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Abstract

This paper studies the exponential attractor for a class of the Kirchhoff-type
equations with strongly damped terms and source terms. The exponential at-
tractor is also called the inertial fractal set, which is an intermediate step be-
tween global attractors and inertial manifolds. Obtaining a set that attracts all
the trajectories of the dynamical system at an exponential rate by the methods
of Eden A. Under appropriate assumptions, we firstly construct an invariantly
compact set. Secondly, showing the solution semigroups of the Kirchhoff-type
equations is squeezing and Lipschitz continuous. Finally, the finite fractal di-
mension of the exponential attractor is obtained.
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1. Introduction

In this paper, we concerned the equation:

u, —M("Vu"2 +||V'"v||2)Au - BAu, + g, (u,v) = f,(x),
v, +M(||Vu||2 +|va 2)(—A)m v+,B(—A)m v, +g,(u,v)=f, (x),
u(x,O):uo(x), u, (x,O):ul(x), xeQ, (1)
v(x,O) =, (x), v, (x,O) =y (x), xeQ,
dl, =0, v, =0, XY —0(i=120m-1),

) a oQ
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where () is a bounded domain in Rn with a smooth boundary 0Q, g>1 is
a constant and f(x)(i=1,2) is a given out force term. Moreover,
M ("Vu"2 + "V’"v"2) is a scalar function.

Then the assumptions on Mand g, (u,v) will be specified later.

For an infinitely dynamic system with dissipative properties, studying the
asymptotic behavior of its dynamical system is an important issue in mathemati-
cal physics. In generally, the asymptotic behavior of the dynamic system is cha-
racterized by global attractors, uniform attractors, pull back attractors, and ran-
dom attractors. The relevant research results on the autonomous system can be
found in the literature [1] [2] [3] [4]. The relevant results for non-autonomous
and stochastic systems can be found in the literature [5] [6] [7]. However, the at-
traction rates of these attractors are low and some are even difficult to estimate.
In order to overcome these difficulties, people introduced the concept of expo-
nential attractors. The exponential attractor is a positively invariant compact set
with finite fractal dimensions and attracts the solution orbit at an exponential
rate. It is a tangible concept between the global attractor and the inertial mani-
fold. It can be understood as the intersection of an absorption set and an inertial
manifold. In addition, the exponential attractor has a uniform orbital exponen-
tial attraction rate, making it more stable to disturbances. Therefore, it is ex-
tremely important to study the exponential attractor of an infinite-dimensional
dynamical dissipative system.

For the exponential attractor, Eden et al [8] proposed the concept of inertial
sets which were compact sets of finite fractal dimension and attracted all the so-
lutions with an exponential rate of convergence as early as in 1990. They showed
the long time dynamics of the dissipative evolution equations are characterized
by an inertial set. Then, in 1995, A Eden et al. [9] first proposed the concept of
an exponential attractor (also called inertial sets). In the paper, they presented a
new construction of exponential attractors based on the control of Lyapunov ex-
ponents over a compact, invariant set. In the same time, they also discussed var-
ious applications to Navier-Stokes system. There are more similar references (see
(10] [11]).

By the 21st century, the research on the exponential attractors of the dynami-
cal system has been further developed. Firstly, in 2003, Shang Yadong and Guo
Boling [12] considered the asymptotic behavior of solutions for the following

nonclassical diffusion equation:
u, —vAu, —Z[é‘(uxi )]x +g(u)=f(x1). (2)

Under appropriate assumptions, they showed the squeezing property and the
existence of the exponential attractor for this equation. Meanwhile, they also
made the estimates on its fractal dimension.

Secondly, in 2010, Meihua Yang and Chunyou Sun [13] studied the following
strongly damped wave equation on a bounded domain Qc R’ with smooth
boundary 0Q:
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Ou—Aou—Au+f(u)=g(x),

(u(O),atu(O)):(uo,vo), 3)
=0.

s

They obtained the global attractor and exponential attractor with finite fractal
dimension under appropriate conditions. Thereafter, Yang Zhijian and Li Xiao
[14] studied the existence of the finite dimension global attractors and exponen-
tial attractors for the dynamical system associated with the Kirchhoff type equa-
tion with a strong dissipation.

