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Abstract 
The characteristic behavior of the inductance and capacitance of multi junc-
tion ac Josephson effect in superconductor has been presented. Few parame-
ters characterizing the behavior of Josephson junctions are needed to evaluate 
for technological applications. In this paper, the inductance and capacitance 
of the multi Josephson junction connected in parallel are evaluated, using 
simple classical argument. The numerical results for inductance and capacit-
ance have also been included, indicating few technological applications. 
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1. Introduction 

The Josephson effect [1] [2] is a macroscopic quantum phenomenon in super-
conductivity. When a thin layer of insulating material separates two supercon-
ductors, Cooper pairs are able to tunnel through the insulator from one super-
conductor to the other analogous to the quantum mechanical tunnel effect. The 
coherence nature of Cooper pair in superconductor gives macroscopic quantum 
interference effect analogous to optical physics. The interference effect can be 
observed [3] [4] when two or more Josephson junctions (so-called multi junc-
tion) are connected together. The tunneling Cooper pair causes spontaneous 
supercurrent through the Josephson junction without applied voltage called dc 
Josephson effect and the supercurrent is proportional to the sine of the differ-
ence of phases of two superconductors. This is a very strange phenomenon in 
physics. As because of it, most of the physics classes preach that V IR= . So that 
without any voltage difference, there is no current. Josephson also predicted that 
if an external dc voltage V is applied to the junction, an alternating supercurrent 
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flows through the junction with frequency ( )2J eVω =  . This is called the ac 
Josephson effect. Both the dc and ac Josephson effects are responsible for the 
technological application of superconductor devices. Many superconducting de-
vices [2] [5] [6], like SQUID (superconducting quantum interference device, 
consist of one or two Josephson junctions), high-frequency oscillator, Josephson 
voltage standards, ultrafast switching elements, Qubit in the quantum computer, 
Quantum Interferometers, Quantum sensing, Imaging etc., have been developed 
based on these effects.  

A model of the multi junction ac Josephson effect in superconductor has been  
proposed [7] [8] and showed that the amplitude of the resultant current for mul-
ti junction increases with the increasing number of junctions. In a recent paper 
[9], we have shown that the resultant current for multi junctions gives interfe-
rence and diffraction phenomena analogous to optics. The Josephson junction is 
considered as an electronic analogue and behaves like an inductor and capacitor. 
This behavior is not true only for single Josephson junction but also for multi 
junctions. The behavior of the multi junction can be described with different 
parameters (viz., inductance, capacitance, etc.), called the characteristic parame-
ters of the Josephson junction. In this paper, we have derived the mathematical 
expression for inductance and capacitance of the multi junction classically, using 
simple mathematical techniques. The physical dimension of the Josephson junc-
tion is arbitrarily chosen. In Section 2, we have given a theoretical background of 
the model of multi Josephson junction. In Section 3, we have calculated the in-
ductance and capacitance for single junction and then for multi junction sepa-
rately. In Section 4, the numerical result and discussion have been carried out. 
Finally, the conclusion which is given in Section 5. 

2. Theoretical Background 

Josephson [1] [2] predicted that at a finite applied voltage V, an alternating cur-
rent flows between two superconductors separated by an insulating layer and the 
supercurrent flow the relation 

( )0 sinI I tφ= ,                         (1) 

where 0I  is the maximum supercurrent and ( )tφ  is the time dependent phase 
difference between the superconductors and follow the relation  

d d 2 Jt eVφ ω= = . 

Let us first consider two Josephson junctions connected in parallel with an 
applied voltage V, as shown Figure 1. 

