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1. Introduction

The computation of the cohomology class H?(Witt,C) is well-known in the
context of central extension of the Witt algebra (see [1], [2] for more details) and
conformal field theory (CFT) (see [3], [4] for more details). However, we note
that this computation in the opinion of these authors is unclear, especially in the

mathematical physics literature dealing with CFT. In particular, in [3] we find
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that the form of the operator product expansion of the energy-momentum ten-

sor is presented almost axiomatically as

c

()T (W)~ — 2 2T 0T (w) M

(z—w)4 (z—w)2 zZ=Ww

In this article we compute H*(Witt,C) analytically using ideas from CFT
[3] and some tools from Kac’s conformal algebra [5]. In Section 2 we present the
necessary background material on Lie algebras, their cohomology (in the fi-
nite-dimensional case), and central extensions of a Lie algebra by a one-dimensional
complex vector space Cc . Section 3 briefly introduces two-dimensional CFT.
One aspect discussed in detalil is the so-called energy-momentum tensor, which
characterizes the two-dimensional CFT. Then in Section 4, we define the Witt
algebra, which is an example of an infinite-dimensional Lie algebra, and discuss
its central extension by Cc to the Virasoro algebra. In Section 5, we compute
the cohomology class H’(Witt,C) analytically using CFT. In Section 5.1 we
adapt results related to conformal algebra from Kac [5] (specifically sections
2.1-2.6 in [5]) to obtain the operator product expansion of two local eigenfields
of conformal weight A and A'.In Section 5.2 we apply the results of Section
5.1 to the energy-momentum tensor and use this to compute the cohomology
class. Finally, in the Conclusion and Future work we summarize the key results
which lead to the construction of the Virasoro algebra, and we propose to inves-
tigate the algebra that may arise in the case ¢"'(w) is a monomial of non-zero

degree.

2. Review of Key Ideas on Lie Algebras and Their
Cohomology

2.1. Lie Algebras

Definition 2.1. (Lie algebra) A Lie algebra g is a vector space over a field F
along with a bilinear map [, ]El :gxg—g suchthatforall X,Y,Zeg:
1) [x.x] =0,

2) [X,[Y,Z]g]g +[Y,[Z,X]Jg J{z,[)(,y]g}g -0,

This bilinear map is called a Lie bracket.

Remark 2.1. The subscript is added to the bracket (Ze. [, ]g ) to distinguish it
from other bracket operations. If there is no potential confusion, the subscript is
often omitted.

Property (2) is called the Jacobi identity. Applying bilinearity and property (1)
to [X+Y,X+Y ]g we obtain another property:

[X,Y]=-[r,X]. )

This is called skew-symmetry. If the characteristic of the field F is not 2,

then skew-symmetry implies property (2) as well. We define the dimension of a

Lie algebra to be its dimension as a vector space.
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A first example of a Lie algebra is the space of linear transformations on a fi-
nite-dimensional vector space V along with the Lie bracket operation defined as
[X,Y] =XoY-YoX where o is a composition, denoted gl(V). For this
reason, the bracket operation is often called the commutator, and if [X Y ] =0
then we say Xand Y commute. Any vector space V can be considered a Lie alge-
bra with the bracket operation [X Y ] =0 forall X,Y eV . Such a Lie algebra
is called abelian. More background on Lie algebras can be found in [6] [7].

2.2. Lie Algebra Cohomology

(Co)homology first arises in algebraic topology, where it involves associating a
sequence of groups to a topological space in order to study various properties of
the topological space. It also can be generalized to study other objects, such as
Lie algebras. In this section we present the basic definitions and discuss the
properties in the cohomology theory of finite-dimensional Lie algebras. However,
in section 4 we discuss the infinite-dimensional Lie algebra of vector fields on
(C\{O} or its restriction on S' known as the Witt algebra, whose cohomology

can be handled similarly with appropriate modifications.

2.2.1. Lie Algebra Cohomology with Complex Coefficients
Let g be afinite-dimensional complex Lie algebra and let
w:gx---xg=g" —C be a klinear form. Such a k-linear form is called alter-

nating if the following is true:

a)(Xl,---,X X '“’Xk):_a)(Xl’“"X

PN B j’.“’

X, X, 3)

where X|,---,X, € g. The set of all alternating 4-linear forms is denoted by
C*(9,C) and is called the k-th cochain. Note that C°(g,C)=C.
We recall that given neC” (g,(C) , eC? (g,(C) ,and we(C” (g,(C) , we
can define a product A with the following properties:
e nABeC’(g,C),
o nA(0+w)=nrb+nro,
o (nAO)rw=nnr(0ro),
o nAf=(-1)"60nrn
We call this the wedge product or exterior product. This gives
C (9.C)=@; ,C"(9,C) the structure of a ring.
Given e C*(g,C), we define the coboundary operator
0,:C" (6.C)—> cH! (9,C) forall k=1 as follows:

O (@)(Xpy, X))
_ Z (_I)Hja)(|:Xi,Xj:|;le'”nA’}ja'“7)A(j""ﬁXkH)

1<i<j<k+1

(4)

where X ,---,X,,, €g and )?n signifies that the element has been removed. If
k=0 we define 0,w=0.We can use the coboundary operator to construct a

long sequence, known as the Chevalley-Eilenberg Complex denoted by C:
C:{0} > C°(g.C)—2>C"(g.C)—2>C’(g,C)

(5)
- C"(9,C)—%>C""(g,C) > -
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Remark 2.2. For simplicity we write 0, =0 if there is no chance of confu-

sion.

