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Abstract

We investigate an N-unit series system with finite number of vacations. By
analyzing the spectral distribution of the system operator and taking into ac-
count the irreducibility of the semigroup generated by the system operator we
prove that the dynamic solution converges strongly to the steady state solu-
tion. Thus we obtain asymptotic stability of the dynamic solution of the system.
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1. Introduction

The series repairable systems are the classical repairable systems in reliability
theory. As a result of the strong practical background of series repairable systems,
many researchers have studied them extensively under varying assumptions (see
[1] [2] [3] [4]). In [4], the authors studied an N-unit series system with finite
number of vacations and obtained some reliability expressions such as the Lap-
lace transform of the reliability, the mean time to the first failure, the availability
and the failure frequency of the system by using the supplementary variable me-
thod and the generalized Markov progress method as well as the Laplace trans-
form. The authors used the dynamic solution and its asymptotic stability in cal-
culating the availability and the reliability. But they did not prove the existence
of the dynamic solution and the asymptotic stability of the dynamic solution.
Motivated by this, A. Osman and A. Haji proved in [5] the existence of a unique
positive dynamic solution of the system by using Cj-semigroup theory of linear
operators. In this paper, we further study this system and prove that the dynamic

solution of the system converges strongly to its steady state solution by analyzing
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the spectral distribution of the system operator and taking into account the ir-
reducibility of the semigroup generated by the system operator; thus we obtain
the asymptotic stability of the dynamic solution of this system.

The rest of this paper is organized as follows: In Section 2, we present the ma-
thematical model of the system and give some results obtained in [5]. In Section
3, we obtain main result on stability of the system by analyzing the spectral dis-
tribution of the system operator and taking into account the irreducibility of the

semigroup generated by the system operator.

2. Previous Results

According to [4], the N-unit series system with finite number of vacations can be

described by the following integro-differential equations:
d +00
(E+Ajpo (t):J.O r(w)pOM (t,a))da),

o 0
(_+_+/uk(y)jpk (t’y):Osk:Lza"'sna

ot 0
] ; )
(5+%+r(a))kaj(t,a)):/L.poj(t,a)),k:1,2,---,n,j:1,2,-~,M
(g+i+l\+r(w)jp (1,0)=0,j=1,2, M
o oo o/
With the boundary conditions
P (£,0)=2,p, (1 lej o) py; (t,0)dw,k=1,2,-
p/g‘ (t,O)ZO,k:LZ,”-,n,]=1,2,~-,
(2)
Pm(t 0 e 1_[ ﬂk pk (t,y)dy,
o, (1,0) =_[0 r(@)py ., (to)do, j=2,- .M
and the initial conditions
po(O,a))ZI,
07 :O’k:]‘927".5 b
7:(0,) n )

Dy (0,0) =0,k =1,2,,n, j=1,2,, M
Do, (O’a)):O,jII,Z’-..,M,

where A=A +4,+-+4,.

Here (t,y)e[0,0)x[0,0); (#,@)€[0,00)x[0,00) and the symbols in the
equations have the following meaning.

P, (t): The probability that z units at time # are in working state and the re-
pairman is idle;

P (£,y)dy : The probability that at time #the repairman is repairing the failed
unitk (k =1,2,---,n), the elapsed repair time liesin [y, y+dy);

Py, (t,@)dw : The probability that 1 units at time # are in working state, the
repairman is in j(j=1,2,---,M) vacation and the elapsed repair time lies in
[0,0+dw);

py; (t,@)dw: The probability that at time £ unit k(k=1,2,---,n) is waiting
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for repair, the repairman isin j(j=1,2,---,M) vacation and the elapsed repair
time lies in [, w+dw);

A (k=1,2,---,n) is positive constant; r(w) is the vacation rate function of
the repairman;

4, (y) is the repair rate function of unit & (k=1,2,---,n).

Throughout the paper we require the following assumption for the vacation
rate function (@) and the repair rate functions g, (y)(k=12,---,n).

