“:0 Scientific Journal of Applied Mathematics and Physics, 2019, 7, 1498-1512

‘ ‘ Research http://www.scirp.org/journal/jamp
94% Publishing ISSN Online: 2327-4379
* ISSN Print: 2327-4352

Infinite Subharmonic Solutions of the
Forced Relativistic Oscillators™

Zaihong Wang!, Tiantian Ma2

'School of Mathematical Sciences, Capital Normal University, Beijing, China
’Editorial Department of Journal, Capital Normal University, Beijing, China

Email: zhwang@cnu.edu.cn, matt@cnu.edu.cn

How to cite this paper: Wang, Z.H. and
Ma, T.T. (2019) Infinite Subharmonic Solu-
tions of the Forced Relativistic Oscillators.
Journal of Applied Mathematics and Phys-
ics, 7, 1498-1512.
https://doi.org/10.4236/jamp.2019.77101

Received: May 30, 2019
Accepted: July 16, 2019
Published: July 19, 2019

Copyright © 2019 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution-NonCommercial
International License (CC BY-NC 4.0).
http://creativecommons.org/licenses/by-nc/4.0/

Abstract

In this paper, we study the multiplicity of subharmonic solutions of the non-
linear differential equation of the forced relativistic oscillators. By using the
generalized Poincaré-Birkhoff fixed point theorem, we prove that the equa-
tion has infinite subharmonic solutions provided that g satisfies at most linear
growth condition.
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1. Introduction
We are concerned with the multiplicity of subharmonic solutions of the nonli-
near differential equation of the forced relativistic oscillators

9 X Voo
dt [1_ X/Z
=p(b).

where §:R =R is locally Lipschitz continuous, P:R —R is continuous

(1.1)

and periodic, whose least period is 27.

The dynamical properties of relativistic oscillators are being studied with an
increasing interest because of its extensive applications in different branches of
theoretical physics such as quantum mechanics, statistical mechanics, super-
conductivity theory, nuclear physics and so on (see [1]-[11] and the references
therein). In [1], using variational methods, Brezis and Mawhin proved the exis-

tence of a 7-periodic solution of the forced relativistic Pendulum
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d X' .
a(ﬁ}rasmx_h(t), (1.2)

where ais a positive constant and 4 is a continuous and 7-periodic function with

mean value h = lJ.OTh (t)dt =0. Under same conditions, using Szulkins critical

point theory, Bereanu and Torres [2] proved the existence of a second 7-periodic

solution of Equation (1.2) which is not different from the previous by a multiple

of 2m. When the mean value h =0, using degree arguments, Bereanu and

Mawhin [3] proved that Equation (1.2) has at least two solutions not differing by
a multiple of 2m if

= T

T <3, |h| < acos(mj.

For the existence of periodic solutions of Equation (1.1) when gis not periodic,

it was proved in [4] that Equation (1.1) has at least one 27 -periodic solution

provided that g satisfies
(&) lim sgn(x) g (x) = +o.

‘X‘Hw

A natural question is whether Equation (1.1) has multiple periodic solutions
when (g;) holds. In the present paper, we shall study this problem. We assume
that g still satisfies at most linear condition, Ze there are two constants

a>0,b>0 such that
(&) lg(x)|<alx/+b, forevery xeR.

By using the generalized Poincaré-Birkhoff fixed point theorem [12], we prove
the following theorem.

Theorem 1.1. Assume that conditions (g;) and (g;) hold. Then there is an in-
teger n, >2 such that, for any integer n>n,, Equation (1.1) has at least two
subharmonic solutions X, ; (t) (i=12) of order n and these subharmonic so-

lutions extend to the infinity; that is

. . 1 .
'm[?‘]( <t>1—<t>n =+ (i=12)

Throughout this paper, we always use R, N to denote the real number set
and the natural number set, respectively. For the continuous 27 -periodic func-
tion p(t) , we set || p"w = max{| p(t)| ‘te [0, 2n]} .

The rest of the paper is organized as follows. Section 2 presents several pre-
liminary lemmas for the equivalent system of Equation (1.1). Section 3 gives
some estimates on the angle variable of the transformed system. Section 4 proves

the main conclusion (Theorem 1.1).