Proposition 2.1. For neC”(g,C), weC’(g,C),
d(nrw)=0(n)rw+(-1)" nrd(w) (6)

Proof. We prove the claim by induction on p. For the case p =0, choose
neC’ (g,(C) and weC? (g,(C) , then since 7 isa scalar
8(77 A a)) = n@(a)) =7 A@(a)) . Let us assume that the statement is true for
neC’! (g,(C) , then choose @€ C' (g,(C) andlet n'=0AneC? (g,(C). Since
o(n'rw)=0(0Anrw)=0(0)r(nAw)-Ord(nArw) (applying the case
p=1), then

AOVA(nA@)—0nd(nA®)=3(O)A(1A@)~OAI(N)A@—(-1)"" O AnAd(w).

Combining, the first two terms of the previous expression we have
o(n' rw)=0(0An)+(-1)" @ AnArd(w), hence
o(n'rw)=0(n")rw+(-1)"n'~rd(w) . Therefore, Equation (6) is true if
n' =60 An . The claim follows by linearity for any 7' e C” (g,(C).

Proposition 2.2. Forall kN, 0,, 00, =0.

Proof. We prove the claim by induction on k& If £=1, then for any

weC'(g,C)
@' =0, (a))(Xl,Xz):_a’([XnX2])

=0,0°0,(0)(X,X,,X,)=0,(o')(X,, X,,X;)

o' ([ X, X, ]. X, )+ o' ([ X, X, ] X, ) -0 ([ X5, X, ], X))
o([[X,X,]. X%, ])-o([[X, X,]. X, ])+ o[ X,, X,]. X, ])
a)([[Xl,Xz],XJ—[[X],Xz],X2]+[[X2,X3],X]})
o([[X,, %], X, J+[ [ X, 4,1, X, J+[[ X5, %3], 4, )

By the Jacobi identity on g, we get 0, 00, =0. Let the induction hypothesis
be true for k=g-1 . Consider 7'=0An where OeC' (g,(C) and
neC’'(g,C). Then by proposition 2.2.1, d(n')=0(8)An-0Ad(n) and
0*(n')=0>(0)An+0(0)no(n)-0(0)rd(n)+O0A0*(n)=0. Once again, it
follows by linearity that 0°(')=0 forall n'eC’(g,C) [8].

If ®eImd, ,, then weC*(g,C) is called a k-coboundary. The set of all
k-coboundaries is denoted by B* (g,0).

If weKero,, then weC"(g,C) is called a k-cocycle. The set of all
k-cocycles is denoted by Z*(g,C).

Given a k-coboundary @, we know that @ =o' for some ' e C*™ (8.C).

Applying the coboundary operator yields 0w =0’w'. It follows that dw =0,
which implies that

B (8.C)c VA (9,C).

Definition 2.2. (Singular cohomology) The &* singular cohomology with
valuesin C, H*(g,C), is defined by
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H"(g,C)=2"(9,C)/B"(g.C) (7)

Remark 2.3. If g is an infinite-dimensional Lie algebra, we must consider
continuous 4-linear forms, obtained by topologizing the Lie algebra g and C.
For example, let M be a smooth compact manifold and let g be the Lie algebra
of all smooth vector fields on M with the C” topology, then the corresponding
cohomology is called the Gelfand-Fuchs cohomology. Details can be found in [9]
[10] [11].

2.2.2. Central Extensions and H’(g,C)

Consider two complex Lie algebras g and §, and let Cc:= Span{c} where ¢
is contained in the center of g, ie [X ,c] =0 forall X eg. Consider the fol-

lowing short sequence
{0} > Cc—1»g—"—>g—{0}.

This sequence is called exactif Imn =Kerr. The splitting lemma states that
if there existsamap o:g— g suchthat ooz =id_, then

g~ g®Cec. (8)
or equivalently
g~g/Cc )
Moreover
Ce~1 (10)

where 7is some ideal contained in the center of §.

The map o is called a section of g. Note that this result is a generalization
of the rank-nullity theorem from linear algebra. If (9) and (10) hold for §, then
¢ is called a central extensionof g by Cc.

Theorem 2.1. The inequivalent central extensions of a Lie algebra g by Cc
are classified by H’(g,C).

Proof. Let § be a central extension of g arising from the following short
exact sequence:

{0} > Cc—> g g— {0}

o

where 7:9— g is the canonical projection and o:g—> g is a section of g.
For X,Yeg,let o(X,Y)= [O‘(X),O'(Y):'a —0'([X,Y]g). Thus,
o([x.7],.Z)+o([7.2] . X )+o([Z.X],,Y)=0 using the Jacobi identity in
g. Hence, @ satisfies the 2-cocycle property. Suppose o' is another section,
and note that for all X eg, 7o(c—0')(X)=0, thus (6—-0')(X)eCc or
o(X)=0'(X)+kec where keC. Given another bilinear form «' arising
similarly from o', we would like to show that @ —®" belongs to the coboun-
dary, ie. w—w'=0,(c—0'):
0,(c—-0")(X.Y)

:[(G—G')X,(G—G')Y]—(O‘—G')([X,Y])
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~[o(x).0(1)]-[o'(X).0(1)]-[o(X).0'(¥)]
+o'(X).0' (1)]-o([x.7]) + o ([X.7])
~[o(X)o()]-[o"(X).0" (1) +ke]
o' (X) ko' (1)]+ [0 (X).0'(1)]

=w(X,Y)-0'(X,Y)

where k,k'eC.Hence o isa2-cocycle.
Conversely, take a 2-cocycle @ which is a representative element of a coho-
mology classin H’(g,C), ie forall X,Y,Zeg:

o(X,Y)=-0(Y,X) (11)
o([x.7],.2)+o([r.2], . X )+e([Z.X] .Y)=0 (12)
We can define a bracket on the vector space §=g®Cc as follows

[X+ac,Y+ﬂc] =[X,Y]B+a)(X,Y)c (13)

é
where a,f€C.If @' is another bilinear form satisfying (11) and (12), then

® and @' define isomorphic Lie algebra structures on g@® Cc if and only if
there existsamap u:g— C such that

o(X,Y)=0'(X,7)+p([X.7] ) (14)

In the above construction, the Lie algebra § is a central extension of g by
Cc obtained by associating the bilinear form @ . This shows that correspond-
ing to any element of H’(g,C) we can associate an isomorphism class of a
central extension of g. Hence, we have shown that there is a one-to-one cor-
respondence between the inequivalent central extensions of a Lie algebra g by
Cc and H’(g,C) [12].