General Assumption 2.1: The functions r(w) and g, (y):
[0,+00) >[0,+%) (k=1,2,---,n) are measurable and bounded such that

r=lim,,_ r(@)>0,u4 =lim__ 4 (y)>0,u, =min(r,u )(k=1,2,--,n).(4)
In [5], the authors transformed the system (1), (2) and (3) into the following
abstract Cauchy problem ([6], Def.I1.6.1) on the Banach space (X,||||) .

dp(r) _
T—Ap(t),te[o,ﬂo), 5)
2(0)=(1,0,0,---,0)" € X,
where
X =(C><(L1 [0, +oo))" ><(L1 [0, +oo))(n+l)XM with norm
||p||—|p0|+ i=1 "L‘ L[0,4%0) z_llel”Pu 11,[0,4+0) z:g”p()j 11,[0,420) (6)
P =21 (9): 2 ()52, () iy (@), Pra (@), Py (@),
le( ) Pzz( )a" ’pZM( )a" :Pnl( )apnz (w)a"'aPnM (a)), (7)
pm( ) poz( )a" > Pom (w))
Ap Amp7 {p € D(Am | Lp (Dp}
-A 0 O 0 0 0 0 0 0o -~ 0 0 o - 0 0 0 Dy
0 D 0 0 0 0 0 0 o -~ 0 - 0 o - 0 0 0 0
0 0 D, 0 0 0 0 0 o -~ 0 - 0 o - 0 0 0 0
0 0 0 -« 0 D, 0 0 0 0 0 0 0 0 4 0 0
0 0 0 - 0 0 D, 0 0 0 0 0 0 0 0 4 0
: 0 0 0 : 0 5 0 : : 0 : 0 0 11
0 0 0 0 0 0 D, 0 0 0 0 0 4 0 0
4= 000 0 000 00 e 0 D0 00 A 0 g
0 0 0 0 0 0 0 0 0 0 D, 0 0 0 0 o0 4,
0 0 0 0 0 0 o 0 0 0 0 D, 0 0 4 0 0
0O 0 O 0 0 0 0 0 0 0 0 0 D, 0 0 4, 0
0 0 0 0 0 0 0 0 0 0 o0 0 0 D, 0 0 2
0O 0 O 0 0 0 0 0 0 0 0 0 0 0 0 0
0O 0 O 0 0 0 0 0 0 0 0 0 0 0 0 D, 0
0o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 DOM
o [P0 (f)=], r(0)f(0)d, ©)
d
D= (y) k=12 .n, 10
=y #(») n (10)
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(11)

(12)

P (w)

Py (a))

OLX - ox,| P2 :(“)) | P2 :(60)
' PzM;(w)

Pou (w)

Py (w)
Dy (a))
pzM:(a))
Pun (@)
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4 0 0 0 o, o,
A 0 0 0 0 0
2, 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 o ¢ -9, 0 0
0 0 0 0 0 0
0 0 0 0 0 0

Po
o, 0 0 0 0 0 0 0 0 o oy ~W)
0 o, 0p — o 0 0 0 0 0 0o ol 2
0 0 0 0 0, G @0y 0 0 o ol 2
0 0 0 0 0 0 0 0 0 0 0 pu(o)
0 0 0 0 0 0 0 0 0 0 0l p,(e)
0 0 0 0 0 0 0 0 0 0 0, (o)
0 0 0 0 0 0 0 0 0 0 0
P2 (a’)
0 0 0 0 0 0 0 0 0 0 0
R Pz (@)
0 0 0 0 0 0 0 0 0 0 0 :
e e e e e Poy (w)
0 0 0 0 0 0 0 0 0 0 0 :
0 0 0 0 0 0 0 0 0 0 0l 2ule)
e s (@)
0 0 0 0 0 0 0 0 0 0 0 :
0 0 0 0 0 0 0 0 0 0 0| pu (@)
0 0 0 0 0 0 0 @, 0 0 0 p(a)
e (o)
0 0 0 0 0 0 0 0 0« gy, 0) "
Pom (w)
(14)
0y /05 (£)=] (@) fy (@) dok =1,2,-,n,j =12, M (15)
(Dk:fH(pk(f): (:aoluk(y)f}c(y)dy:kzlsz""’ns (16)

