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Abstract

This paper aims to present, in a unified manner, the algebraic techniques of
eigen-problem which are valid on both the quaternions and split quaternions.
This paper studies eigenvalues and eigenvectors of the v-quaternion matrices
by means of the complex representation of the v-quaternion matrices, and
derives an algebraic technique to find the eigenvalues and eigenvectors of
v-quaternion matrices. This paper also gives a unification of algebraic tech-
niques for eigenvalues and eigenvectors in quaternionic and split quaternio-
nic mechanics.
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1. Introduction

A quaternion, which was found in 1840 by William Rowan Hamilton [1], is in
the form of g=¢q +qi+qj+qk, i’=j =k’>=-1, ijk=-1, in which
4,,9,-95.9, €R, and ij=—ji=k, jk=-kj=i, ki=-ik=j. A split quater-
nion, which was found in 1849 by James Cockle [2], is in the form of
g=q,+qit+qjtqk , iP=-1, i=k’=1, ijk=1, in which
4,-9,-95-9, €R, and ij=—ji=k, jk=-kj=-i, ki=-ik =j. Denote the sets
of quaternions and split quaternions by H and H_, respectively. They are all
associative and non-commutative 4-dimensional Clifford algebra, but the H,

is a more complex algebraic structure, because the H_ contains zero divisors,
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nilpotent elements and nontrivial idempotents.

Quaternion and split quaternion are playing an increasingly important role in
many fields. Till now, quaternions are widely used in programming video games,
controlling spacecrafts, computer graphics, control theory, signal processing, quan-
tum physics [3] [4] [5]. And there are many applications of split quaternions [6]
[7] [8] [9], split quaternion is one of the tools for studying modern quantum
mechanics in the physical, and Lorentzian rotations can be represented by split
quaternions. Eigenvalue and eigenvector problems of quaternion and split quater-
nion matrices have many applications and are the basic tools of many scientific
researches, therefore they have strong research significance. For quaternion, in
[10], the author studied the problems of eigenvalues and eigenvectors of quater-
nion matrices by means of complex representation and companion vector. In
[11], the author applied the Lefschetz Fixed Point Theorem to show that every
square matrix over the quaternions has right eigenvalues, in addition, the author
classified these eigenvalues and discussed some of their properties. For split qu-
aternion, in [12], by means of complex representation of a split quaternion ma-
trix, the authors studied the problems of right split quaternion eigenvalues and
eigenvectors of a split quaternion matrix. In [13], the authors discussed the
properties of complex eigenvalues of a split quaternion matrix, and gave an ex-
tension of Gershgorin theorem.

Because there are amazing relationships between quaternions and split quater-
nions [14] [15], the purpose of this paper is to unify and generalize them to the
general case, then use a common method to find their eigenvalues and eigen-
vectors. Therefore, a new algebraic structure is defined, it is v-quaternion.

A v-quaternion is in the form of
q=%""12i+93j+q4kai2=_1’j2=k2=ijk=V’ (1.1)

in which 0=2veR, ¢,q,,4;,9,€R , and ij=-ji=k, jk=-kj=-vi,
ik = —ki = —j. Similarly, denote the sets of v-quaternions by H_ . Obviously, the
set of all v-quaternion is also a non-commutative 4-dimensional Clifford alge-
bra. Specially, when v = -1, the ring of the v-quaternion H, is the ring of the
quaternion H; when v =1, the ring of the v-quaternion H, is the ring of the
split quaternion H_.