3. A Brief Introduction to Conformal Field Theory

A conformal field theory is a quantum field theory that is invariant under con-
formal transformations, which are transformations that preserve the angle be-
tween two lines. In a flat space-time with dimension D >3, the conformal al-
gebra is the Lie algebra corresponding to the conformal group generated by glo-
bally-defined invertible finite transformations, which are translations, rotations,
dilations, and special conformal transformations (for more details see [3]). In
this paper we are interested in dimension D =2 since the Lie algebra of infini-
tesimal conformal transformations is infinite dimensional and has been investi-
gated in complete detail by Belavin et al in [13]. Conformal field theory can be
used to understand certain natural phenomena, and arises in string theory as
well. It has long served as a meeting point between physics and mathematics,
spurring progress in both fields.

Consider the complexification of coordinates in R’ (xo,x1 ) P z=x"+ix'.
Let z:=x"—ix'. In conformal field theory, zand Zz are considered indepen-
dent complex variables. Thus the field ¢(x°,xl) on R’ becomes ¢(z,7).If

DOI: 10.4236/jamp.2019.73042

572 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.73042

J. Bakeberg, P. Nag

% _ 0, ie. ¢ depends only on z then ¢ is said to be a chiral field. We thus

Z

simply write ¢(z), which is holomorphic Ze. a power series in z On the other

hand, if Z—¢ =0, we call ¢ anti-chiral and write ¢(Z), which is an-
z

ti-holomorphic e a power seriesin z .

We are interested in the infinitesimal conformal transformation

f(z)=z+e(z) (f(z)=Zz+€(Z)) with | |<<1 (| |<<1)where
e=¢€" +ie'
e=€"—ie

satisfying the Cauchy-Riemann conditions

o o
—06 :+—1€
Ox ox
a2,
ox ox

Note that f is simply notation.

Definition 3.1. [3] If a field ¢(z,2) transforms under any conformal trans-
formation f(z) and f(Z) as follows:

—\/
oo (oY (o —
¢ 22 sr76)

we call ¢(z,Z) a primary field of conformal dimension (h,}_t ) If not, we call
#(z,Z) a secondary field.

As an example, given a primary field ¢(z,2) and the infinitesimal conformal
transformation as discussed above, we compute :

6f—1+8 €
Oz

= [zjh =1+h0 e+ 0(62)

0z
so that ¢(z €, z) ¢(z z)+66 ¢(z Z)+0(€2). Then:
(1+h8 e+o )(1+h67€+o(€2))¢(z+e,2+e‘)

—(1+h86+h86+0 (€))(¢(z.7+€)+e0.4(z.7+)+o(e))
=(1+h0.e+h0,7)(§(2.7) +€0.4(2.7) +e0.4(2.7))
= §(2.%)+(ho.e+e0. +ho.€ +0. ) ¢(z.7)

Ignoring terms of order ¢’ and €’ in the above expression, we find that the

primary field ¢(z,Z) is transformed under the infinitesimal conformal trans-

formation

(ho.e+ed. +hoE+70. )p(2.7) (15)

For more details see [3].
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In our current approach, in order to study the central extension of the Witt
algebra as discussed in section 4, we need to discuss the energy-momentum ten-
sor, which is derived as follows (see [3] [13] for details). Recall Noether’s theo-
rem which essentially states that for every continuous symmetry in a field theory
there is an object called current j, ( 1 =0,1) which is conserved, ie using

Einstein summation notation

3"j, =0 (16)
where &° :6% , 0 :% . For more information, see [3] [14]. Let
X X

T, T
T= []fo ;lj denote the energy-momentum tensor. Then from [3], under the
10 11

infinitesimal conformal transformation x” - x* +¢“(x) the current is
J u = Tuvev
= Jo = TOOGO "'71)161 & jy = Tloeo +T1161
Applying N6ether’s theorem yields
0=0" (Tﬂvev ) =0’ (Tooeo +%161)+61 (7;060 +T,,é ) =0
Since 0“T,, =0, the above expression can be rewritten as
T,,0°€" +T,,0°€' +T,,0'e” + T;,0'¢' =0
or using Einstein summation notation,
T,,0"" =0
Since this expression is true for all conformal transformations, in particular

e’=ex” and € =ex', then (T, +7,)e=0 which implies that the ener-

gy-momentum tensor is traceless (ie. Ty, +7;, =0).
. . . z+z z—z
We now wish to complexify our coordinates, x’ = 3 & x'= 5 We
i

make the following association:
T, T, T, T,
00 U N 2z 2z
L, T L Iz

1 .
T, :Z(Too - 2T, _Tn)

where

zz

zz

1 .
T :Z(Too +2iT,, _Tn)

1
zz = 71?2 =_(IE)0 +Iil)
4
From above, since the energy-momentum tensor is traceless, we have

zz

1 .
T, :E(Too _lTlo)
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1 .
I :5(7-2)0 +lTlo)
Tzz =T2z =0

We now investigate the chirality of the energy-momentum operator:
o’ +io' |1 )
0:T. :( > JE(TOO_’Tlo)
= i(aoToo + alTlo + i(alz)o - aOTlo ))

= %{80%0 +61TIO _i(alTn +60T10 ]]
=0 =0

=0

z7zz

It can be similarly shown that 0.7 =0. We thus have that T'(z) is chiral
and T (E) is anti-chiral. We can write T (z) as a Laurent series as follows:

T(z)= 3 c,z"
where
1 -n-1
=— (1 .
c, P (z)z7"'dz

With a change of variables, we obtain the desired form of the ener-

gy-momentum tensor :

T(z)= > Lz""

ne-2+7

where L =c ,, Z%J‘T(Z)Zn“dz.
T

Remark 3.1. 7(z) is an example of a secondary field.