Do S Do (f) = Igwr(w)ftml (co)da),j =2,-,n (17)
and proved the following results.
Theorem 2.1: The operator (A,D(A)) generates a positive contraction
G-semigroup (7(1)) _ .
Theorem 2.2: The system (1), (2) and (3) has a unique positive dynamic solu-
tion
p(t) :(po (t)9p1 (tay)apz (t»J’),“',Pn (tay)apll (t’w)’pn (t’w ERRE
Py (t; a)),pn (1,60),1722 (t,a)),""pzM (t’a))""apm (taw 5 (18)
P2 (f,w),”',PnM (taa))apm(taw)apoz (f,w),"'aPOM (taw))T eX

which can be expressed as

p(1)=T(1)p(0). (19)

3. The Main Result

To prove our main result on the asymptotic stability of the dynamic solution of
system, we first prove the some lemmas. In [7], A. Haji and A. Radl gave the fol-
lowing result.

Lemma 3.1: Let y € p(4,),then
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1) 7€GP(A)<:>1€GP((DD7).

2) If }/ep(AO) and there exists y,€C such that leEO'(d)DVO), then
yea(A)@lea(dDDy).

In our situation the operator ®D, is (n+nxM +M)x(n+nxM+M)

-matrix, as follows:

0 0 - 0 i1 Gy 7 Qipen 0 0 - 0
0 0 e 0 0 0o - 0 Dynimt Dprme2 7 Qpimem
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
Q)D;/ - e
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
an+nM+1,I an+nM+1,2 an+nM+1,n 0 0 O 0 0
0 0 e 0 A b+ A2 T A b+ M1 Ay inM +M
0 0 e 0 az,n+nM+1 a2,n+nM+2 e aZ,n+nM +M -1 a2,n+nM +M
an,n+(n—1)M+] an,n+(n—I)M+2 an,n+nM an,n+nM+l an,n+nM+2 an,)1+nM+M—l an,n+nM+M
0 0 0 0 0o - 0 0
0 0 . 0 0 0o 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 . 0 0 0 0 0
O 0 O an+nM+2,n+nM+l 0 0 0
0 0 s 0 0 0 e an+nM+M,n+nM+M O
(20)
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where

+00 oo

an+nM+1,] (7) = 0 Iul (y)eiyyijd?#](t)dtdy > an+nM+l,2 (7) = 0 IUZ (y)eiyyifé‘,#Z(t)dtdy :(21)

LRI

an+nM+1,n (7) = O+DC :un (y)efyyij({”ﬂ(t)dtdy > (22)

a,. (7) _ J'O*‘” p (w) e*;'w*féu’(x)dsda) - (7/) _ J'O*‘” r(w) efwaféur(x)dyda) (23)

a0 (7) = J.Mc r(o) e g (24)

0

@y orr (7) _ J‘(:w - (a)) e*m*fg)r(s)dvdw A (7/) _ J‘O“’O , (a)) e*?w*fff)r(»v)dydw (25)

cey

Ay M +M (7’)=J‘(;wr(w)e_7w‘féu’(s)dsda,) . (26)

an,n+(n—l)M+1 (7) = J.Oﬂo r (60) e*VQ’*J.g)"(S)dea) 5

an,n+(n—1)M+2 (7) = J-(:w r (a)) e’”"’fg)"(f)d?dw > (27)
- (7) _ I()*“"r(w) e*%u*féﬂr(x)dsda) (28)

et (7) = %L: “r(@)e” o) (1 —e ) do, (29)
@y imptan (7) = %.[OM r (a)) e*waL;vr(s)dx (1 e ) dw, (30)
@yt (V)= % L:DO (@) O (1 _eho ) do, (31)
Qoortsrmimtn (V) = _[: r(o) TN NG (32)