Finally, in 2016, Ruijin Lou, Penghui Lv and Guoguang Lin [15] considered a

class of generalized nonlinear Kirchhoff-Sine-Gordon equation as following:
u, — BAu, +au, —¢(||Vu||2)Au +g(sinu)= f(x). (4)

They obtained the exponential attractors and inertial manifolds for above equ-
ation. In addition, Yunlong Gao et al. also made their own contribution to the
research of the exponential attractor (see [16] [17] [18] [19]).

Although the study of exponential attractors has continued to develop, the
study of the exponential attractors of the system of equations is not universal. As
a result, this has spurred our desire to explore the exponential attractor for a class
of the Kirchhoff-type equations with strongly damped terms and source terms.
In this paper, our main difficulty is the handling of M ||Vu||2 +||V'"v||2) and
nonlinear terms g, (u,v). But after many attempts, we finally solved this prob-
lem.

The paper is arranged as follows. In Section 2, we introduced some notations
and basic concepts. In Section 3, we proved the existence of the exponential at-

tractor and estimated the fractal dimension.

2. Preliminaries

For convenience, we need to introduce the following notations:
H=I(Q),

M=z Mo =My

Vy=H,(Q)xHy (Q)x L' (Q)xL*(Q),

V= (2 ()N Hy ()< (B2 (Q) N HY (@) x H) () H (),
C,(i=1,2,---) are denoted as different positive constants.

Next, we give some assumptions in the proof of our results.

(H) 0<m, SM(S) < ml,M(s) eC! (Q),

(H) g (u.v)eC'(Q),(i=12).

m

(Hy) B>mA2, +CA 2 m>1.
Then, we denote the inner product and norm in ¥ as follows:
VU, =(u;,v;,p;,q;) €V, (i =1,2), we have

(UI’UZ )Vo = (Vul,Vuz)+(va1,va2)+(pl,p2)+ (‘In‘h) > (5)

o8, = Vel 7] +lel +lail (6)
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Setting ‘v’U:(u,v,p,q)T eV,,p=u,+&u,q=v,+¢v, then equation (1) can

be converted into the following first-order evolution equation
U+H(U)=F(U), )
where
gu—p
Ev—gq
—ep+B(-A)p+eiu+(1-Be)(-A
—eq+ B(-A)" g+ &v+(1-pe)(-A)"v

H(U)= Yu |’ (8)

Vm

VW

0
0

F(U)= I:I—M(||Vu||2+| } Yu—g (u,v)+ f(x) |- )
(

= (9 + [ ) () v s ) £ ()

In order to accomplish the proof, we need to construct a map. Let V,V; are

two Hilbert spaces with V, —F, is dense and continuous injection, and
Vi >V, is compact. Let S(¢) is a solution semigroup generated by Equation
(7).

Definition 2.1 ([12]) A compact set M cV is called an exponential attrac-
tor of (D(A),V) type for (S(t),B) if AcMcB and

1) S(1)M cM,Vt>0,

2) Mhas finite fractal dimension, d, (M )<+,

3) There exist positive constants C,,C, such that

dist, (S(t)B.M)<Cpe ™, V>0, (10)

where

dist, (4,B) = supinf

xed VB

x=y,

Bis a positively invariant set for S(¢) in V.

1 *
Definition 2.2 ([12]) If for every & 6(0,§j , there exists a time ¢ >0, an

integer N, 21, and an orthogonal projection P, of rank equal to N, such
that for every Uand Vin B, either

Is()u-s()v|, < (11)

or

lov, (s(L)u=s(e)r), <|p, (S()u-s@)r)|,. a2

then we call S(¢) is squeezing in B, where O, =1-P, .
Theorem 2.1 [20] Assume that
1) S(t) possessesa (V,,V,)-compact attractor A,
2) S(t) exists a positive invariant compact set B <V,

3) S(t) is a Lipschitz continuous map with a Lipschitz continuous function
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I(¢) on B, such that "S(t)u —S(t)v"V < l(t)"u —v
squeezing property on B.

o and satisfied the discrete

Then S(¢) hasa (V],V,)-compact exponential attractor M and
M=JS(c)M. , (13)

0<r<tx

where

Cs

M*:AU[O

S(t*)j(E(k))j. (14)
Jj=1

Moreover, the fractal dimension of M satisfies d,(M)<1+cN,, where
NO,E(k) are defined as in [20]

Proposition 2.1 [12] There exists 7,(B,) such that

B=J S(¢)B,

0=ty

=
Il

1

is the positive invariant set of S(7) in ¥, and Battracts all bounded subsets of
V,,where B, isa closed bounded adsorbing set for S(¢) in .