4. The Witt Algebra
4.1. Construction of the Witt Algebra

We now begin our application of the topics previously discussed with a specific
Lie algebra:
Definition 4.1. (Witt algebra) The Witt algebra over C":=C\{0} is defined

as follows:

Witt = {f(z)%|f e C[z,zl]}

. j+1 d .
{Lj =—z ElJEZ

Remark 4.1. L, can be thought of as a vector field over c”.

with a basis given by

Note that the basis of the Witt algebra can also be interpreted from a Lau-
rent expansion of e(z) in the infinitesimal conformal transformation
f(z)=z+€(z) about z=0 [3][15]:
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f(z) =z+ écn (—Zn+1)

We define the following commutator over the Witt algebra

d

Tt eL]
(1L st ]2 r0L)

17)
()8 ()L 1)) (o) ()= () (2) s
d

Proposition 4.1. The commutator defined above is a Lie bracket
Proof. In order to be a Lie bracket, the commutator must be skew-symmetric
and satisfy the Jacobi identity.

Skew-symmetry is relatively easy to show:
d

e () |- ()l )

—(e(2)/(2) £ () ()

The Jacobi identity, on the other hand, is not difficult per se, but rather te-

dious. We wish to show the following:

L[t it ol
DL et -0

Examining the first term yields

e | M e )b ()

— £ ()2 (2 ()= (=)< (2))L (2 () (2)-h(2)e ()

~(F ()& ()= 1 (Ih()g" (2)- 1 () g () () (D) (2))
by the definition of the commutator. Similarly,

O [rasreL]

=(g(2)h(2)1"(2)-2(2) £ ()1 (2) =& (2)h(2) () + &'(2) £ ()M (2))

4
dz

DOI: 10.4236/jamp.2019.73042 576 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.73042

J. Bakeberg, P. Nag

Adding these three expressions, we get
(£ (2)2(2)h"(2)=1(2)"(2)h(2)=1"(2) g ()W (2)+ /' (2) & (2)h(2)
+/"(2)g(2)h(2)~f(2)g(2)1"(2) = /" (2)'(2)h(2)+ /(=) &

- 1) (M) () e (D) F ()€ () (=) /() (=) (2))

A careful glance shows that this vanishes to zero, meaning

oL s taa ]t ool
d

DL et -0

Because [ s ] is skew-symmetric and satisfies the Jacobi identity, it is a Lie
bracket and therefore the Witt algebra is a Lie algebra.

Restricting the vector field to S' ie. z=e¢", the element of the basis

d
L, =—z""— becomes
dz

a5 (z=¢"dz=ic"do)
©

Proposition 4.2. [L,,L,|=(m—n)L

Proof. Using the definition in 17 and the above value for L restrictedto S',

we get
[L,.L,]= [ie""g i,ie"’g i}
deo déo

—+ime

m+n

i0(m-+n) i

4.2. Central Extension of the Witt Algebra

It can be shown that H*(Witt,C) is one-dimensional, meaning that in the fol-
lowing exact short sequence:

0>Cc—>V—>Witt >0 (18)

the central extension V ~ Witt® Cc is unique up to a constant. This unique
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central extension V is known as the Virasoro algebra. It is spanned by

{Lm ‘me Z} U{c}. The vector cis called the central charge. The bracket opera-

tionon V isdefined by
[L,.L,],=(m=-n)L,,, +o(L

m?2

L)c (19)

m+n

where @ is some representative element of the cohomology class of
H?(Witt,C). In the next section we will compute this cohomology class using
standard results from Kac, which in the mind of these authors fill up the gap that

seems to exist in physics literature (see for example [3]).

5. Computation of Cohomology Class Using Conformal Field
Theory

This section is adapted from Victor Kac, who develops the theory in much more
generality in [5]. For the sake of continuity in following along [5], we use much
of the same notation. However, we introduce the term eigenfie/d for the Hamil-

tonian A of conformal weight A (see definition 5.3) in our discussion.

5.1. Operator Product Expansion of Two Eigenfields a(z), b(w)
with Conformal Weights A, A’

Consider a formal field a(z,w) = Zm’nézam’nz"’w" € (C[z,z’l,w, w’l]. Here the
word “formal” indicates that we are not concerned with convergence. We also
introduce the formal delta-function §(z—w) defined by

5(z=w)= z'z(ﬂj".

neZ\ Z

Given a rational function R(z,w) with poles only at z=0, w=0, and
|z| = |w| ,let i, R (resp. i, R) denote the power series expansion of R in the

w| (resp. |W| > |z| ). In particular

e [T -

domain |z| >

o (Z - W)j+l m=0\_J
. 1 m -m=1_ m—j
i, ————===2|  |[z7"w"" (21)
(z - w)] m<0\ J
Using the above we can conclude that
VS (z—w)=i L ! (22)

z,w (Z_W)/+1 w,z (Z_W)j+1

5 [T o
meZ

Recall that the residuein zof afield f(z)=). _f,z" isdefined as
Res.a(z)=f,
1) For any formal field f(z) € (C[[z, Z! H ,
Res, f(z)6(z—w)= f(w)
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2) 6(z—-w)=5(w-z2)

3) 0,6(z—w)=-0,6(z—w)

4) (z=w)aUs(z-w)=dVs(z-w), jeZ,
5) (z—w)j+16(j)§(z—w):0, JEZ,

w

Proof.
1) It is sufficient to check f(z)=)  _az":
f(2)6(z—w)= (Zaz" j( ZW"’Z’“]
nez meZ