Before start this paper, first introduce the necessary symbols and pre-
liminary knowledge. Let R be the real number field, C=R@®Ri the
complex number field, and H =R@®Ri® Rj® Rk the v-quaternion ring, in
which i*=-1, j=v, k¥=v, ij=—ji=k, jk=-kj=-vi, ik=-ki=-j.
If g=q,+qi+q;j+qkeH,, g=q,—q,i—q,j—q,k is the conjugate of g,
then ¢q =q; +q: —vq; —vq; , the norm of ¢ is defined to be

la| = ladl = ||

*

A" =(a,), A =(a,) denote the conjugate, the transpose, the conjugate trans-

q; +q; —vq; —vq;| . For any matrix Az(a“)eH:"X”, Z=(5 ),

st

pose of the matrix A, respectively. A v-quaternion matrix 4 H)" (a e Hv) is

said to be nonsingular if there exists a v-quaternion matrix Be H" (beH,)
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such that AB=BA=1 (ab=ba=1). Two nxn v-quaternion matrices 4 and
B are said to be similar if there exists a nonsingular v-quaternion matrix P such
that P'AP =B, this is written as A~ B.For 4eC™", f,(A) denotes the
characteristic polynomial of A.

In this paper, we study the problem of right eigenvalues and associated right
eigenvectors of the v-quaternion matrix. A v-quaternion A 1is said to be a right
eigenvalue provided that 4o = a4 for nonzero vector « ,and « is said to be

an eigenvector related to the right eigenvalue 1.

2. Equivalence Classes of v-Quaternions

Two v-quaternions p and g are said to be similar if there exists a nonsingular
v-quaternion x such that x™'px =g, written as p ~ g. It is easy to find that p
and g are similar if and only if a unit v-quaternion u such that u'pu =g, then
two similar v-quaternions have the same norm. Obviously, ~ is an equivalence
relation on the v-quaternions. Denote the equivalence classes containing the
v-quaternion g by [q] .

It is easy to prove the following result by direct calculation.

Proposition 2.1 If q =g, +q,i+q,j+q,k is a v-quaternion, then

1) If v(q32 +q§)—q§ <0, then construct a nonsingular v-quaternion x such

that
xgx=q,+.4|4 —v(q32 +q; )i, (2.1)

in which ¥ = ev/veg, +( % -v(4+4;)+ o +6\/;q4)i+q3j

2 2 2
9, —vlg; +4
+ q,— M.FL k.
Ve Ve

2) If v(q32 + qf)—qf >0, there must be v >0 at this point, then construct a

nonsingular v-quaternion x such that

- 1 ,.
xlgr =g +\|¢7 + 4l ~— 41 (2.2)
in which XZ\/;C]3 +1/v(q32 +q§)—q§ —(q2 —x/;q4)i

1 1
@ +4a +a; -4 |it| =9 —q. |k
[‘13 q; T4, qu JJ [\/;qz %J

3)If ¢ :v(q32 +q§),when g, =0,then g=g,,and
xlgx=q,, (2.3)

in which x=1. When ¢, #0, and this case also implies v >0, then construct

a nonsingular v-quaternion x such that

.1
xlgx =g, +i+—=], (2.4)
W
o1
in which x = 1+\/\_/q3 +x/;q41+T(q2 —l)k.
v
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The following two special cases about quaternion and split quaternion comes
from Proposition 2.1 with v=-1 and v =1, respectively.
Corollary 2.2 If g=gq,+q,i+q,j+q,k Is a quaternion, then construct a

nonsingular quaternion x such that

x’qu =gq, +,/q22 +q32 +q§i, (2.5)
in which x:—q3+(q2—q4+\/q§+q§+q42)i+q3j+(qz+q4—\/qzz+q32+Q§)k-

Corollary 2.3 If g =gq, +q,i+q,j+q,k 1isa split quaternion, then

1) If ¢; >q; +q; . then construct a nonsingular split quaternion x such that

xgx=q,+\ G -4 — g, (2.6)
. . 2 2 2 ): : 2 2 2
inwhich x =g, +(qz +4, g — 45 — 4 )1+q3J+(qz +4, N — 45 4 )k-

2)If ¢; <q; +q; , then construct a nonsingular split quaternion x such that

Xlqx =g, +\q3 +4; — 45 ), 2.7)
in which x=g¢,++/q; +4; -5 —(q, —q4)i—(cz.~, +\4 + 45 — 05 )j+(qz —q,)k.

