac mass which does not
change the SEWM, other than adding an inert right-handed neutrino as a singlet in each generation.

Massless neutrinos are represented by Weyl spinners with one degree of freedom. These Weyl neutrinos have
to strictly obey the conservation of individual lepton number. However, nonzero mass [ 1] of neutrino was origi-
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nally suggested to resolve Solar Neutrino Problem (SNP). Neutrino mixing or neutrino oscillation is a natural
consequence of massive neutrino, though extremely small. SEWM allows two types of massive neutrinos: Dirac
neutrinos bring in a right-handed neutrino as an anti-particle with equal and opposite mass, whereas Majorana
mass adds a heavy right-handed neutrino for seesaw mechanism. Massive neutrino with a Dirac mass can estab-
lish a higher order coupling with the magnetic field through radiative corrections and has nonzero magnetic
moment which is induced by the corresponding charged lepton. The Majorana neutrino can have the transition
magnetic moment that is also associated with the coupling of neutrino with charged leptons and is called transi-
tion magnetic moment. However, the transition magnetic moment can be expressed in terms of the magnetic di-
pole moment of Dirac neutrino [2]-[6].

Superkamiokande claimed the experimental evidence of neutrino oscillations [7]-[9], indicating nonzero mass
of neutrino as a possible solution of SNP. This nonzero mass of neutrino encouraged phenomenologists to study
the properties of massive neutrinos in detail and look for other applications of nonzero mass of neutrino. If the
neutrino mass is not exactly equal to zero, then we can think about the existence of right-handed neutrino as well.
Now, to accommodate this right handed neutrino in the SM, we have to look for different extensions of the SM.
These tiny masses of neutrinos, though they are not expected to be high enough to change the physical results
significantly, provide enough motivations to look at the extensions of the standard electroweak model, even
more seriously. In this paper, we will work on MESM, mainly. All the Feynman diagrams and the corresponding
rules of the SM remain unchanged in this model.

MESM can further be extended with increased particle sectors associated with the modified conservation
rules. In one of the simplest model, we have to extend the Higgs sector to accommodate the neutrino doublet in
the theory at the expense of the individual lepton number. Total lepton number is always conserved. This new
charged Higgs can be added as a singlet [10] or as a doublet [11]. We would refer to the last one as the Higgs
doublet model (HDM) throughout this paper and look at it as an example of possible extension of SEWM, with
embedded neutrino mixing. There are several other extensions of the standard model which we do not include in
our discussions, because we mainly want to calculate the quantum statistical background effects on the proper-
ties of massive neutrinos. Although the neutrino masses are small enough to be ignored in most cases, we still
have to investigate the behavior of massive neutrinos in astrophysical and cosmological environments where
they behave differently with this tiny mass. Astronomical environments can be extremely hot and dense with
strong magnetic field. We study the behavior of Weyl neutrino in the constant magnetic field. Our basic scheme
of work is real-time formalism [12]-[18] where we deal with the real particles processes in the heat bath of real
particles at moderate energies.

This paper has been organized in a way that the next section is devoted to the study of the properties of mass-
less neutrino in a strong magnetic field in extremely dense systems. Properties of Dirac neutrinos at finite tem-
perature and density are calculated in Section 3 for different ranges of temperature and chemical potential. Ma-
jorana neutrinos are not discussed in detail because the transition magnetic moment of Majorana neutrinos [2]
can be expressed in terms of the magnetic moment of Dirac neutrino. In the last section, we discuss all of the
calculated results and their implications.