=z (--~+aw’" Fotaw ! Fat+aw+-+an” +---)+-~~

= Res, [ (z)5(z—w) = f(w)
2) §(z—w)= Zz’”’lw” =3y :5(w—z)

nez meZ

3) =0,0(z—w)=2 —mw" 'z" = (-n-1)w'z"? =0,6(z—w)

meZ neZ

4) This is an application of Equation (22):
(z=w) U8 (2= w) = (z=w)| i, ———— i, ——
T (z-w) T (z-w)
1 i 1
z,w (Z_W)j+1 w,z (Z_W)j+1

= d5(z-w)

5) We again use Equation (22):
1 1

(z—w)j+] 6&,")5(2—w)=(z—w)j+l [i —1i , J=O

z,w (Z _ W)‘/+l w,z (Z _ W)JJF]

We want to know when a formal field

a(z,w) = Z a,,z"w'e (C[[z,zf',w, wilﬂ

m,nel

has an expansion of the form
a(z,w)z ici (w)a(u’,')ﬁ(z—w) (24)
=0

It follows from Proposition 5.1 that
c" (W) = Resza(z,w)(z—w)n (25)
0
Let C[[z,z'l,w, w! :H be the subspace consisting of formal C -valued dis-
tributions a(z,w) for which the following series converges:

za(z,w) :=%(Resza(z,w)(z—w)j)6&{)5(z—w) (26)

Proposition 5.2.

1) The operator 7 is a projector, ie. 7° =7 .
0
2) Kerrm = {a(z, w)e (C[[z, z o wow! ﬂ which are holomorphic in z}.

Remark 5.1. Recall that a complex function f(z) is holomorphic if in some
neighborhood of its domain f(z)=)." a,z" where 4, C.

n=0"n
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3) Any formal field a(z,w) from C [[z, 2 wow! ]]0 is uniquely represented

in the form:
a(z,w)= Zc’( ) Vs S(z—w)+b(z,w) (27)

where b(z, W) is a formal field holomorphic in z
Proof.
1) We want to show Res_za(z,w)(z—w)" =Res_a(z,w)(z-w)".

ra(z,w)(z—w)"

i(Resza(z, w)(z-w)’ )696(2 - w))(z -w)"

Jj=0

X
-2

/ﬁ\

Res, a z, w z w)j)a(v;,"*")5(z—w)

Res, a z, w z w ‘/) m szlwm+n_j
Nzl

= Reszﬂa(z, w)(z - w)" = Resza(z, w)(z - w)"

i Ms

J=r

2) Suppose 7a(z,w)=0. Then
0= 35 (Res.a(zw)(z-w)' )5 (2 )
=0 (Resa(em) (e | £[ 7 Je v

Jj=0 m=j J

=0= (Resza(z, w)) i [’Z;ljz)nlwm

m=0
- m -m-1_ m-1
+(Resza(z,w)(z—w))2[1jz w4
m=1
Thus all the coefficients of z " 'w",z " 'w" ™ ... are zero for all m €Ly, .

Thus a(z,w) is holomorphic. Conversely, if a(z,w) is holomorphic then
clearly 7a(z,w)=0.

3) Since 7 is a projector, C[[z,z'l,w,w'lﬂo =Imz ®Kerz . The claim
follows.

Corollary 5.1. The null space of the operator of multiplication by
(z—w)N,Nzl,in (C[[z,z wow HO is

N-1
oS (z=w)C|[ wyw™ (28)
JZ::() (z ) [[ww ﬂ
Any element « (z, w) from (28) is uniquely represented in the form
a(zw)= Zc( )85 (z-w) (29)

Proof. Suppose (z-w)" 3" . (w) 8)8(z—w)=0. Then

J

0=>Yc (W)a(‘fN)é'(z—w)

™

Il
=

J
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here a, =Res,a(z)z".

=M (w)=c""(w)=--=0
Conversely, that Zyzjﬁ(wj)é‘(z - w)(C[[w, w! ﬂ lies in the null space of
(z- w)N follows by Proposition (5.1) (5).

We sometimes write a formal field in the form

a(z)=%a,z"" a(z,w)= Y a,,z""'w"" (30)

neZ m,neZ

n

Proposition 5.3. If a(z, w) has the expansion (29) then
N-1 m X
am,n = Z [ . j cr/n+n7j
=0\ J

Proof. Let

Then

N
— J
= am,n - z ] Cm+n7j

7=0
Definition 5.1. A field a(z,w) is said to be /ocalif for some N >0
(z—w)Na(z,w)zo. (31)

Corollary 5.1 says that any local formal field a(z,w) has the expansion (29).
Definition 5.2. Two formal fields a(z) and b(z) are said to be mutually
local, simply local, or a local pair if the formal field
[a(z),b(w)] € (C[[z, z " ww! ﬂ is local, ie. if

(Z—W)N [a(z),b(w)]zo for N >0 (32)

Given a formal field a(z)= ZneZ , let

a(z)_ =Ya,z""a(z), =Y a,z"".

n=0 n<0

This is the only way to break a(z) into a sum of “positive” and “negative”
parts such that (6(1(2)i ) = 6(a(z)i) We re-define the formal field a(z)b(w)

using the “positive” and “negative” parts as follows,
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ca(z2)b(w)=a(z), b(w)+b(w)a(z) . (33)

Proposition 5.4.
a(z)_b(w)]+:a(z)b(w): (34)
a(z), b(w)]+a()b(w): 65)
Proof.

[a(2)._.b(w)]= a(2)_b(w)~b(w)a(2).

a(2)b(w)=a(2), b(w)+b(w)a(z).