3)If ¢, =q; +q;,when ¢, =0,then ¢=g,,and
xlgx=gq,, (2.8)

in which x=1; When ¢, #0, then construct a nonsingular split quaternion x
such that

xgx =g, +i+], (2.9)

in which x=1+g¢;+q,i+(q, -1)k.
Remark 1 The statement above concludes that the set of v-quaternions is divided

into four kinds of different equivalence classes. Moreover, if ¢ =g, +¢,i+¢;j+q,k

is a v-quaternion, then qe[q1+,/q§—v(q32+q§)i} if ¢ >v(q32+qf);
| P .
qe{q.ﬂ/qazﬂlf—;qu} if ¢ <v(e+4i)s gela] if ¢l =v(¢+q;) and

A
q,=0; ge|q +i+—j| if ¢>=v(¢’+q’) and ¢, #0.
2 {1 \/;} 9 (93 %) 2

3. Complex Representation of v-Quaternion Matrices

For any v-quaternion matrix A=A + Ai+Aj+Ak= (4 +A4,i)+(4,+4,i)
jeH"", where A4,,4,,4,,4, e R™", the complex representation of A is de-
fined to be

A+ Ai eNve (A4, + A,
Ao‘ — 1 2 ( 3 4 ) eCmeZn’ (31)
Jve (4 - A4,0) A — Ay
) ) Lv>0
in which €= .
-1Lv<0
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It is easy to prove that the mapping A4? is an isomorphism of ring H!"™ to
ring C*™?"  and for A,BeH)™, CeH!”, aeR, we have the following

equalities.
(A+B)” =47 +B°,(AC)” =4°C?,(ad)” =ad’, (32)
and

QIA7Q, = 47,0470, = A, (3.3)

) ) 0 el Lv>0 . . .
in which Q, =[1 0’}, 6z{—1,v<0’ 0'0 =1,, Q is a unitary matrix,

t

and clearly by (3.2) a v-quaternion matrix 4 € H?” is nonsingular if and only
if A% is nonsingular and (A" )71 = (A’1 )U .
Remark 2 For two special cases of quaternion (v=-1) and split quaternion

(v=1) matrices, clearly by (3.1) the complex representations are respectively to
be

o {Al +Ai —A, - A

. . [, AeH™, (3.4a)
A, —A41 A -4

and
o {Al +Ai A+ A

. |, AeH]™. (3.4b)
A, —Ag A -4

For any AeH!™, if A eC is an eigenvalue of complex representation

A° of v-quaternion matrix A, ie. there exists a nonzero complex vector

L= {gl } eC™, B,B,eC™, such that 478 =1, then by (3.3) we have
2

4°(0,8)=(Q,B)4 ,and
A°B=pie 4 (B.0,B)=(B.0,8)A° < Aa=al, (3.5)

in which a=ﬁ1+%ﬁzj,and a’ :(ﬂ,QnB).

ve

From the statement above we have the following results.

Proposition 3.1 Let A H!", then

1) If A isa complex eigenvalue of complex representation A°, then A4 is
also a complex eigenvalue of complex representation A4°. The imaginary ei-
genvalue of A° appear in conjugate pairs, the number of real eigenvalues of
A° iseven.

2) The v-quaternion matrix A4 has at least a complex eigenvalue. Moreover, if

A is a complex eigenvalue of 4% with A4°f = f1,let

a=p +ﬁﬁzja B= [gl:| € Canl,ﬂl,ﬂz € CnXIa (3.6)

then A is a right eigenvalue of the v-quaternion matrix 4, and « isa corres-

ponding eigenvector related to right eigenvalue 1 with Ada =al.
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Proposition 3.1 gives a relation between the right complex eigenvalues of com-
plex representation A° of a v-quaternion matrix 4 and the right complex eigen-
values of the v-quaternion matrix A4, and derives algebraic techniques for finding
the right complex eigenvalues and corresponding eigenvectors of the v-quaternion

matrix A.

4. Eigenvalues and Eigenvectors of v-Quaternion Matrices

For AeH™, a nonzero v-quaternion A, by [16], the complex representation
matrix equation 4°X = XA° has a nonzero solution X € C*™ if and only if
[ (x) and - (x) are not relatively prime, Ze. (fAJ (x). 1. (x)) #1, in oth-
erwords, f, (/1”) is a singular matrix.