2. Weyl Neutrino

Weyl Neutrinos are massless neutrinos and conserve the individual lepton number. It does not interact with the
medium directly. Weyl neutrinos, being massless neutral particles, do not couple with the magnetic field, even at
extremely high temperatures. However, they can acquire a dynamically generated shielding mass like other neu-
tral particles [15]-[18] due to its interaction with electrons in an extremely dense rotating system with a high
concentration of charged particles such as electrons. With this effective mass, a neutrino will behave as a Dirac
particle with the effective mass [19]

__gelBlu. _ gueB/m,
(211)2 (mf,, —e|B|) (271)2 (l—eB/me)
B is the constant magnetic field and g, gives the chemical potential of electrons in the background. Equa-

tion (1) can later be inserted in the magnetic moment expression to get the magnetic moment of neutrino, cor-
responding to the dynamically generated mass and is treated as Dirac mass. This effective mass of neutrino in-
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creases with increasing magnetic field, whereas 7 boson mass sets an upper limit on the magnetic field, that is;
e|B| < mf,, to get the physically acceptable effective mass. In this equation, Equation (1) is used to calculate the
rate of change of this mass with the constant magnetic field comes out to be [19]

dmcff — gzelue 1+ eB (2)

dB (21t)2 (m;, —eB) (mf,, —eB)

Equation (2) gives the coupling of neutrino through its dynamically generated mass m,, and dzlngf which

is proportional to the magnetic moment of neutrino and is proportional to the chemical potential of the corres-
ponding charged lepton of the same generation. Rate of change of the effective mass with respect to the constant
magnetic field of the medium is independent of temperature. Weyl neutrino cannot interact with thermal me-
dium. For m, < |B| < mj, , we can write it as

dmy _ glep, [1 LB J __&en, )
dB (2n)'mi\  my ) (2m)' m} ,
and, for very large magnetic field
dmeff _ gzezlueB (4)

dB  (2xy’ (m;, - 63)2
which is simply ignorable until the chemical potential g, is very large. Equation (2) can also be rewritten as
dm,  geu,(eB/my)

= ; . %)
dB (2m)" m;, (l—eB/me)

The above equation indicates that the coupling with the weak magnetic field depends on the magnetic field
itself. However, for strong field, the effective magnetic moment is constant and will be significant only if the
chemical potential is large enough.

Just to understand the functional behavior of the effective mass, we plot the effective mass (Figure 1) and the
rate of change of the effective mass (Figure 2) with respect to magnetic field by setting (for the constant chemi-
cal potential)
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Figure 1. Rate of change of the effective mass with respect to the

magnetic field.
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Figure 2. Plot of the rate pf change of the effective mass with respect
tothe magnetic field as a function of the magnetic field.

2
g eu, ~1 (6)

(2n)2 my,

The plot of Equation (1) indicates that the effective mass of neutrino becomes significant only for an ex-
tremely large magnetic field (Millions of Tesla) which is only possible for extremely large chemical potential of
electrons. Just to look at the magnetic field dependence, we choose constant density of electrons associated with
the tremendously large chemical potential. Stable systems usually cannot acquire such high values of density
and magnetic fields, however, these conditions cannot be ruled out during the process of generation of super-
dense stars.

It can be clearly seen from the graph that the magnetic field effect is only significant for extremely large
magnetic field which is only possible for unusually dense systems.

3. Dirac Neutrino

Induced magnetic dipole moment is associated with neutral Dirac particle through its interaction with the cor-
responding charged lepton. In the MESM, the lepton flavor mixing is not allowed just as the SEWM. Right-
handed neutrino is the only additional singlet in this model and is inert in nature. So all the Feynman rules are
obeyed and basic diagrams of the SEWM are studied. Dirac neutrino has a nonzero magnetic moment in vacuum
[4]. The boson propagator in the real-time formalism can be written as [ 12]-[ 18]

1 .
D = m—2m5(k2)n3 (k) (7a)

and the fermion propagator as,

1
SP=(p-m,)| ————+2mid( p* —m* )n 7b
F (P /)|:p2—m/,2+l'6‘ (p 5) F(p) (7b)
with the Bose-Einstein distribution,
ny (k) =— (82)
s - eff 1

for massless vector bosons. This automatically leads to the vanishing mass density and hence the chemical po-
tential. The Fermi-Dirac distribution is given by [20]
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_ 0w, 9(=p)
nF( )_ eﬁ(l’o*ﬂ)+1+eﬁ(l’o+ﬂ)+1 (8b)