@ ot (V)= %IOM (@) O (1 _ehe ) do, (33)
Ay omrin (V)= % L:w r(@) o7l ro)as (1 _eho ) do. (34)
an’nMM” ()/) = %jgw r (a)) e’V(U*J.([;Jr(.V)dY (1 _ ewa ) dw, (35)
Anb 43 nen 42 (}/) = J-0+w r (a)) er‘U*/\w*L{;)r(s)chdw i (36)

ey

@ o1 (7) = %J-OM r(w)evw—fgvr(s)ds (1 _eho ) do, (37)
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yromrtort s ()/) _ %J‘O*‘”r(a)) e*}’w*m}r(s)ds (1 —/\w)da) , (38)
ﬂn +o *7‘0*_..(0’(5)‘1" -Ao

an,n+nM+M—1(7)=Xj0 r(a))e 0 (l_e )dw) (39)

an+nM+M ,n+nM+M—1 (}/) = _[(:OO r (CD) e‘7w_AW‘I(;U"(S)dew > (40)

:Zijwr(w)émWA“ﬁw”“dw

A \V

’ (41)

.f e (1—e’A‘”)da)

Ay M +M = ﬁ Iw r (a)) efyw’Aw*fg’l‘(.r)dsdw

’ (42)

J. *}'ﬂfjo (l_eiA[u)da)

Ay MM V)= X-[O (CO) e_Vw—/\w—j'g’,(s)dsdw
: (43)
RO

Lemma 3.2: For the operator (4,D(4)) wehave 0eo,(4).
Proof: All the entries of ®D, are positive and one can compute each column
sum of the (n+nxM +M)x(n+nxM + M) -matrix ®D, as follows.

a, (0) +a,, (O) te A, (0) te A, em (0)
o il : (44)
:an+nM+1,l(0): 0 :ul(y)e ’ dyZI
a, (O) ta,, (0) te a4, (0) te Ao (O) 45)
s 45

1)d
n+nM+12 _[ ,uz e lonl) ‘dy=1

aln( )+a2n(0)+ +an+nM+l,n(0)+.“+an+nM+M,n (O) ( 6)
y s 4
n+nM+1 S (O) J‘O :un ( )ei-.’(l #”(t)d[dy = 1
al,n+] (0) +a 2 i+l ( )+ -+ an+nM+M,n+l (0) ( )
o 47
=a,(0)= [ r(0)e " dw=1
A2 (0) +a,., ( )+ R YRy (0)
i (48)
=a,,(0)= j r(@)e " dp =1
A it (O) ta .y (0) te e e (0)
o A (49)
=, (0)=], r(@)e " do=1
al,n+M+] 0) + az n+M+1 (O) +oet an+nM+M,n+M+1 (O)
e s : (50)
=y, (0) =], r(@)e " do=1
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= an,n+(n71)M+l (0) = IO

A prm+2 (0) T ime2 (O) Tt i 2 (0)

o - , (51)
= aZ,;1+M+2 (0) = J‘O r(a)) e7I0 V(S) da) =1

al,n+M+M (0)+a2~”+M+M (0)+'”+an+nM+M,n+M+M (0)

+00 @ Nde b (52)
=ay 0 (0) = IO r@)e " dw=1

al’w("*l)M” (O) + az’“(”’l)M*l (O) oot an,n+(n—1)M+l (O) oot an+nM+M,n+(n—l)M+1 (0)

+00 5

r(o)e M dm=1
(53)

a1=”+(”’])M+2 (0) + a2,n+(n—l)M+2 (O) Tt an,n+(n—1)M+2 (0) Tt an+nM+M,n+(n—l)M+2 (0)

= an’”+(”71)M+2 (0) ) J.;wr(a)) e’jg)r(S)dsdw -1

>

(54)

al,n+nM (0) + a2,n+nM (O) Tt a"”H"M (0) +ot an+nM+M,n+nM (0)

+00 ,j’*’ ds 4 (55)
=a,,..,(0)=] r(o)e S gy

al,n+nM+1 (0) + aza"“’M*l (0) toet an,n+nM+1 (0) oot an+nM+2,n+nM+l (0) o

+ an+nM+M,n+nM+1 (0)

= al,n+nM+1 (0) + aZ,n+nM+1 (0) ot an,n+nM+1 (O) +oet an+nM+2,n+nM+l (O)

= %I{:w r(o) o lors)as (1 _ehe ) do+ %.[0*” r(o) O ( oo )da) .