= [a(2)_.b(w)]+2a(2)b(w): = a(z)_b(w)+a(2), b(w) = a()b(w)

With this new notation in hand we can show the following: The following are

equivalent to 31:
N-1

1) [a z),b( )] 8(j)§(z—w)c-’(w),where ¢ (w)e C[[W,w’lﬂ

b(w)a(z)= ],\-/Z_;{iw’ - iv)'”l ]c’ (w)+:a(z)b(w)

Eim) .
4) [am,bn]:Z( .]cjwn_j,m,neZ

J

J
N-1 m . X
5) [am,b(w)] = ( _]c’ (w)w"7 meZ
j=0\J
Proof.
1) This is a clear result of Corollary (5.1).
2) By (1),
N-1
[a(z) b(w)] = 26&{)5(2 —w)c’ (w)
j=0
N-1 N-1
= [mj zm 4 ZZ(WZJ zTm
J=0m=0\_J j=0m<0\_J

Using the bilinearity of the bracket operation,

b(w)]:[ J [ (z)+,b( )J Thus

[ ) b(w)]+[a(), b (w)]
“ m .
zz j lwmj+zz[ .]Zmlwmj
Jj=0m=0 ] j=0m<0 J
The claim follows.
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3) By Equation (34),
w)=[a(z) .b(w)]+:a(
D l; ¢ (w)+:a(z)b(w):
(z=w)

Jj=0

The other case is similar.
4) By (1), [a(z),b(w)} has the expansion 29, thus by proposition (5.3),

[a(z),b(w)] = Yd,, 2"

m,neZ

N-1
[ J m+n J
j=0
By bilinearity of the bracket,

Lol (0] | T Tho |- Tt

where

mel nez m,nez
= Z Z [am ’b” ]Zﬁmilm}iniI = Z dm,nzimilwinfl
meZneZl. m,neZ
= Y [a,.b,]z""w"" = Y d, =" W
m,ne’ B
= [am ’bn] = dm,n
5) Let
[a(z),b(w)] =Y d, " w!
m,nez
Then

{Zamz"",b(w)}: o b)) = T

meZ m,neZ

= [a,.6(0)] = z[ Bt

nez

Recall that ¢/ (w)=) c/w"" . Replace nby k+ j—m.Then

ne’ 71
\ch W*k Jj+m—1

kel

j m/zck —k—1

kel

b

—
Il

[am,b(w)

Il
TIMT T
<) Lo

=
L

m

e o

J

~.
Il
=]

1
Jj+l J+l

1
Recall that i, ———— denotes the power series expansion of
(z—w) (z—w)

in the domain |z| > |w| . Thus assuming |z| > |w| we can write proposition (5.5)

(3) simply as
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N-1 of (W)
a(z)b(w)= rtia(z)b(w)
Jj=0 (Z'—'VV)
or just the singular part:
N-1 o) (W)

(36)

Equation (36) is called the operator product expansion (OPE) of a(z)b(w)
for |z| > |w| .

Let A denote the Hamiltonian, essentially a semi-postive definite self-adjoint
operator.

Definition 5.3. A formal field a(z,w) is called an eigenfield for H of con-
formal weight AeC if

(H-A-z0.-w0,)a=0

We often write an eigenfield a(z) of conformal weight A as

a(z)= ) a,z""

neA+7Z
In this form the condition of being an eigenfield is equivalent to
Ha, =-na, (37)

n

Proposition 5.6. Suppose a(z) and b(w) are eigenfields of conformal
weights A and A’ respectively. Then

1) O,a isan eigenfield of conformal weight A+1.

2) :a(z)b(w): isan eigenfield of conformal weight A+A’.

Proof.

1) Let a(z)= > a,z"".Then

ne—=A+7

d.a= Y, (-n—-A)a,z"™"

ne—-A+7Z

z0la= Y, (-n-A-1)(-n—-A)a,z"™""

ne-A+7

(A+1)0.a(z)= ¥ (A+1)(-n-A)a,z""

ne—A+7Z

:>(A+1)8za(z)+zaia(z)= Z n(n+A)Z—n—A—l

neA+7Z

We know Ha =-na, . Then

n n

Haza(z)zH( Y (_n_A)anZMIJ

ne—A+7Z

Z (—n — A) Hatnz’”’A’1

ne—A+7Z

= > —n(-n-A)z""

ne—A+7Z

= (A+1)d.a(z)+z0%a(z)

2) Consider two eigenfields a(z)=) a,z"" and

neA+Z - n

b(w)=>] bw™"™ of conformal weight A and A’ respectively. Thus

neA'+7Z - n
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Ha(z)=(A+z0.)a(z)
Hb(w)=(A"+wd, )b(w)

Hence

Since the Hamiltonian acts as a derivation, Ze.
H(a(z)b(w)) = (Ha(z))b(w)+ a(z)(Hb(w)) , then :a(z)b(w):=a(z)b(w)
is an eigenfield of conformal weight A+A’.

Corollary 5.2. If a(z) and b(z) are mutually local eigenfield of conformal
weights A and A’, then in the OPE

N-1 o/ (W
o200~ £
=0 (z - w)
all the summands have the same conformal weight A+A’.
Proof. Let a(z)= Z a,z""* and b(w)= Z bw"™ . We know

me-A+Z"m ne-A'+7"n

a(z)b(w): Z am’nz’m’Aw’"’A'

me—A+7
ne-A'+7Z

where «, , €C is an eigenfield of conformal weight A+A’. Since the Hamil-
tonian acts as a derivation and a(z) and b(w) are eigenfields,
H(a,b,)=H(a,)b,+a,H(b,)
=-ma,b, —na,b,
=(-m—-n)a,b,
On the other hand,
(A+A"+20, +wo,) abz " tw
=(A+A")a, b,z w"™ +(-m—A)a,b,z" W
+(-n—-A)a,b,z"w"
=(-m—n)a,b z" " w"

Hence

H (ambnz_m_Aw_"_A' ) =(A+A"+20_+wd,)a,b,z"™"

Thus every term of a(z)b(w) is itself an eigenfield of conformal weight

A+A'.
Proposition 5.7. Take a(z),b(w) to be local eigenfields of conformal
. / . o (w) )
weight A,A" resp., with OPE a(z)b(w)~ z( e Supposing
io(z-w

c"!(w):=c isconstant,then A+A'2N.
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Proof.

c

>H——=(A+A _N)(z——w)N

(z=w)"
Since His a semi-positive definite self-adjoint operator, its eigenvalues must

be non-negative real numbers. Thus A+A'>N .