such that the chemical potential of fermions is always equal and opposite to the corresponding anti-fermions in
CP symmetric background. However, Equation (8b) can still work (for comparable values of particle-antiparticle
concentration) even if CP symmetry breaks. Since all the particle species are in thermal equilibrium, it is conve-
nient to expand the distribution functions in powers of m/f , where m is the mass of the corresponding particles
and B=T".u, T and m correspond to the properties of electrons and are expressed in the same units. We ob-
tain [14] [15]

e 2T 3 (1) ) (%)
n=1
and in the limitof g >T [16][17]
0= )+ Z () )

n=1

for particles. Distribution functions for antiparticles, in the same approximations give

n L}Z(_l)” e Alutm) (10a)
n=1
and
n, —L i(—l)" e "Pluem) (10b)

n=0
p, correspond to the energy of the real particles, given by
p=p e’ (11a)

where, p is the magnitude of the three momentum of the particles. In the presence of the constant background
magnetic field, it reads out to be [19]

po=p +m’ +eB(2n+1) (11b)

where n corresponds to the Landau Levels. We ignore the polarization effects for the moment. The electromag-
netic properties of neutrinos can be derived from the radiative decay of neutrino v — vy or the plasmon decay
given as ¥ — yv . These processes can only take place through the higher order processes. The most general
form of the decay rate of Dirac neutrino can be written in terms of its form factors [5] [6] as

T, =[Rgu " + Fa, +iF, (7,1, = 1,1,) 4" +iF 00y a0 L (12)
in usual notation with
w
K :TT+—2(TL—TT) (13a)
0
1
F, :F(TL _TT) (13b)
. w
iF; :——Z(TL—TT) (13¢)
0
T,
F ="t (13d)
0
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where, L, T and P correspond to the Longitudinal, Transverse and the Polarization components, respec-
tively. F, here is in the form of standard charge radius, F, yields an additional contribution to the charge ra-
dius. F; and F, correspond to the electric and magnetic form factors of neutrinos, respectively. It can also be

seen that
F(q*=0)=D, =—"%(1,-T;) (14a)
and
F(¢=0)=D, =~ (14b)
2q

where, g on the right-hand side of the equation corresponds to the magnitude of three-momentum vector ¢, and
D, and D,, are the electric and magnetic dipole moment of Dirac neutrino. Considering

T,uv :TTR/JV-’_TLQ/JVJFTPP#V (15)

such that

R/ll/ = g,uv _Q,uv (163)

Ui,
O, = - (16b)
= “u 16

Pﬂv = mg,uvaﬂq u ( C)
with,

_ 9,49,

gyvzgyv_ ”2 (173)

q
i, =g,u" (17b)
u, =(1,0,0,0) (17¢)

12
for w=q-u and ¢= (a)2 —|q|2) and the form factors can be written as

eg’ s
T, = E (a—u—zj (18a)
2
eg” p
T, = (18b)
eg2
TP = —W|q|l(' (180)
The integrals «, f and x are given by
dp o [2m’-2pg }
a=—=F—(nf+n )| 5—L+(qg (19a2)
I(Zn)32E(F F)_q2+2p-q ( )
d’ A 2(pu) ~2(p-u)(q-u)-p-g
[ EL ()| 2 2N g (190
(2m) 2E i 9 —2p-q
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" I(2;:)3215“(’1F nF)L2+2p~q+(q<_) q)} o

Equation (19) shows that the first two Equations (19a) and (19b) give nonzero values of « and [ at any
values of particle-antiparticle densities, whereas x in Equation (19¢) vanishes at low densities and is extremely
small in CP-symmetric background. We have evaluated these integrals at 7 > g in Ref. [6], giving