+ %J}:w r (a)) e’jomr(S)dx (l _ehe )da) n J'O“O , (w) e—Awfjg)r(x)‘kdw
[ r(@)e FH (1=e ) o+ [ r(0)e M E P
J‘+°° ( “lo' s 4 > (56)

w)e w=1

A pinr 42 (0) +a,, e (0) to A, e (0) LR o S S v (O) +-
+ an+nM+M J+nM+2 (0)

- al’"“'MJrz (O) + aZa”*”M+2 (0) Tt a'l Jn+nM+2 (O) +oeet an+nM+3,n+nM+2 (O)

:ﬁj*wr(a))e‘f&)r(s)ds (l—e_l\w)da)+ 4 .[ —jg)r(,g)ds( _M])da)-i-
+Xn'[0+°° (1 e Aw)da)+j e A”‘fé“’(é‘)dsdw
I e i )

=I(:mr(w e g m =1
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A M+ M1 (O) +a, e (O) to A, e (0) e

RN Y O Vo (O) L o S VAN VS Yo (O)

= al,n+nM+M71 (0) + aZ ,n+nM+M -1 (0) +eet an n+nM+M -1 (0) +et an+nM+M,n+nM+M7I (O)

=£.f0mr(a)) e_JS)"(S)dS( ’A‘”)da)+—_‘- _I‘T (l—e”"")daH-...
+_J' ’Jo ( _e—Aw)da)+J'(:'°°r(a)) e—Aw—jg’r(s)d.yda)
_ -[+oo _IU ( _e—Aw)da)+J'(:wr(a))e_,\w_j'g)r(s)dsda)

> (58)

= J.:O r(a)) e g =1

A1 enM+M (0) Q) nem (0) teta, en (0) IR~ SV o Y Y (0)

= al.n+nM+M (0)+a2,n+nM+M (0)++an n+nM+M (0)

= %J:w r(o) e MM gy A I 710%(3)& (1 —e’A"’)da)

400 “Aw— [P 400 _[@ . 59
ﬁj‘o r(a))e he I‘)'(S)dsda)+%j0 r(a))e j"r(x)d‘v(1—6:”\"’)da)+--- (9)

_J‘M ’A“’_Iﬂ )ds da)+%.[0mr(a)) ¢ o) (l—e’A“’)da)
= rw da) =1

From these results we know that the matrix ®D, is column stochastic and
thus leo,(®D,). Applying Lemma 3.1 1), we immediately obtain
Oco,(A).

Using Lemma 3.1 2) we can show that 0 is the only spectral point of A on the
imaginary axis.

Lemma 3.3: The spectrum o (A4) of A satisfies
o(A)NiR ={0}. (60)

Proof: By Lemma 3.1 it suffices to prove that ai¢o(®D,) for all acRr,
a#0.

Since the General Assumption 2.1 implies that there exists »€R, such that

2
1 (¥)>0,k=1,2,---,n and r(x)>0 for all y,a)e[r,r+—n] Using the ab-
a

breviation g(y) =4, (y)efjgﬂk(r)dr,k =1,2,---,n we can estimate

[ (y)e_""y'ﬁ“k(r)drdy‘ B

J-0+°0 ¢ () e-Lfﬂk(’)d’dy‘ = U(:w eg(») dy‘

| eema]-

J. (S at} dy+_[ 27[ —aiy (y)dy‘ (61)

w
<) e g (v)dy

g () v+ [ g () k=12,
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The first term on the right hand side of the inequality (61) can be estimated

as

N
[aee(y)dy

r

T i .
) ‘ﬁ e tg(p)dre[ e e(v)dy

_ r+§ —ai r+§ "”-(y*gj T
_J"_ e yg(J’)dy+,[, e g[y+;jdy

O s R (62)