Moreover, if there exists X € C*"* such that 4°X = X7, by (3.3) we have
A°X =XA7 < 47 (0]X0,)=(0 X0, ) A7 = A7V =Y 1, (4.1)

1 _
in which Y=E<X+Q,,TXQ1). Let

_ Xll XlZ nx1
X = , X, eC™, (4.2)
XZI 22
then it is easy to get similarly that
1 T v, Yll YIZ nx1
Y=—(X+0,X0/)=| - = |.Y,eC™, 4.3
J(x+oiX0) LYIZ 7 e (4.3)
1 — 1 - Lv>0
in which ¥, ZE(XH +X22) » 1y =E<X|2 +d(21)> € ={_1’v< 0

By the fact that j¥;, =¥,j,j¥,, = ¥;,j, construct a v-quaternion « , we can get

the following equality by the direct calculation.

1
€ o1

1
a=Y +——=Y,j==|I,,——1j|Y| € .|, (4.4)
e 2( ev j EJ

then we have o =Y, and the v-quaternion A is a right eigenvalue of the
v-quaternion matrix Aand Ada =cal.

The statements above imply following result.

Theorem 4.1 Let AcH",AcH, . Then

1) The v-quaternion A is a right eigenvalue of the v-quaternion matrix A if
and only if ( S (x), S o (x)) #l,ie f, (/1") is a singular complex matrix;

2) The v-quaternion A is a right eigenvalue of A if and only if complex re-
presentation matrix equation A°Y =Y A’ has a nonzero solution X e C*"*.
In which case, if X € C*”* is a nonzero solution of 4°X = X 17, let

1
a= l[[ﬂ,L1njj(X+Q:)?Ql) e | (4.5)
4" Ve —1
Jev

. . 0 6[l‘ 1’ V> 0 nxl .
in which Q, = , €= , then nonzero vector o e H" satisfies
I 0 -1,v<0

t
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Aa =al. Thatis o is an eigenvector of the v-quaternion matrix A related to
the right eigenvalue A.

This section researches the right eigenvalues and eigenvectors of a v-quaternion
matrix with the help of the complex representation of the v-quaternion matrix,
in this way, it makes the eigen-problem of the v-quaternion into a new topics, it
is the matrix equation problem of complex representation. It also derives an al-
gebraic technique to finding the right eigenvalues and corresponding eigenvec-

tors of the v-quaternion.

5. Algebraic Techniques for Eigenvalues and Eigenvectors

For AeH!" ,let V, = {/5’ eC™ | A°B = ﬁ/i} be the characteristic subspace of
complex eigenvalue 4. By Proposition 3.1, let all complex eigenvalues of com-

plex representation A° be as follows.
A’[91‘15‘”9ﬂ75/1;9#19u29”.’ﬂ2x’

inwhich 4, areimaginaryand g, arereal, 1<u<t and 1<v<2s.
Case 1: For an imaginary eigenvalue A=4, of A%,let A°f=pA,F#0,by
(3.3)

A p=pre A (B,0,8)=(8.0,8) 1 (5.1)

Then by (4.5) construct the nonzero vector « e H;’Xl satisfies Ao =al.
That is o 1is an eigenvector of the v-quaternion matrix A related to the right
eigenvalue 1.

Case 2: For a real eigenvalue A=y, of A7, if there exist more than one dif-
ferent real eigenvalues, let A= px, and g =pu, be two different real eigenva-
lues, A°f=p1,A°y =y, then

A0
A% (B,y)=(p, , 5.2
(#)=(87) ] 62
therefore there exists non-negative real number v >0 such that
A+u A-u A+u A-u
2 2 2 2
A°(B,7\P=(B,y)P S ALY =Y
(ﬂ}/) ('87/) A—pu A+u A—pu A+u
= 5 R I
S AV =Y ’“—”+ujj o AV =Yn°,
2 2
11 Avp A-u.
in which P= , Y=(B,7)P, n= + . Then by (4.5) con-
L _J (Br)P n== ok y (4.5)