%{MjLﬂa(m/ﬁ’ﬂ)_m%b(mlﬁ’ﬂ)_m4,32 h(m/ﬂ,y)},
T

o= 5
B B 8
1 3 1-v\e(mp, y) m’ m' 5
z—||1+=In ne ,
| (v ot ) ) b ) b )
1
K= ?[b(m(ﬂ,,u) + m,zh(m/ﬁ,,uﬂ
for negligible antiparticles background. However, in CP-symmetric background, we can write Equations (20) as
a(mﬂ,i,u)zln(l+e_ﬂ(m”)), (21a)
b(mp.tu) = (~1) € Ei(~nmp),
n=1
o *"ﬁ(»’!“‘ﬂ)
c(mﬂ,iy):Z( ) n—’ (21b)
n=1

n=1 m,

o 2 —nfm,
bt = 31" | 2L £y ) np }

x — 0 in the CP symmetric background. Masood’s abc functions (we call them a; functions for simplicity) for
particles and antiparticles are evaluated in the same way. At large T, the chemical potential is negligible and we
get the same background contribution for particles and antiparticles. We stick to the notation of Ref. [5] and de-
fine

avy (mpo 1) =5 [a(mp.p)+a(mp,—u)],
: 22)
(B )= L[ mp ) a(mp. )]

such that, in the limit 7 > u
a; (m/,ﬁa :u) -0

or in other words the function x — 0, indicating the vanishing contributions to the magnetic moment of neu-
trino from the tadpole diagram. In reference to Equation (18c), x — 0, shows that the polarization factor of the
form factors vanishes at extremely high temperatures. The calculational detail of these @, functions can be
found in Ref. [5]. These functions always appear in this scheme of calculations. In the limit 7 > g, these func-
tions read out as

vy (m otr) = ] (16 ) 170
by, (m, B, 1) = i(—l)n cosh(nBu) Ei(—nm, )
P e (23)
Core (M, /J)EZ(—I) cosh (nfu)
- ~nfim;
oy (m 1) = 3 (- 1)"*‘{(’“’) Ei(—nm, )+ np° ]cosh(n/i’,u)
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whereas,
avg( /ﬂ /.l) (24)
avg( /ﬂ /l)
In the high density regime, at 4 <7 however, these functions are evaluated as
I &8 (_l)n —nfm
a, (mp,pu)=pu—m,——>% ————e """ cosh(npu),
s (nﬂ,u)
( fﬂ ,U) ln_
y _m R (25)
cd(mzﬁaﬂ)=T[—ﬂ22(—l)rZ—27 ¢ "™ cosh(npu),
r=l1 n=1 (nﬁ,u)
4 4 r n
H _m[ < (_1) < (_1) —nfm
h,(m,B,u)= - —e """ cosh(nBu).
gt B S (1)
and
b (m, B, u) =2+,
m,
_ -4 -4 o 2 —nﬂm (26)
h(m/ﬁ,lu):%+z;(—l)l+"[ﬁ2n i(=nm, B)+n B ]sinh(n/i’,u).
n= /

Integrals of Equations (12) help to understand the nature of the background contributions. At high tempera-
tures, the background contributions due to fermion and anti-fermion distributions are approximately equal and
hence they cancel each other such that

k—>0 as u—0 (27a)

At high densities, however, particle and antiparticle contribution need not to be the same all the time which
implies that

k#0

In the CP symmetric dense background, the chemical potential of the fermions is equal and opposite to the
chemical potential of the anti-fermions. This is the situation where again the contribution due to fermions back-
ground would not be the same as the anti-fermion contribution because of the different sign of the chemical po-
tential x so Equation (17b) holds true and we get,

L

K=———>In—
8t m,

The magnetic moment of neutrino can simply be obtained from the bubble diagram of the plasmon decay in
the MSM. This contribution can be written as

d*k a
Ao(pl,pz) g ,[ /e ( k+m£)}//1(pl—k+m/)7 L

2m)
§ 2ni5[(p2 —k)2 —m,ZJ
(pz _k)2 _m/2

In the standard notation of particle physics. We approximate the W propagator as 1/ m;, where m, is the

(29)

e (py =k)+(p = p,)
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mass of W boson. The magnetic moment of neutrino contribution from this diagram is always nonzero for mas-
sive neutrinos and can be expressed in terms of neutrino mass as [6]

a! :%mw {b(mﬂ,,u)+%(ma(mﬂ,u)—c(mﬁ,y))}y3 (30)

with ,, the Bohr Magneton. Equation (30) gives the total background contribution at (7 > x) when T is
sufficiently greater than the chemical potential; a significant contribution comes from the last term only. So the
approximate value of the magnetic moment is

2
N T GFm[mV{

a,, ~48Tﬂ3 (31)

where

2
c— —?—2 for T>m, 32)

Figure 3 gives a plot of magnetic moment as a function of temperature.