Now, the mathematical expressions for current I1 and I2 flowing through the 
Josephson junctions 1 and 2, can be written as [7] [8] [9] 

( )
1 01e Ji tI I ω φ+=                          (2) 

and 
( )2

2 02e Ji tI I ω φ+=                         (3) 

https://doi.org/10.4236/jamp.2018.612212


H. M. A. R. Maruf et al. 
 

 

DOI: 10.4236/jamp.2018.612212 2546 Journal of Applied Mathematics and Physics 
 

 
Figure 1. Schematic diagram of two parallel Josephson junctions with a constant dc vol-
tage (V). 
 
where, I01 and I02 be the maximum current flowing through the junctions 1 and 2, 
respectively; φ  and 2φ  are arbitrarily chosen for the time independent phase 
differences across the junctions 1 and 2, respectively.  

The resultant current can be written as 
( ) ( ) ( )2 2

01 02 01 02e e e e eJ J Ji t i t i ti iI I I I Iω φ ω φ ωφ φ+ += + = +           (4) 

Considering identical junction ( 01 02 0I I I= = ) and after some mathematical 
exercises, the resultant current due to ac Josephson effect for two junctions can 
be expressed as: 

( ) ( ) ( )2
0 0e e e 2 cos 2 sin 3 2Ji t i i

JI I I tω φ φ φ ω φ= + = +         (5) 

For convenience, we have taken imaginary part of the resultant current. The 
above formulation can be extended for more than two junctions. Let us proceed 
for N number of identical Josephson junctions; the resultant current can be 
written as 

( ) ( ) ( )2
0 e e eJ J Ji t i t i t NI I ω φ ω φ ω φ+ + + = + + +               (6) 

Using some mathematical calculations, we have 

( )
( ) ( )( )0

sin 2
sin 1 2

sin 2 J

N
I I t N

φ
ω φ

φ
= + +               (7) 

This is the resultant current for multi junction ac Josephson effect in super-
conductor. It can be noted that for N = 2, the Equation (7) resembles to Equa-
tion (5) for two identical Josephson junctions in parallel connection, which 
supports our assumption. 

3. Inductance and Capacitance of Multi Josephson Junction 
3.1. Inductance for Multi Junction ac Josephson Effect 

Let us start with a single junction in presence of applied voltage V, an alternating 
supercurrent of frequency Jω  flows through the junction which is given by 

( )
0e ,Ji tI I ω φ+=                            (8) 
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where the frequency of alternating supercurrent is ( )2J eVω =   and φ  is the 
phase difference, independent of time. Differentiating above current equation 
with respect to time and using the classical argument ( )d dV L I t= ; we have 

( ) ( )
0e Ji t

JV L i I ω φω +=                         (9) 

Putting 2J eVω =   for single junction and taking imaginary parts as before, 
we have 

( )
0 ,

cosJ
J

L
L

tω φ
=

+
                       (10) 

where ( )0 02L eI=   is called the parametric inductance. 
Therefore, the inductance of an ac Josephson junction is a periodic function of 

phase and frequency.

 

Now we proceed for the calculation of inductance due to 2 Josephson junc-
tions connected in parallel (as shown in Figure 1). We use Equation (5) for the 
resultant current.   

The corresponding inductance is found to be 

( ) ( )
0 .

2cos 2 cos 3 2J
J

L
L

tφ ω φ
=

+
                (11) 

In a similar way, we proceed for N number of identical Josephson junction, 
the result is as follows

 

( )( ) ( )
( )

0 .
sin 2

cos 1 2
sin 2

J

J

L
L

N
t N

φ
ω φ

φ

=
+ +

            (12) 

This is the mathematical expression for inductance of the multi Josephson 
junction connected in parallel.  

3.2. Capacitance for Multi Junction ac Josephson Effect 

The concept of capacitance for Josephson junction is analogously defined as the 
capacitance of a parallel plate capacitor. A Josephson junction consists of two 
superconductors separated by an insulating layer, the layer may be oxide or di-
electric material. Any two adjacent conductors can function as a capacitor if the 
charges on the conductors are +q (for hole pair) and −q (for electron pair). The 
applied voltage between the conductors gives capacitance, written as 

1d ,
d
VC I
t

−
 =  
 

                     (13) 

where the supercurrent flowing through the Josephson junction is given in Equ-
ation (8). 