5.2. Computing Cohomology Class Using Operator Product
Expansion of the Energy-Momentum Tensor

Note that the energy-momentum tensor 7(z) is alocal eigenfield of conformal
weight A=2 [3].

Proposition 5.8.

1) Let T(z) and T(w) be mutually local eigenfields for H both of confor-

1
mal weights A=A'=2. Assume ¢"'(w)= Zc € C is constant. Then the sin-

gular part of the operator product expansion is of the form

¢
- 1 1
2, 2¢! (w) +6wc (w)

(z—w)4 (z—w)2 zZ=w

T(Z)T(w) ~
where each summand is of conformal weight 4.
2) If we assume moreover that I:C,T(Z):| =0, [L_I,T(z)] = 8T(z) , and
[L,.T(z)]=(20.+2)T(z) then

(38)

Proof.
1) From proposition 57 and the assumption, we obtain N <4 and

A (w)= %c . Then the singular part of the OPE looks like

lC 2 1 0

T()7(w) 2 S, () S (), (9
(z=w)" (z=w)" (z-w)" 2-w

Exchanging zand win Equation (39) we get

(z—w)4 (z—w)3 (z—w)2 z—w’

1
T(W)T(Z)N 2 ¢ (Z) 4 C(Z) ¢ (Z)

Applying Taylor’s formula expanding about w; this becomes
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1 2
—c  F(w)+0,7(w)(z—w)+=0c* (w)(z-w)
LTI o — —
(z-w) (z-w) (40)
+cl(w)-i-awcl(w)(z—w)_co(w).
(z—w)2 zZ=w

Due to locality, Equations (40) and (39) are equal. Thus c* (w) =0. The coef-
ficient of (z— w)f1 in Equation (39) is ¢”(w), and in Equation (40) the coeffi-
cients of (z—w) ' are —’(w)+0,c'(w). Then " (w) zééwcl (w) . Thus

T(z)T(w) can be written as

c 1.
- 1 —0,.c (w
YA U L L S L
(z—w) (z—w zZ=w
Thus (up to a constant)
T(2)T (W)~ 2y 2 (0) 2 () (41)
(zw) (w) v

2) By proposition 5.5 (5),

[t @]=3 "7 e @)z

o\ J
Thus
[L_I,T(z)] =¢° (Z) =0c' (Z) =z’ (z)+ 2¢! (z) = (Za—i-2)c1 (Z)

This along with the assumptions show that ¢'(w)=T(w).

We would now like to consider the commutator bracket operation
m’ J‘T deZ,LIT(W)WanW
2ni

J [ 1 (2).7 ()]

In conformal field theory, motivated by Equation (36), T(z)T(w) only

2mi

makes sense if |z| > |w| or |w| > |z| . This leads us to define the radial ordering

of two operators
T(Z)T(w) if |z| >|w|

T(z)*, T(w):= {T(w)T(Z) if [w] >z

Remark 5.2. In the physical theory, this radial ordering is related to the or-

dering of time. Thus

(Lol ]= [z 5w [1().7 ()]

dz m+ W s
= weC(O'r’)Z_TU'Z 1dzT(Z)T(W)—J.C(O;r”)\wz_mw 1dWT(W)T(Z)
dz dW ZmrLy ot
= J.C(w; an 27'[1 IW 1(T(Z)*R T(W))
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Substituting the 7'(z)7(w) OPE yields

c
[L L ] J‘ J‘ m+l n+l E + 2T(W) _,’_aT(W)_,’_
e 2mi 27U (z—w)4 (2—2)2 zZ—w
c

_ J.d—W.Res ML 2 ZT(W) aT(W) +
2mi (z—w) (z 2) Z—Ww

m+1

To evaluate this expression, we must perform a Taylor expansion of z

about w:
2" =W (mA )W (z-w)+ m(rr;+l) w"! (z—w)2
2
-1
+m<m )W”FQ(Z—W)}‘F"'
6
We substitute this expansion:
[Z,:L.]
= 'fz—;:;Res w'! (WWI +(m+1)w" (z—w)+ m(n;+ D) W' (z—w)

erw’"’2 z—w3+---J 2 AN (W)+
SR [P Py e

We compute the residue by pairing terms that yield (z— w)_1 and finding the

coefficients:
[L,.L,]
dW n+ m+ m ¢ m—
= 2—mw II:W 16T(w)-i—2(m+l)w T(w)-i—Em(mz—l)w 2}
m+n+ dW m+n+ c dW m+n—
'[2151 20T (w )+2(m+1)J‘2mw 1T(w)+§m(m2—1).[2—7Il_w !
:2(m+1)L —(m+n+2)L -i—im(mz—l)."d—ww’"””1
m+n m+n 12 27[1-

dW Wm+n—1

= (m —n)Lm+r1 +ém(m2 _1)'[ 2mi

To calculate the integral, consider the following cases: if m+n=0, then

. dw -
w"" =15 if m+n>1, then J.TWW” "=0. We can thus express the
i

[
2mi
integral with the Kronecker delta 6,,,,,. We finally conclude that

[ m? n] ( ) ‘m+n +cwé‘m+n,o (42)

Thus the 2-cocycle @ representing the central extension of the Witt algebra

DOI: 10.4236/jamp.2019.73042 588 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.73042

J. Bakeberg, P. Nag

can be rewritten by comparing with the Equation (4.3),
_m(m=1)(m+1)

43
12 m+n,0 ( )

a)(Lm ’Ln )

Since the T (z)T (w) OPE calculated in theorem (5.2) is unique up to a con-
stant, we have our justification that H?(Witt,C)~C, and thus the Virasoro

algebra is the unigue central extension of the Witt algebra.