2. Basic Lemmas

Firstly, we consider the equivalent planar system of Equation (1.1). Let us set

y= -
1_X!2
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Then we have

x’:¢(y):\/1i/7.

Obviously, ¢:R — (—1,1) is continuously differentiable. Thus Equation (1.1)

is equivalent to the system

2.1)

{X'=¢(y),

y'=—g(x)+p(t).

For any (X,,Y,)€R?, we denote by (x(t),y(t))=(x(t. % o). ¥(t. %, o))
the solution of Equation (2.1) satisfying the initial value

X(0) =%, ¥(0)=Y,.
Next, we shall perform some phase plane analysis for Equation (2.1). Set
G(x)=_[oxg(s)ds, <D(y)=j0y¢(s)ds =J1+y% -1.

Lemma 2.1. Assume that (g;) holds. Then every solution (x(t),y(t)) of
Equation (2.1) exists uniquely on the whole #axis.
Proof. We define a function W :R? - R,

W(xy)=G(x)+d(y).
Obviously, we have

lim W (x,y)=+o.

ly| >

Set
W (t) =W (x(t), ¥ (1)) = G (x (1)) + @ (y(1)).

Then we have

W (1) =4(y(t) p(t).
Since |¢( y)| <1,forany yeR and P (t) is continuous, we know that

w(o)[<[el. .
which implies that, for any positive constant v >0,
W (t) <W (0)+|| p||w v, forte [O,V).

Therefore, there is no blow-up for the solution (x(t),y(t)) on any finite in-
terval [0, V) - Consequently, (x(t),y(t)) exists on the whole interval [0, +00).
Similarly, we can prove that (x(t),y(t)) exists on the whole interval (—00,0] .
The uniqueness of (x(t),y(t)) follows directly from the local Lipschitzian

condition of gand the differentiability of ¢.
We now take the transformation

x(t)=r(t)cosd(t), y(t)=r(t)sino(t)

to Equation (2.1) and get the equations for r(t) and H(t),
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1 . . 1 1
0 =—=¢(rsin@)sind-=g(rcosd)cosd+=p(t)cosé,
r¢( ! )I rg( ) +rp() (2.2)
r'=¢(rsing)cosd—g(rcosd)sind+ p(t)sind,

whenever r(t) #0. Let (r(t),0(t))=(r(t.r,.6,).0(t,r,.6,)) be the solution
of Equation (2.2) through the initial point (r(0),0(0))=(1,.6,)-
Lemma 2.2. Assume that (g;) and (g;) hold. Then, for any fixed constant

T >0, there exist positive constants ¢ and y such that, for I; 2y and
te[O,T],

(1) a'r<r(t)<ar; (2) 6'(t)<0.

Proof. (1) Since ¢ and p are bounded, it follows from (g,) that there is a
constant C >0 such that

r'|<ar+c.
It follows that
_ a _ C
e ™ —E(l—e a‘)g r(t)<re® +g(e"’lt —1), te[0,T].
Hence,
_ a _ C
re —E(l—e aT)s r(t)<re® Jrg(eaT —1), te[0,T].

Obviously, we have that

e ™ <liminf r) < limsup r <e¥

fo > I"0 Ip —>®© rO

uniformly with respect to te [O,T]. Consequently, there are constants o >0
and y, >0 such that, for r; >y, and te[O,T],

a’'r<r(t)<at,
(2) From (g;) we know that there exist d >0 and §>0 such that
sgn(x)g(x)>|p|l, . ¥/ >d (2.3)
and
lg(x)-p(t) <o, [x|<dteR. (2.4)
Therefore, if | x(t)| >d , then we infer from (2.3) that
%(g (rcos@)—p(t))cosd > 0.
Since ¢(y) y20 forany yeR,we have that
%qﬁ(rsin 0)sin6 > 0.
Consequently, if |x(t)>d , then
o'(t)= —%¢(rsin 0)sin 9—%(9 (rcos@)—p(t))coso <0.