A+ A—p.
struct the o e H” satisfies Aa = a(—’u+ ’u]
2 b

a is a nonzero vector by the fact that f and y are linearly independent.

j. It is easy to prove that

That is o 1is an eigenvector of the v-quaternion matrix A related to the right
+u A-u i

+
2\v

eigenvalue
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Case 3: For real eigenvalue 1 of A7, if there exists only one real eigenvalue

A and dimV, =1, there exists a Jordan block J(4) of real eigenvalue A

and a column full rank matrix Y such that A4°Y =YJ (/1) , then there exists two

A1
linearly independent vectors f,y such that A4° (,B,)/)=(,3,}/)L) /J, and

clearly
4 (,B ) (,B ) A1 Y-y A+i 1 (5.4)
b = b @ = . 2 .
TIN5 1 a-i
A1 A+i 1 o . 10
and clear that =P |P7,inwhich P=|. .
0 A 1 A-i i1

Therefore there only exists non-negative real number v >0 such that

A°Y =Y /1+‘+L' A° P= ' Ario 1 (5.5)
- 1 \/‘—)J s (ﬂay) _(ﬂ97) 1 ﬂ—l ’ .
1
i

0
in which Y=(ﬁ,7)P=(ﬂ,7){ J =(B+yL7). Then by (4.5) construct the

x . o1 . .
acH" satisfies Aa = a(/1+1+—JJ. It is easy to prove that « is a non-

Wy
zero vector by the fact that f and » are linearly independent. Thatis « is

an eigenvector of the v-quaternion matrix A related to the right eigenvalue

N
A+i+—].

W
Case 4: For real eigenvalue 1 of A°, If there exists only one real eigenvalue
A of A%, and dimV, 22, there exist two linearly independent vectors
B,y eV, suchthat A°f=pA, Ay =y, then

)
A°B=PA,A%y =yd <= A7 (B.y)= (ﬂ#){o

0
/J S AY =Y2°,  (5.6)

in which Y =(f,7). Then by (4.5) construct the e H"" satisfies da=al,
and o is a nonzero vector by the fact that f and y are linearly indepen-
dent. That is o is an eigenvector of the v-quaternion matrix A related to the
right eigenvalue 1.

For AeH!™",ifav-quaternion A is a right eigenvalue of 4, and Aa =ad,
then for any nonsingular v-quaternion p, we have A(ap)= (ap)(p'l/lp) , Le
p'Ap isaright eigenvalue of A with an eigenvector ap .

6. Algorithm and Example Algorithm

Let AeH!". Then an algorithm for right v-quaternion eigenvalues and eigen-
vectors of the v-quaternion matrix is given as follows.

1) Compute the complex representation A4° of Aby (3.1).

2) Compute all eigenvalues of A7. Let all the eigenvalues of 47 be as fol-

lows.

ﬂ'l’ﬂl"“’ﬂ’ﬂzt’:ul’:uz"“’/uzw
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inwhich 4, areimaginaryand g, arereal, 1<u<t and 1<v<2s.

3) Choose one of each pair of conjugate complex eigenvalues and all the real
eigenvalues of A° . Then can get the related eigenvalues of A.

4) Search the eigenvectors related to eigenvalues of the A4° in step 3.

5) If 2 isan eigenvalue of the v-quaternion matrix A, then it is easy to get a
Y e C*"* suchthat 4°Y =YA° by finding a solution of complex matrix equa-
tion A°X =XA°. Let

1
a:i(ln,%mj(ngjfgl) il (6.1)
Jev
then nonsingular vector o € H”' satisfies Ao =aA. That is a is an eigen-
vector of the v-quaternion matrix A related to the right eigenvalue 1.
6) Find out the equivalence classes of all the eigenvalues, find the related ei-
genvectors of v-quaternion A.