6. Conclusions and Future Work

In this article we analytically computed the representative element of the coho-
mology class of H’ (Witt,(C) by using the operator product expansion of the
energy-momentum tensor 7(z)7(w) and the commutator [L,,L,] using
integrals from standard complex variable theory. Note that in proposition (5.7)
and in theorem (5.2) we made the assumption that the eigenfield M (w) isa
L,] for ob-

taining the Virasoro algebra. In our future work we would like to investigate the

constant in order to get the correct form of the commutator [L,,
case where c"™' (w) is a monomial in w of appropriate degree and obtain the
corresponding algebra. For example, if ¢ (w)=w, it can be shown by re-
working proposition (5.7) that A+A’> N —1; hence the singular part of the
corresponding operator product expansion is

3 2 1 0

c(w c (w c(w) c(w

T(z)T(w)~ LA— ()+ ()+ ()+() (44)

) o) ) (o) 2o

We intend to rework proposition (5.2) and details therein along with the cor-
responding algebra obtained by computing the commutator [L,,L,] in a fu-

ture article.

Conflicts of Interest

The authors declare no conflicts of interest regarding the publication of this pa-
per.

References

[1] Hartwig, J.T. (2003) Highest Weight Representations of the Virasoro Algebra.
Internet Based Published Notes, 93-131.

[2] Gordon, I. (2008) Infinite-Dimensional Lie Algebras. Internet Based Publish Notes,
1-55.

[3] Blumenhagen, R. and Plauschinn, E. (2009) Introduction to Conformal Field
Theory. Vol. 779 of Lecture Notes in Physics, Springer, Dordrecht.
https://doi.org/10.1007/978-3-642-00450-6

[4] Nutku, S.C., Yavuz and Turgut, T. (2000) Conformal Field Theory. Vol. 102 of
Frontiers in Physics, Perseus Publishing.

[5] Kac, V. (1998) Vertex Algebras for Beginners. Vol. 10 of University Lecture Series,
2nd Edition, American Mathematical Society, Providence.
https://doi.org/10.1090/ulect/010

[6] Humphreys, J.E. (1978) Introduction to Lie Algebras and Representation Theory.

DOI: 10.4236/jamp.2019.73042

589 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.73042
https://doi.org/10.1007/978-3-642-00450-6
https://doi.org/10.1090/ulect/010

J. Bakeberg, P. Nag

(12]

(13]

(14]

[15]

Vol. 9 of Graduate Texts in Mathematics, Springer-Verlag, New York, Berlin.

Bourbaki, N. (1971) Fi Elfiements de mathfiematique. Fasc. XXVI. Groupes et alg-
fiebres de Lie. Chapitre I: Algfiebres de Lie. Seconde fiedition. Actualitfies Scienti-
fiques et Industrielles, No. 1285, Hermann, Paris.

Chevalley, C. and Eilenberg, S. (1948) Cohomology Theory of Lie Groups and Lie
Algebras. Transactions of the American Mathematical Society, 63, 85-124.
https://doi.org/10.1090/S0002-9947-1948-0024908-8

Gel fand, .M. and Fuks, D.B. (1968) Cohomologies of the Lie Algebra of Vector
Fields on the Circle. Funkcional. Anal. i Prilofizen., 2, 92-93.

Bott, R, Bowman, R. and N.M.S.UD. of Mathematical Sciences (1975)
Gel’'fand-Fuks Cohomology and Foliations. Proceedings of the Eleventh Annual
Holiday Symposium at New Mexico State University, 27-31 December 1973, Dept.
of Mathematical Sciences, New Mexico State University.

Khesin, B. and Wendt, R. (2009) The Geometry of Infinite-Dimensional Groups.
Vol. 51 of Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of
Modern Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd
Series. A Series of Modern Surveys in Mathematics]. Springer-Verlag, Berlin.

Fiallo, J.C. (2013) Lie Algebra Cohomology.

http://www.math.ubc.ca/~reichst/Lie- Algebra-Cohomology.pdf

Belavin, A.A., Polyakov, A.M. and Zamolodchikov, A.B. (1984) Infinite Conformal

Symmetry in Two-Dimensional Quantum Field Theory. Nuclear Physics B, 241,
333-380. https://doi.org/10.1016/0550-3213(84)90052-X

Neuenschwander, D.E. (2011) Emmy Noether’s Wonderful Theorem. John Hopkins
University Press.

Kohno, T. (2002) Conformal Field Theory and Topology. Vol. 210 of Translations
of Mathematical Monographs. American Mathematical Society, Providence.
https://doi.org/10.1090/mmono/210

DOI: 10.4236/jamp.2019.73042

590 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.73042
https://doi.org/10.1090/S0002-9947-1948-0024908-8
http://www.math.ubc.ca/%7Ereichst/Lie-Algebra-Cohomology.pdf
https://doi.org/10.1016/0550-3213(84)90052-X
https://doi.org/10.1090/mmono/210

	Revisiting the Computation of Cohomology Classes of the Witt Algebra Using Conformal Field Theory and Aspects of Conformal Algebra
	Abstract
	Keywords
	1. Introduction
	2. Review of Key Ideas on Lie Algebras and Their Cohomology
	2.1. Lie Algebras
	2.2. Lie Algebra Cohomology
	2.2.1. Lie Algebra Cohomology with Complex Coefficients
	2.2.2. Central Extensions and 


	3. A Brief Introduction to Conformal Field Theory
	4. The Witt Algebra
	4.1. Construction of the Witt Algebra
	4.2. Central Extension of the Witt Algebra

	5. Computation of Cohomology Class Using Conformal Field Theory
	5.1. Operator Product Expansion of Two Eigenfields ,  with Conformal Weights , 
	5.2. Computing Cohomology Class Using Operator Product Expansion of the Energy-Momentum Tensor

	6. Conclusions and Future Work
	Conflicts of Interest
	References