Compare to the ordinary frequency of oscillation 1 LCω =  and using the 
inductance ( )0 02L L eI= ≡  , we have  

0 .
2
I

V
eC

 =  
 

                           (14) 
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Using ( ) 1 dC I t V− =∫  and ( )
0e Ji tI I ω φ+=  for single Josephson junction, the 

capacitance is found to be  

( )20
2

2
cos .J J

J

eI
C tω φ

ω
= +


                    (15) 

For 2 junctions connected in parallel (shown in Figure 1), the resultant capa-
citance is found to be 

2 20
2

8 3cos cos .
2 2J J

J

eI
C tφ φω

ω
 = + 
 

               (16) 

In a similar way, for N identical Josephson junction connected in parallel, the 
resultant capacitance is found to be 

( )
( )

( )( )
2

20
2 2

sin 22
cos 1 2 .

sin 2J J
J

NeI
C t N

φ
ω φ

ω φ
= + +


         (17) 

This is the expression for capacitance of the multi junction ac Josephson effect 
in superconductor.  

4. Numerical Results and Discussion  

The numerical work has been carried out for the sample HgTe based Josephson 
junction [10]. For numerical analysis, we use the published values of 

7
0 2 10 AI −= ×  and 3 GHzJω =  respectively. We have taken some numerical 

results for inductance and capacitance in terms of frequency and phase shown in 
Figures 2-5. In Figure 2, we have depicted the variation of inductance with fre-
quency for four different junctions (N = 1, 2, 3, 4) and the result show the simi-
lar behavior of equivalent or kinetic inductance [11]. Figure 3 shows the varia-
tion of capacitance with frequency for the different number of junctions (N = 1,  
 

 
Figure 2. Plot of Inductance versus Frequency at constant phase. 
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Figure 3. Plot of Capacitance versus Frequency at constant phase. 

 

 
Figure 4. Plot of Inductance versus Phase. 

 
2, 3, 4). Here, we see that the capacitance increases with the increasing number 
of junctions and decreases with frequency. The result is comparable with the ex-
perimental results discussed in references [12] [13] [14] [15] and references 
therein. In Figure 4, we have shown the variation of inductance with phase for 
the different number of junctions (N = 1, 2, 3). The result is comparable with the 
experimental results shown in reference [16], analogous to transient (like 
ON/OFF peak) effect. In Figure 5, we have depicted the variation of capacitance  
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Figure 5. Plot of Capacitance versus Phase. 

 
with phase for the different number of junctions (N=1, 2, 3, 4). Here, we see that 
the amplitude of the capacitance increases with the increasing number of junc-
tion and vary periodically. The periodic variations of the capacitance indicate 
that the multi junction can be used as a local oscillator. 

5. Conclusion 

We have studied the model of multi Josephson junction in superconductivity. 
The theoretical investigation based on numerical analysis of the characteristic 
parameters of multi Josephson junction indicates few technological advantages, 
like high frequency oscillator, interferometer, and qubit etc. already mentioned 
before. This is the first time we have evaluated the inductance and capacitance of 
the multi Josephson junction using simple classical argument. Addition of the 
multi Josephson junction model gives kinetic inductance which is highly nonli-
near. The periodic variation of the kinetic inductance, i.e., positive and negative 
inductance indicates the simultaneous energy received and released. It is well 
known that the nonlinearity of the Josephson junction breaks the degeneracy of 
the energy states, and picks up only the two qubit states simultaneously [17]. 
This is the reason that we want to know how multi junction be used for qubit 
construction. Addition of multi junction raises the question [7] [8] [9], what 
types of qubit behavior it would show whether it is flux or phase qubit. The 
present study indicates that multi Josephson junction (connected in parallel) 
behaves like phase qubit. Then the evaluation of the Josephson energies for multi 
junction in terms of inductive energy and capacitive energy is necessary to clari-
fy the mentioned problem which is our future study. However, we have used 
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classical argument to explain the quantum behavior of multi Josephson junction 
in superconductivity.  
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