Example Let

L[2rim2i 2-4j-2k
| o—i+j 1-i+2j+k ]|

The complex representation of the v-quaternion matrix A is as follows
2+i 2 “2exve =2¢(24ve ++/-ve
—i 1-i eVve 6(2\/%4- —ve)

A° = ,
2ve —ddve +2dve 24 2
Ve 2ve—ve i 1+i
1L,Lv>0
in which e= .
{—1,v<0

The following two examples are special cases of the v-quaternion.

Case 1: For quaternion case with (v =-1).Itis easy to know A° by (3.4a),

241 2 2 4+2i
—i 1-i -1 -2-i
-2 4421 2-1 2

1 2-i i 1+1

A% =

>

by the direct calculation get the eigenvalues of A7 are 4, =2+i, /Tﬂ =2-1i,
A, =1+32i, 2, =1-+2i.

Choose two eigenvalues A, =2+i, 4, =1++2i of two pairs of conjugate
eigenvalues.

For the eigenvalue A, =2+i. It is easy to get that 4°f= /4, in which
B=(2,-1,-1-i,1)" . By (4.5), let

o= %(lz,lzj)((ﬁ,Qzﬁ) +0; (.0:8)0 )Ej B {Z:Ijgjk}

then Aa=al,, a isan eigenvector related to 4, =2+i. Moreover, for any
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nonsingular quaternion p, quaternion p71/1ﬂ p is a right eigenvalue of A with
an eigenvector ap.

In the same way, for the eigenvalue 4, —1+42i. It is easy to get that
A°B=pA,,inwhich = (2+2ﬁ,—1—ﬁ,—2,1)T. By (4.5), let

N . o (3 1] 2(1+\/§—j)
=4 (L L)((£.0.5)+ 0 (ﬂ’QZﬂ)Q‘)L}_ 124 ]

then da=ak,, a isan eigenvector related to 4, = 1+~/2i . Moreover, for any
nonsingular quaternion p, quaternion pill,] p is aright eigenvalue of 4 with an
eigenvector ap.
Case 2: For split quaternion case with (v=1). It is easy to know A4 by

(3.4b),

2+i 2 -2 —4-2i

47— —i l—i' 1' 2+i ’
-2 —4+21 2-i 2
1 2-i i 1+i

it is easy to get the eigenvalues of A4° are A=2+i, A=2-i, u=1, and
dimV, =1.

For two conjugate imaginary eigenvalues A=2+i, A =2-i, choose an ei-
genvalue A=2+i of a pairs of conjugate eigenvalues. For the only one real ei-
genvalue x =1 with dimV, =1, by (5.6) get an eigenvalue A=1+i+] of A.

For the principal eigenvalue A1=2+1i, It is easy to get that 4°f =1, in
which g =(2,-1,-1,0)". By (4.5), let

@ = (1. 1)((5.0:5) + 0F (E’Qzﬂ)Q‘M 2[2—_11’

then Aa=ai, a is an eigenvector related to A=2+i. Moreover, for any
nonsingular split quaternion p, split quaternion p~'Ap is a right eigenvalue of
A with an eigenvector ap .

For the principal eigenvalue =1 with dimV, =1. It is easy to get two li-

nearly independent vectors [,y such that

wn-e) L

. RN
inwhich g =(2,-1,-2,1)", y:(—i,%,—i,%j By (4.5), let

a:%(Iz,lzj)(([)”r}’i,?’)JszT(5_771’77)Q1)E}: 301, 1. 1,

then 4a=al, a is an eigenvector related to A= pu+i+j=1+1+j. Moreo-
ver, for any nonsingular split quaternion p, split quaternion p~'Ap is a right

eigenvalue of A with an eigenvector «p .
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7. Conclusion

This paper gives the concept of the v-quaternions, and studies eigenvalues and
eigenvectors of the v-quaternion matrices by means of the complex representa-
tion of the v-quaternion matrices, and derives an algebraic technique to find the
eigenvalues and eigenvectors of v-quaternion matrices. This paper also gives a
unification of algebraic techniques for eigenvalues and eigenvectors in quater-

nionic and split quaternionic mechanics.
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