On the other hand, if |x(t)| <d, then we know from the conclusion in (1)
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idal

that, for r, large enough, (t )| 0 )S <—. It follows from (2.4)

r, 85
that

1|(g(rcosé?)— p(t))cosé’|s8i (2.5)
r r
provided that r, islarge enough. From the expression of ¢ we know

: vl
[ =i
\y\m@(/ﬁ(y) bor FovE Ji+y?
Furthermore, there exists § >0 such that, for |y| >(,

l6(y) = 3 (2.6)

=1.

Therefore, if I, islarge enough and |x < d , then we have

e

[sing ()] 2 —“rzft(i)_dz >

and

_ e il
which, together with (2.6), implies that

1 . . 1

—g(rsing)sing = —. 2.7

r d ) 4r @7

It follows from (2.4) and (2.7) that, for r, large enoughand |x(t)<d,
o'(t)= —1¢(rsin @)sin H—E(g (rcosd)—p(t))cosd
r r

1 1 1
<—+—=-—<0.
4r  8r 8r

The proof of Lemma 2.2 is complete.

Remark 2.3. From the proof of Lemma 2.2 we know that there exists a con-
stant 7. >0 such that, if I’(t)Z}/*, tel, then 49'(t)<0, tel, where 7is
an interval.

Lemma 2.4. Assume that (g;) and (g;) hold. Then, for any ne N, there exists
R, >0 suchthat, for r, 2R,

-n<6(2nn)-6, <0.
Proof. Since

lim =
ly|>o0 y [y|>e l1+ yz

we have that, for any sufficiently small & > 0, there exists ¢, >0 such that

4(y)
y

0< <& |y|=c,.
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Set
Dlz{(x,y)eRz:xzo,yZCE}, Dzz{(x,y)eRz:xso,yzcg},

D3:{(x,y)eR2:x§0,ys—cg}, D4={(x,y)eR2:x20,y§—cg}.

Next, we shall estimate the time needed for the solution (x(t),y(t)) to pass
through each region of D, (i =123, 4) , respectively. If (x(t),y(t))eD,,
te [ti,tz] and X(ti) =0, y(tz) =C,, then we get from Lemma 2.2 and (g,) that,
for te [tl,tz] and r, large enough,

0> 0'(t)> —esin® 6 —acos® 9—%(b +|p|, )coso

0
>—gsin0—acos’0—¢ (2.8)
=—2¢sin’ 0 —(a+&)cos’ 6.

Consequently, we have

ot) do
t,-t > .
a J.9(‘2)ngin29+(a+g)cosze

Owing to —g<9(t2)—9(t1)<0 and H(tl)zg(modn),
(t,)=0(1)(modx) for r, — o, we obtain

tz—HZE a6 = L )(g+o(1)j>2nn

@ 2¢sin’ 6 +(a+¢e)cos’ 0\ 2s(a+s

provided that & is small enough and r, is large enough. Similarly, we can
prove that the time needed for the solution (x(t),y(t)) to pass through each
region of D, (i = 2,3,4) is greater than 2nm provided that r, is large
enough. Therefore, The conclusion of Lemma 2.4 holds.

Lemma 2.5. Assume that (g;) and (g) hold. Then forany neN and t, e R,
there exists an t. >t, such that

O(t.)-6(t,) <—2nn

provided that I (to) is large enough.

Proof. Assume by contradicition that there is an integer | >0 such that
6(t)-0(t,)>-2ln (2.9)

for any sufficiently large I’(t0 ) >0 and t>t,. We will proceed in two cases.

(1) For te[t0,+oo), I’(t)Z}/*, where y, is defined in Remark 2.3. In this
case, 0'(t)<0 and then O(t) is decreasing on the interval [ty,+). From
(2.9) we know that

lim H(t) =9 > —o0.

t—>+o

Therefore, the orbit (x(t),y(t)) hasa asymptotical ray 6=3.If

9 :%(mOd ), then X(t) —0 as t— +oo. It follows that, for #large enough,

|y(t)| >1 and then
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_ b 1

) — N LAL
X O =l¢(y®) v 2
which implies that X(t) —> 10 as t— +oo. This is a contradicition. Hence,
X(t) — ©, t— +oo. Without loss of generality, we assume the asymptotical ray is
y=kx, Xx>0,where k=tan4.If k >0, then we have X(t) — +00, y(t)—>+oo
as t — +oo. But, it follows from y'(t)=—g(x(t))+ p(t) that there is a suffi-
ciently large constant £ >0 such that y’(t) <-f for t>0 large enough,
which implies y(t) — -0 as t — +oo. This is a contradicition. If k <0, then
y(t)