In the limit x> T, the magnetic moment contribution is coming from the tadpole diagram. Comparing Equ-
ation (9b) with that of (10b), one can easily see the difference of behavior between the particle and antiparticle
distribution functions. So, we have to evaluate the integral x to find the contribution from the tadpole diagram
also. CP symmetry breaks at low temperature (comparable to electron mass). However, we are not considering
the cold system so the statistical distribution function is still included in the calculations to incorporate the par-
ticle background effects. We first evaluate Equation (29) to find the contribution of bubble diagram and x is
evaluated to find the contribution of the tadpole diagram. Both of these contributions are added up together to
give the statistical background contribution to the magnetic moment of Dirac neutrino of MESM in the high
density regime as.

where as,

Equation (34) indicates that the magnetic dipole moment of neutrino does not change much with the chemical
potential x because In(x/m) is aslowly varying function of 4 . A plot of Equation (21) is given in Figure 4.

Magnetic Moment

Figure 3. Temperature dependent part of the magnetic moment
of ve as a function of temperature.
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Figure 4. A plot of magnetic moment as a function of chemical potential in units of electron
mass in MESM.

And giving the magnetic moment in the units of the Bohr Magneton as,

D;/t[at ~ GF’:l(’ _ m/g% mv lnﬁ
8n 16M "om,

M is the mass of Z and g, is the coupling constant of Z — (0 vertex. The relative sign difference
between the bubble diagrams indicates the decrease in the background contribution. The two terms in bracket
cannot cancel each other because they still have the same type of contribution and the difference appears as a
constant factor only. This factor is comparable to each other so provides a strong decreasing factor. We can
safely say that this contribution is negligible for large chemical potentials. Equation (34) shows that the magnet-
ic moment at g, ~10m, is around 10"’ Bohr Magneton, which is even smaller than the vacuum value of the
magnetic moment of neutrino which is around 107'® Bohr Magneton [1] [4]. In this situation, it seems as if the
nonzero neutrino mass does not help to get the desired value of the magnetic moment of neutrino, even with the
background correction.

In the extended standard models like HDM, the individual lepton no. is not conserve so the FTD corrections
to the magnetic moment of neutrino could be different because we have to add new individual lepton number
violating diagrams. The additional background FTD corrections to the magnetic moment of neutrino come out to

be [6][10]

a, =Lefu e {i(_n" e Ei(nmﬂ)} y =-3x10°" (’:

- 36
16n°m, o Vj'uB 36)

with

[m; —2.8x10° GeV™

e,u e,u
foch,, [m: —2.8x10° GeV™?

Thermal corrections in Equation (36) are not only too small but negative which actually give a further de-
crease. m, 1is the mass of the charged Higgs in the new Higgs doublet in this model. Equation (29) leads to

statNi ffe// znﬂ

2
e 10T m,

Hp

at u>T . Figure 5 shows a plot of magnetic dipole moment as a function of
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Figure 5. A plot of magnetic moment as a function of chemical potential in units of
electron mass in HDM.

Majorana Neutrino

The magnetic moment of neutrino changes strongly with chemical potential. It is well-known that the properties
of Majorana neutrinos are different from that of Dirac neutrino. So, it cannot have the dipole moment as we de-
scribe for Dirac neutrino. However, it can have a transition magnetic dipole moment. Similarly the neutrinos of
the SUSY models canalso have the transition magnetic moment. Riotto [21] has claimed that a large class of
models where charged scalar boson couple to leptons can provide the magnetic moment of electron type neutri-
no as large as 107> Bohr Magneton, which can play a relevant role in different astrophysical phenomenon.
However, these extended standard models are constructed to get the required value of magnetic moment but the
direct testing of the model is not easy. However, effective mass of Weyl neutrino could be considered a natural
solution with the effective mass. Magnetic moment of different flavor neutrinos will then depend on the chemi-
cal potential of the corresponding charged fermions and their corresponding statistical conditions.