= J‘:+§ewiy |:g(y)_g(y+§j:|dy SJ'FHE

S P | e B MR T B T o

g(y)—g(y+gj‘dy

2
where we used the strict positivity of z, (y) on {r,r + —n} in the last inequa-
a

lity. By inserting (62) into (61) we have

iv—[Y 7)dr r+2—1[ r +o0
T () O gy < [T g () dy+ [ g (v)dy+ [ g (v)dy
‘ (63)
= J(:wg(y)dy =,k=12,---,n
Using the same way we can also estimate
[ r(@)e ™ o) <1, (64)

[ r(@)e H O (1= ) do

0

< J.(:wr(a))eff‘;ur(s)dx (1-¢")do, (65)

0 0

J‘m r (a)) efaimwaiIg)r(x)dvda)‘ < J.M r ( a)) e Mg (66)

Using (63)-(66) we can estimate each column sum of absolute entries of
®D,, as follows.

|al,k (ai)| +|a2,k (ai)|+--~+ Ay nM+1k (ai)| LI (VY (ai)|

o . (67)
=\ Aapsnrt +1.5 (az)| = 0+ 1, (y)e*my*jgllk(r)drdy <1, k= 1.2,m,
|al,n+j (Lll)| + |a2,n+j (al)| +oet an+nM+l,n+j (al)| +et an+nM+M,n+j (al)|
_ Al [+ —afy—_[(';’/tk (r)dr . . (68)
_|a1:"+.f (al)|_ 0 ’uk(y)e dy <19]_1929 )M
|al,n+M+j (al)| + |a2,n+M+j (al)| +eet an+nM+M,n+M+j (al)|
(69)

+0 Iu]( (y) e—aiy—]‘o"y,{ (T)drdy

0

:|a2,n+M+j(ai)|: <1,j=12,---,M,
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‘al,)1+()1—l)M+j ((ll)‘ + a2,n+(n—1)M+j (al)‘ toeet an,n+(n—l)M+j (al)‘

+...+

an+nM+M,n+(n—l)M+j (al)‘ (70)

J‘(:—DO Hy (y)e’”iy’wﬂk(f)dfdy <1, ] =1,2,---\M

an,n+(n71)M +j (al)‘ =

|al,n+nM+j (al)| + |a2,n+nM+j (al)| +--t an,n+nM+j (al)| +-

+ an+nM+2,n+nM+j (al) R

an+nM+M,n+nM+j (al)|

R o

n+nM+2,n+nM+ j (al )|

22 [ () 0 (1 _ M) dg
= [ (o)

an,n+nM+j (al)| +---+la

o™ (-

= |a1,n+nM+j (al)| + |a2,n+nM+j (al)

+eeegt %J’;wr(a))e—am Iy r(7)dz (l—eﬁm)da)—i-

J‘()*wr(a))e—azm Aw— IO drdw‘

(:wr(a))e—mw Ao— IO ( d‘rda)‘

J~+oo r(a)) e—aiw—j(;”r(r)dr (1 _ e—Aw )da) +

0

<J; *°°r<w)e‘f5““”“ (1=e)dor+ [ r(@)e ™ H N do 1)

=["r(e Tdw=1, j=1,2,,M -1,

al,n+nM+M (al)| + |a2,n+nM+M (al)| teeet an,n+nM+M (al)| teeet an+nM+M.n+nM+M (al)|

n,n+nM+M (al)|

= ‘%ﬂwr(a))emm(r)dr (1 - e”\‘“)dco+ A rwr(a}) e(mA)wI‘;ur(T)drda)‘

= |a1’”+”M+M (al)| + |a2,rl+nM+M (al)| +---+|a

A+ai®

+
A A+ai*®

ﬁf?r((z))eﬂmI d’(l ’A“’)da)+ ! .rwr(a))e (areAyo-fy'r( da)‘

A [ (@) O (100 4o 4
(o)