1+ Y2 (t) ,

we have that X'(t)<0 for ¢ large enough. Consequently, X(t) is bounded

X(t) > +00,y(t) > —0 as t—>+w. But, since x'(t)=¢(y(t))=

from above. Thus we get a contradicition.
(2) There is an t.>t, such that I’(L) =7, and I’(t) > 7., te [tO,L) . We
next show that there is alarge R, > . such that, for I’(to) >R,

0(t.)-0(t,) <2l

To this end, we shall construct a continuous counter-clockwise rotating spiral
curve o [O, +00) - R?, which is injective and makes infinite rotations around

the origin (0,0). Moreover, the curve o satisfies

lim |o(s)| = +o0 (2.10)

S+

and every time when the solution (x(t),y(t)) of Equation (2.1) intersects with
the curve ¢ only from the inner part to the outer part. Let us take a positive
constant M >0 with ||p||w <M . We define

W, (x,y)=®(y)+G(x)+Mx, y=0

and
W_(%,y)=®(y)+G(x)-Mx, y<O0.
Set
W, (t)=®(y(t))+G(x(t))+Mx(t), y(t)=0,
and

W_(t)=®(y(t))+G(x(t))—Mx(t), y(t)<oO.
Then we have
W/ (t)=(p(t)+M)g(y(t))>0, for y(t)>0 (2.11)
and
W/ (t)=(p(t)-M)g(y(t))>0, for y(t)<O. (2.12)

We now take a large constant € > y. such that the curve @ ( y) +G (X) +Mx=c
is a simply closed curve and the circle X +y? =y lies inside this closed curve.

Consider the curve
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I ®(y)+G(x)+Mx=c, y>0,
which intersects with the x-axis at exactly two points (x, (c),0) and (x_(c),0)
with X_ (C) <0<x, (C) . Then we have
G (x+ (c))+ Mx, (c)=c, G (x_ (c))+ Mx_(c)=c.
Set
¢, =G(x_(c))—Mx_(c).
Let us consider the curve
I :®0(y)+G(x)-Mx=c, y<0.

Assume that I'| intersects with the positive x-axis at the point ( X, (cl),O).

Then we have
G(x,(c))—Mx,(c)=c,.
We shall prove that X, (01) > X, (C) . In fact, since

8(x,(6))~Mx, (&)=, =6 (x (¢))~ M ()
=c—-2Mx_(c)>G(x, (c))+Mx,(c),

we get
G(x.(¢))>G(x. (),

which implies that X, (C1)>XJr (C) for c¢ large enough because G(X) is in-

creasing for X >0 large enough. Set
¢, =G(x, (¢))+Mx, ().
Next we consider the curve
I, :®(y)+G(x)+Mx=c,, y>0.

Applying the same method as above we can define the curve I, . Successively,

we can construct the curves I, and I’} (i=3,4,---). Let us set
r=.(rrury).

We now take a starting point (x, (c),0) and define the parametrization of

I' in polar coordinates
o(s)=(s(s)coss,c(s)sins), se[0,+x),

where ¢ (S) denotes the Euclidian norm of a point on T", whose argument is s.
From the construction of T" we know that its parametrization O'(S) is con-
tinuous and satisfies (2.10) and O'(S) makes infinite rotations around the ori-
gin (0,0) as s — +oo. Moreover, it follows from (2.11) and (2.12) that all so-
lutions cross the curve only from the inner part to the outer part.

For the fixed integer |>0 above. Let us take a sufficiently large constant
R, >0 such that the spiral curve O'(S) (se [O, 2(1+1) 11:] ) lies inside the cir-
cde X*+y*=R. If r(t,)=R, and there is a sufficiently large t. >0 such
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that
r(t)=7r., r(t)>rn, teft,t,),

then the orbit (r(t),0(t)) will move clock-wise during the period [to,t*].
Since (r(t),e(t)) can cross spiral O'(S) only from the inner part to the outer
part, it will make at least / rotations when it finally reaches the circle

X2 + y2 = }/*2 . Consequently, we get
o(t.)-0(t,) <2l

which contradicts with (2.9).