Proposition 2.2 Let B, B, respectively are closed bounded adsorbing set of
Equation (7) in V,,V,, then S(¢) possessesa (V},V,)-compact attractor A.

3. The Exponential Attractor

In [21], under of the appropriate hypothesizes, the initial boundary value prob-
lem Equation (1) exists unique smooth. This solution possesses the following
properties:

[V, =1Vl + [V + 1ol + ol <€ (&), (15)

U]}, =] auf +||A’”v||2 +|vpl +||vmq||2 <C(R). (16)

We denote the solution in Theorem 2.1 by S()(U,)=U ,the S(¢) isa con-

tinuous semigroup in ¥, There exist the balls:
B ={U ety Ul <c(r,)}, (17)
B, ={Ueh:|uf; <c(R)}, (18)

respectively is a absorbing set of S(¢) in ¥, and .
Lemma 3.1 For VU = (u,v,p,q)T eV, ,when

A (3-25) A"(3-28) —5-24f+(5+24p) +16A8

0<&<minyl,
2 2 4

—5—221'"ﬂ+\/(5+2ﬂ;"ﬁ)2 +16A" 8
4

we can obtain

(H(©).0), kT, +& (I9oF +[v7af ). 19
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Proof. By (5), (8) we get
(HU)Y),
= (&Vu—Vp,Vu)+(-ep+B(-A) p+&'u+(1-e)(-A)u, p)
(V=g V) + (~eq+ B(-A)" g+ &7+ (1- e)(-A) " v.q)
= |Vul el ol + BV + & (. )~ o (V%)

+ .5‘||V"’v||2 - g”q”2 + ,B||V'”q||2 +&°(v.q)- ,Bg(va,V'”q).

(20)

By employing holder’s inequality, Young’s inequality and Poincare inequality,

we process the terms in (20), we have

2 e _Ey ey oo £y e
e s Y 1 SO
2 _i 2_8_2 2 g’ m 2_6‘_2 2

a5 bl Sl 2o Sl @
pe(Vu,Vp) = f"5||vu|| ﬂ‘9||v . (23)
—ﬂg(V’"v,V'"q) > —% v —%"V"’q”2 . (24)

By the value of ., and substituting (21)-(24), we have

N o [ e

) R R e

(-5l + 2ol -
22 ([valf o] ol +af )+ 2 (vl + 7] )
=2l + 2{Ivof + 7ol )=k L, + e 1V + [ )
=L
2
The proof is completed.

Let S(t)UO:U(t):(u(t),v(t),p(t),q(t))T where p(t)=u,(t)+eu(t),
4(0)=v, () +ev(1), S()V =V () =(u (D () o (e

where p(t) u, (t)+ m q(t)
Next set ¢(t)=S(t)U,
where z (t)=w, (t)+ew

Vm

where k& =

Alm

v, (t)+gv 1).

q(t)=

0= SO =U(0) =V (1) = (w (0)ws ()., (1), (1))
w(t)s z,()=w, (t)+ew,(t),then ¢(r) satisfies:
¢,(t)+HU-HV +F(U)-F(V)=0, (26)

#(0)=U,-V,. (27)
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In order to certify Equation (1) exists a exponential attractor, we first show the
semigroup S(¢) of system (1) is Lipschitz continuous on B.
Lemma 3.2 For VUV, eB, where UV, is the initial values of prob-

lem(1), and >0, we have

Is(r)u, —S(t)V(,”iO <e|U, =¥, - (28)

Proof. Taking the inner product of the Equation (26) with ¢(z) in ¥, we

have

S + (0 = 17.9(0), ~(8)m (1), (0)~((-4)" s (1), (1)
( (7l + [ ) -y e (o + oo )(—A)ﬁ,zl(t))

(bt (|5 o -2y v aa (vl o7 ) -0y 7.2 (0)

+(g1 (LT,\_/)—gl (u,v),zl (t))+(g2(b7,\7)—g2(u,v),zz(t)):O.

Next, we deal with the following items one by one.