+...+

+oo (ai+A)w JO
A+az -[0 r(a))e da)‘
< .fom r(o) ¢ o) (1 A ) do+ Azﬁ - L:w r(o)e Aol g

<[ +°"r(a>)e‘fé"f(f)‘” (1-)deo+ [ r(w)e ™" de (72)

—_[m Tdo=1

, thus the spectral radius fulfills
r(®D,)<|®D,|<1 . This implies lep(®D,) for all acR,a%0, ie
ai¢ o(®D,) forall aeR,a#0.By Lemma 3.1 2) we obtain that ai¢ o (A4)
forall aeR,a#0,ie, o(A)NiR={0}.

Lemma 3.4: If the operator (A4,,D(4,)) is defined as

Ap=A4,p.D(4,)={peD(4,)Lp=0}, (73)

then for the set S={yeC|Rey>-u,} we have Sc p(4,). Moreover, if
y €S, then
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s, 0 0 0 0 0 0 0 0
0 s, O 0 0 0 0 0 0
0 0 sy, 0 0 0 0 0 0
Sn+1,n+1 O 0
O Sn+2,n+2 0
O O Sn+3,n+3
Sn+M+l,n+M+1 O
0 Sn+M+2,n+M+2
0 0 sn+M+3,n+M+3
R(yaAo):

0o 0 O 0 0 0 0 0 0
0o 0 O 0 0 0 0 0 0
0o 0 O 0 0 0 0 0 0
0O 0 O 0 0 0 0 0 0
0o 0 O 0 0 0 0 0 0
0O 0 O 0 0 0 0 0 0
0o 0 O 0 0 0 0 0 0
0O 0 O 0 0 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

s 0 0 0

n+2M+1,n4+2M +1

s 0

n+(n71)M+2,r1+(nfl)M+2

0 K

n+(n—l)M+3,n+(n—])M +3

N

n+nM+1,n+nM +1

0
0 0 0 0
0 0 0 0
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’ 0 sl,n+nM+M+1

0 0 0

0 0 0

0

sn+2,n+nM+2

0 Sn+3,n+nM +3 O

0 0 o Sn+M+l,n+nM+M+1
S”+M+2,n+nM+2 0 vee 0

0 St M+3,n4nM+3 t 0

> (74)
0 0 S MM ML
S”‘*’(”—I)M+2,n+nM+2 0 e 0

0 S”+(”’1)M+3,n+nM+3 0

0 0 o Sﬂ+nM+1,n+nM+M+1
Sn+nM+2,n+nM+2 0 cee O

0 Sn+nM+3,n+nM+3 0

0 0 s

n+nM+M+1,n+nM+M+1
where

1
S = }/+_A 385 =R(7/5D1);S33 =R(7’D2)’“"Sn+1,n+1 =R(7,D”), 75)

Sn+2,n+2 = R(7,D11),S,,+3,n+3 = R(]/,DIZ) FERTEN Sn+M+1!n+M+1 :R(}/’D]M) (76)

Sttt R(}/’DZI)’ Sned+3meM43 = R(y, Dzz) > s SpoMiame R(?GDQM ) 5
(77)

Sn+(n—1)M+2,n+(n—l)M+2 = R(ys Dnl)) S'1+(”7])M+3,Vl+(n—])M+3 = R(}/’Dnz) (78)

e,

SpanM+lninM+1 = R(}/,D,,M ) s Sy M2 = ﬂqR(y, Dll )R(;,’ DOI) , (79)

Sz pentv2 = ﬂl'R(% D,, )R(}’:Dol): (80)
s"*(’l*l)M+2,n+nM+2 = ﬂ’nR (7/’ Dnl )R (7/3 DOl ) > (81)

Send 2nsnbd+2 = R(}/’DOI) > Sp3penma3 = ’11R(7, Dlz)R(V,Doz ) ,(82)
Sneb3nenit+3 = AZR(% DZZ)R(}/’DOZ) B (83)

e,

Spt(n)M+3 M43 — A,R (7’ D,, ) R (7, Dy, ) > Semrs3menntss = B (7, Dy, ) (84)
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1
StntnM M+l = 7+_A¢MR (y?DOM ) > (85)