3. Estimates on the Angle Variable

When the condition (g;) holds, it was proved in [4] that Equation (2.1) has at
least one 27 -periodic solution.
Let (x,(t).y,(t)) be an 2m-periodic solution of Equation (2.1). We now

take a transformation
X=U+X(t), y=v+y,(t)

to Equation (2.1) and get the equations for U (t) and V(t),

du

o (VYo (1) 2( Yo (1))

Y guen (1) a(x ().

(3.1)

Let (u(t),v(t))=(u(t,uy,vy).v(t,u,,v,)) be the solution of Equation (3.1)
satisfying the initial value (u (O),V(O)) =(Uy,V, ) - From Lemma 2.1 we know that
(u(t),v(t)) exists on the whole taxis uniquely. Thus we can define the Poin-

caré map P of Equation (3.1),
P:(up,vy) — (u(2n),v(2n)).

It is well-known that Pis an area-preserving homeomorphism.

Obviously, Equation (3.1) has a trivial solution (u(t),v(t))=(0,0) (teR),
which corresponds to the 2m -periodic solution (x,(t),y, (t))- Let (u(t),v(t))
be the solution of Equation (3.1) satisfying the initial condition (UO,VO) # (0, 0) .
It follows that (u (t),v(t)) #(0,0) for all teR. Hence, it can be represented
by polar coordinates

u(t)=p(t)cosy (t), v(t)=p(t)siny(t).

where p(t) >0 and l//(t) are continuous forall teR.

Using a similar method as in proving Lemma 2.2, we can prove the following
lemma.

Lemma 3.1. Assume that (g;) and (g;) hold. Then there is an p, >0 such
that, if p(t)Zpo, tel, then

1//'('[)<0, tel,

where 7is an interval.
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Lemma 3.2. If t, and m are two positive constants such that
w(t)-w(0)<-2mr,
then, for any t, >t,
v(t)-v(t)<-2mr+m.

Proof. The proof follows an argument in [13]. Since ¢'(y)= 1 and

(1+y?)
g is locally Lipschitz continuous, the solutions of Cauchy problems of Equation
(3.1) are unique. Therefore, the solution (u(t),v(t)) can not go through the
origin. Obviously, ¢(Y) is increasing. Since u’(t)= B(v(t)+ Y, (1) —o(¥, (1))
the orbit (u(t),v (t)) moves in the clockwise direction when it intersects with
the v-axis. Therefore, if the orbit (x(t),y(t)) intersects the positive (or the
negative) v-axis at the time t=«a >0 and intersects subsequently the negative

(or the positive) v-axis at the time t= /> a, then we have
v(B)-v(a)=-n (3.2)

On the other hand, if the orbit (x(t),y(t)) stays in the right half-plane (or
in the left half-plane) during the time interval a <t< 3, the increase of the an-

gle satisfies
v(f)-v(a)<n (3.3)
It follows from (3.2) and (3.3) that
v (t)-w(0)=[w(t)-w(0)]+[w(t)-w ()] <-2mr+m

Lemma 3.3. Assume that (g;) and (g;) hold. Then, for any ne N, there exists
P, >0 such that, for p(O) 2P,

—-2n < l//(Znn)—y/(O) <0.

Proof. We denote by L, the orbit of the 2m-periodic solution (x,(t),y, (t))
of Equation (2.1) in the (X, y) -plane. Let L, be the orbit of the solution
(x(t).y(t)) of Equation (2.1) satisfying the initial value (x(0),y(0))eR? in
the (X, y) -plane. Consider the moving points

A=(%(t).% (1)) e L, B=(x(1),y(t)) < L,.

Let Agyp be the triangle with the vertices O, A B. Obviously, the vector
OB has the argument 9('[) and the vector AB has the argument ¥ (t) It fol-
lows from Lemma 2.2 that, if x(O)2 + y(O)2 is large enough, then x(t)2 + y(t)2
is also large enough for te[0,2n] and then we have |LOBA|<%. Further-

more,
B(t) =y (t)+ LOBA, te[0,2n].