Majorana neutrinos undergo seesaw mechanism and it can acquire transition magnetic moment as the lepton
number conservation is always violated. Like all other models, form factors are induced through radiative cor-
rections. For Majorana particles, radiative corrections are model dependent. A comparison with MESM is not
meaningful in the presence of a larger particle sectors as well as different conservation rules of the models with
Majorana neutrinos. Heavy neutrinos, seesaw mechanism and heavy scalars with supersymmetric partners
[21]-[23] make situation much more different. So the calculations of form factors of neutrino is model depen-
dent and has to be evaluated in different rages of temperature and chemical potential separately.

4. Results and Discussions

Magnetic moment is one of the electromagnetic properties of matter and is proportional to mass.

3m, G, P
M, =—F——m, =3x10 —u
i 4}\/57[2 i ev B

Values of magnetic moments for different flavors of neutrinos in vacuum are given as

¢ Mass (MeV/c?) MESM (us)
v, <22x107° 03x107"
v, <0.17 0.3x107"
v <18.20 3.0x 107"

There is no background correction for massless neutrinos even at high temperatures, as temperature does not
contribute to the effective mass of massless particles. The QED type radiative corrections are only important below
the decoupling temperatures [24] [25]. Therefore, we study the magnetic moment below T <4m,. However,

O,
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Figure 6. Chemical potential corrections to the magnetic moment of electron type neutrino for
MESM(solid line) and HDM(broken line).

the effective mass of neutrino is generated by the coupling of neutrino with the extremely dense background
with constant magnetic field as is given in Equation (1). Rate of change of mass also depends on the strength of
the magnetic field and is given in Equation (2). Figure 1 and Figure 2 show that the effective mass does not
change significantly with the magnetic field until and unless this field is extremely large, really close to the
threshold value, where it can go to infinity. However, the rate of change of mass (Figure 2) is even slowly va-
rying as compared with the effective mass (Figure 1) itself.

For Dirac type of mass of neutrino in the MESM, the charged current contribution is nonzero at all tempera-
tures and density and it is proportional to the mass of neutrino [4], as expected. This contribution comes from
the bubble diagram and corresponds to charged current interaction. Tadpole diagram of neutral current interac-
tion does not contribute, as particle-antiparticle behavior is exactly the same at finite temperatures. However, the
high density contributions (with extremely large values of ) change the situation. Chemical potential of par-
ticles and antiparticles may not be equal, even in magnitude. So, the induced magnetic dipole moment of Dirac
neutrino also picks up a nonzero contribution from a tadpole diagram.

It is clear from the above results that the temperature corrections are really significant in the MESM only.
HDM gives a negligibly small negative contribution, so its effect is the decrease instead of increased magnetic
moment. However, the HDM pushes the magnetic moment limit faster to required values at chemical potential
as compared with the MESM. A comparison of magnetic moment in HDM (dotted Line) and MESM (solid Line)
is given in Figure 6.

The above analysis shows that the magnetic dipole moment of electron type neutrinos does not depend signif-
icantly on temperature, so thermal corrections do not give enough corrections to touch the cosmological limit [6].
However, chemical potential contribution to the magnetic moment is non-ignorable, even when chemical poten-
tial is a little more than the electron mass. Figure 6 shows that the density effect (or chemical potential depen-
dence) is more significant in the extended Higgs sector with individual lepton number violation. It gives enough
motivation to study the statistical corrections to the magnetic moment of neutrino in Supersymmetric models to
look for an appropriate solution to some of the cosmological issues. This result is more relevant for the super-
dense stars such as neutron stars [26] or magnetars where magnetic field is extremely high and apparently small
contribution is not insignificant. However, the magnetic moment of neutrino and its thermal corrections are neg-
ligible in the early universe and do not give significant contribution to lepton scatterings [27] [28] in the early
universe.
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