S MMM ﬂ'lR(% Dy, )R(y’DOM ) )
Sp2 M+l nenM+M+1 = ﬂzR(%DzM )R(vaOM ) )

(86)

(KRN

S M A MM+ = ﬂ'nR (7’DnM )R (7= DOM ) > S MM A MM T R (7/’ DOM ) (87)

The resolvent operator of the differential operators D, ;, where D, =D,
with domain D(Dl.,j,o) = {g(x) e (0,+x):g(0)= 0} ,
(i=L2,-,n+nM+M+1,j=1,2,---,n+nM + M +1) are given by

(R(7. Dy ) g) () = AT [l g ) s, (88)

0

(R(}/, Di)g)(X) _ e*wffé’/z,(r)drJ’yerﬁf(‘;ﬂ,»(r)drg(s)ds’l. S 12.em (89)

0

(R()/,Dij)g)(x) = efywij"w"(r)drfweyﬁjgy(r)drg(s)ds,i =1,2,---,n,j=1,2,---,M, (90)

0

(R(}/, Doj)g)(x) _ e—(y+A)m—JS’r(1)dTJ‘(;Ue(erA)erjgr(r)drg(S)ds’j —1,2,,M. (91)

Applying the same method as in [7] we can express the resolvent of A in terms
of the resolvent of 4,, the Dirichlet operator D, and the boundary operator
as follows.

Lemma 3.5:If y e p(4,)Np(A),then

R(7,4)=R(y,4,)+D,(1d —FD,)  ®R(y,4,). (92)

The following property of Cj-semigroup (T (t)) generated by the system

operator (A,D(A)) is useful to prove the asympt(’)zfic stability of the dynamic
solution of the system.

Theorem 3.6: The semigroup (T (t))t20 generated by (A,D(A)) is irreduci-
ble.

Proof: The representation (4) for the resolvent of 4, shows that it is a posi-
tive operator for y >0. We know from the proof of Lemma 3.3 that ||<DD7 " <1,

Hence the inverse of /d, —®D, can be computed via the Neumann series

= zjzo(q)Dy )” : (93)

Using Lemma 3.5 we can now prove as in ([7] Lemma 3.9) that R(y,A4)

-1

(1d,, -®D,)

transforms any positive vector p e X into a strictly positive vector:

peX,p>0=>R(y,A) p>0. (94)

By ([8] Def. C-III 3.1) this is equivalent to the irreducibility of the semigroup
(T(t))t>0 generated by (A,D(A)).
Using Lemma 3.2, Lemma 3.3 and Theorem 3.6 we obtain the following result.

Theorem 3.7: The space X can be decomposed into the direct sum

X=X,®X,, (95)

where X, = fix(T(r))  =ker4 is one-dimensional and spanned by a strictly

1=
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positive eigenvector p of A. In addition, the restriction (T (t)|X ) is
27120

strongly stable.
Corollary 3.8: For all p e X, there exists « >0, such that

lim_,,, T(t)p=ap, (96)

where ker 4= (i)),ﬁ >0.

From Corollary 3.8 together with Theorem 2.2 we obtain our main result as
follows.

Corollary 3.9: The dynamic solution of the system (1), (2) and (3) converges
strongly to the steady state solution as time tends to infinity, that is, there exists
a'>0, such that

lim,_, p(t)=a'p, (97)

where p asin Corollary 3.8.

4. Conclusion

In this paper, we investigated an N-unit series system with finite number of va-
cations. The study of the dynamic solution as well as its stability is in demand in
terms of theory and practice. We discussed the asymptotic stability of the dy-
namic solution and proved that the dynamic solution converges strongly to the
steady state solution by analyzing the spectral distribution of the system operator
and taking into account the irreducibility of the semigroup generated by the sys-

tem operator.
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