Therefore, we have

|6(2nm)~y (2nz)| s%, 16(0)-w (0)|< % (3.4)
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From Lemma 2.4, Lemma 3.1 and (3.4) we get
0>w(2nm)-y(0)
>(6(2nm)-60(0)) |y (2nm) - 6(2nm)| ~|w (0)—6(0)|

Z—n—£> —2T.
3

Lemma 3.4. Assume that (g;), (g) hold. Then for any neN and t, eR,
thereisan p; >0 such that for p(to ) > p; and any sufficiently large t >t,,

v(t)-w(t)< —2nn+4?n.
Proof. We still use some notations in the proof of Lemma 3.3. From the proof

of Lemma 2.5 we know that we can enlarge y. >0 such that |ZOBA| < % and
6(t)=w(t)+ZOBA, te[ty,t,],
where t. isa constant given in Lemma 2.5. Then we have

|9(L)—W(L)|sg, 10(t)—w (1)< = (3.5)

ol a

From Lemma 2.5 and (3.5) we get that, for p(to) (or r (to ) ) large enough,
y(t)-w(t)
<O(L)=0(t)+|w (t) -0t ) +|w (t.) -0 (t)

<-2nn+Z,
3
According to Lemma 3.2, we get that, for any t>t.,

l//(t)—l//(to)<—2n7t+4?n.

4. Proof of Main Theorem

We first recall a generalized version of the Poincaré-Birkhoff fixed point theo-
rem by Rebelo [12].

A generalized form of the Poincaré-Birkhoff fixed point theorem Let A
be an annular region bounded by two strictly star-shaped curves around the ori-
gin, I, and T,, I} C int(rz) , where int(rz) denotes the interior domain

bounded by T',. Suppose that F:int(I,)—> R? is an area-preserving ho-
meomorphism and F|.A admits a lifting, with the standard covering projec-
tion I1:(r,8)—z=(rcosd,rsind), of the form

FlA:(r,0) > (w(r,0),0+h(r,0)),
where wand A are continuous functions of period 27n in the second variable.

Correspondingly, for T, =TT (Fl) and T, =1T" (FZ) , assume the twist condi-

tion

h(r,8)>0 onT;; h(r,0)<0 onT,,
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or
h(r,0)<0 onT;; h(r,§)>0 onT,.

Then, Fhas two fixed points z,, z, in the interior of A, such that

h(lTl (zl)) = h(l‘I‘1 (z, )) =0.

Proof of Theorem 1.1. According to Lemma 3.4, we can take a prime (=2
and a sufficiently large constant o, >, (g, is defined in Lemma 3.1) such that,
every solution (u(t),v(t)) of Equation (3.1) with u(t, J+v(t,)? =02 and
ty [0, 21t] , satisfies the following property:

(P) There is a constant t. >0 such that

4
y/(L+tO)—y/(t0)<—(2q+3)n+?n.

Set
S ={t. > 0: the property (P) holds}.

Since {(u,v) uivi = gf} is compact and the solution (u(t),v(t)) is con-
tinuous dependence on the initial value (tO,UO,VO), we can take a suitable t.
for every solution (u(t),v(t)) such that Sis bounded from above. Write

T. =supS.

Choosing n, = max{2,[T*/2n]+l} , we infer from Lemma 3.2 that, for any
n>n,,

w(2nn)-y (0)<-2qm, p(0)=o,. (4.2)

It follows from Lemma 3.3 that there is a sufficiently large constant a, > o,
such that

l//(2ﬂ1t)—l//(0)>—27t, p(O)zan. (4.3)
From (4.2) and (4.3) we know that the n-iteration P" of the Poincaré map P
is twisting on the annulus:
D, 0’ <u’+v®<al
Obviously, P" is an area-preserving homeomorphism. According to the ge-
neralized Poincaré-Birkhoff fixed point theorem, P" has at least two fixed

points (u;,v;)e D, (i=12), whose polar coordinates are (p,y; ), satisfy-

ing
1//(2nn)—z//(0) =-20m (4.4)

with (p(0),1(0))=(ph.wi)> (i=1,2). It follows that

(U (1), (1)) = (u(t,u‘n,v‘n )ov(tup, v ))
are the 2nm -periodic solutions of (3.1). Using standard methods as in [14] and
(4.4), we can further prove that 2nm is the minimal period. Therefore,

(% ()2 Yo (1)) = (U (1) + %o (1), v, (1) + Y, (1)) are subharmonic solutions of
order n of Equation (2.1).
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In what follows, we shall prove

Iim( min (U2, (t)+2 (t)))=+oo, (i=1.2), (4.5)

n—o | te[0,2n1]
Firstly, we prove
uzi (t)+vi; (t)> pZ, te[0,2nm]. (4.6)
Otherwise, there are t! e [0, 2nn] (i=1,2) such that
ug (t)+vi (1) = o2
Write ti =2ki‘lt+2',i, 0<k <n, OSri <2m. Set

Ui (t)=u,, (t+2km), Vi (t)=v,,; (t+2km).

n,i

Obviously, (T, (t),V,;(t)) arethe 2nm-periodic solutions of Equation (3.1)
satisfying
uz, (z’,i)+\7n2’i (r*') = pZ. (4.7)

Let (p,;(t),#,;(t)) be the polar coordinates expression of (T, (t),¥,, (t)).

From the definition of n, and (4.1), (4.7) we know that, for n>n,,
o (2n1t +7! ) —W, (T,i ) < -2qm,

which contradicits with (4.4) because the orbits of the solutions (u,; (t),v,; (1))
and (T, (t),V,;(t)) arethesame.

Secondly, we prove

lim ( max (U2, (1) +12 (t))j:m, (i=12). (4.8)

Otherwise, there are a subsequence (Unk,i ()Y, (t)) and a constant b >0

such that, for n, >2n,,
pI<ur (H)+v () <b?, te[0,2nx].
Set
D :{(u,v) eR?: p? <u®+V? sbz}.

Since Dis compact, it follows from Lemma 3.1 that there is a constant ¢, >0
such that, if a solution (u (t),v(t)) (tel, Iis an interval) of Equation (3.1) lies
in D, then

y'(t)<—c,, tel. (4.9)
Let us denote by (p,; (t),%,,(t)) the polar coordinates of (u,;(t),v,;(t))-
Then we get from (4.4) and (4.9) that
—20n =y, ;(2nm) -y, ;(0)<-2¢,n,
which implies
q=cyn,.
This is impossible since n, — -+ as K —>o0.

Finally, we prove (4.5). Assume by contradicition that (4.5) does not hold.
Then we know from (4.8) that there exist a subsequence (un|,i (t),vnI i (t)) and
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aconstant d, >0 such that

p? Ste[r(r)?mn](u;,i (t)+va | (t)) <dg gtgm%n](ufm (t)+va, (t)) — +0,(1 > ).
Since ( 'Vm t) are 2nm -periodic, there are t, €[0,2nx] and
t E[tn|’ | +2nI } (i=12) such that

max (uf  (t)+v2 (1)) =u?  (t )+v2 i (6, ) >+, (1 > 0)

tefo.2ma]\ i i

and

min (Unz,,i (t)+v2 (t)) =u?, (ﬁ: )+vn2|1i (q ) <d?.

te[0,2m 7]

Using the similar method as in proving Lemma 3.4, we can prove that, for /

large enough,
Yo (tn ) Y, .( n ) -2qm.
From Lemma 3.1 we know that, for /large enough,
voi(th +20m) -y, (tfih ) <24,

which contradicts with (4.4).
According to (4.5), we know that, for any integer n2>n,, Equation (2.1) has at
least two subharmonic solutions (x,; (t),y,; (t)) (i=12) of order nsatisfying

Iim( minﬂ](x;i () +y2, (t))) =+, (1=1,2). (4.10)

n—o \ te[0,2n

Since
X ()= 8( Y, (t))'

where ¢ is defined in section 2, we have
n,i t
yn,i (t) = #

Consequently, we get from (4.10) that

(1)
lim| min | X2, (t)+—"2"— | |=+o0.
n—o| tef0,2n ] ' 1-— X’ (t)
Furthermore,

. o, 1 .
!m{temﬂn{xnyi (t)+m]} =+, (i=12).

n,1
The proof is complete.
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