(29)

Similar to Lemma 3.1, we easily obtain
(HU=1V.(1)), =(H (#()-6(1)),

. . : (30)
2k [ (o), + o [0z (O +|v7= ()

For convenience, let’s call s = ||Vu||2 + "V"’v"2 ,§ = ||VL7||2 + ||V"’\7||2 , then by (H,)

and using the mean value theorem, young’s inequality, we have
(M (3)(-A)a =M (s)(-A)u.z (1))
=(M (5)( A)L7 M( )( ~A)u+M (5)(=A)u =M (s)(-A)u,z (1))
<|(M(5)(-a )] +](M'(£)(5 = 5)(-A)w,z, (1))

L

< ’"ITW"W] Gl +’"lTﬂf||vzl o

M (@) (9w O+ (=)l ()]

1

,% , 5 R 1 (31)
R0 R 4 =G> ([Pm 7 )7 )
A I o+ [gw}uw)"a
Similar to the above process
(M(E)(—A)mV—M(S)(—A)m"»zz(’))
5 m (32)
P o o CA o ['j* +w]||wz<r>|r-

For the last two terms, we apply the mean value theorem, Young’s inequality
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and Poincare inequality, by (H,), we have
(s, v) 2, (7:7).2, (1)
<3l . s Ol 0] . @) s = )

3 cafonll O 4 7o 0l 0 e

<3 ca (19 k) (70 1= 0 )

<G o),

where

1 m
1 m - -
1 M CA24C 2
C; =max {Cs/ll 2, Gk ? ’%}

Integrating (30)-(33) into (29), we have

1

1d 2 2 ) 2 f% 2
;5n¢<r>n%+k1||¢<r>||%{@—%—% }nwl(f)u

m

+(k2 —%— CA 2 J"V’"z2 (t)"2 <(C, + C8)||¢(t)||;

where

A m _mn 1
+C,+1)4, 2 2 +C,+1)A4 2 CA 2
& —max{(m1 32 )jq -i-C4/211 ,(ml 42 )ﬂq + 3;1 }

By (H,), (H,) we using Gronwall inequality, we have
o), << (O, =< ¢ (O, (34
where k=2(C,+C;), so we have
Is(r)u, —S(t)V0||; <e|u, —V0||i0. (35)
The proved is ended.
Now, we introduce the operator
A=-A:D(4)—> H;D(A)={u,v e H|du, 4"v e HY.
Obviously, A4 is an unbounded self-adjoin positive operator and A~ is compact.
So, there is an orthonormal basis {a)l}ji1 of H consisting of eigenvectors @, of
A such that Ao, =1,0,,0<A <A <S4, — 400, VN denote by

P=P :H— span{a)l,--',a)N} the projector, 0=0, =1-P,.
As follows, we will need
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1
A?u

1 1
22’1\%1”“": ueQuH, |A4%u =||Vu||,ueD(A2J,
| 40| =0y 4u] <[ 4u], ue D(4),

A =||vmv||,veD[A"z'J

"0 =oya| <4, ve D(4),

m

m
A2y = A2, |lv

Lemma 3.3 For VU,,V, € B, where UV, is the initial values of problem
(1). Let

0, (1)=0, (U ()~ (1)=0,4(1)=4, (1)
= (wn01 (£)s W02 (1)5 2,1 (2) 2,2 (t))T ,

then we have

2 2kt (Cll +C12)11:21 : 2
é,, (1) Vo{e 4 +Tkek ||¢(°)"VO‘ (36)
Proof. Applying O, to (26), we have
¢, (1)+0, (HU-HV)+Q, (F(U)-F(V))=0. (37)

Taking the inner product of (37) with ¢, | (t) in V, we have

Sl O, =81, O, 4 ([ oo

(=) 31 (11,2, (1)) = (=) 3,2 (1).7,2 (1))

+(Q ( (|Vu|| v )—A Ju— M(|w|| 2)(—A)L7),Z"01(t)j (38)
e Jeayv-se (19l [ )2y 7).z, 0
+(Qn0(gl(u,v) g (u, v)) nol(t))+(QnO(gz(u,v)—gz(E,V)),znoz(t))zO.
Next, we deal with the following items one by one.

(0., (M (7) ()7 - M (s)(-A)u). 2, (1))

= (M (5, ) (=8)10, =0 (5, ) (-2, (1))

1 1
(m] +C, )ﬂ’NH p "2 n Coln?
2 2

nyl
1
2 1
mA2 -
+ % +Codyi

Similar to the above process

(Qn0 (M(E)(—A)m v—M(s)(-A)" V),Znoz (f))

2 2

+k

Vo

+|V"v

Vul + vy +|V"Y

s vuaof O

vz, (t)||2 .
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+C,)A i G ﬂ_f m
Sw - "2 . 102N+1 V', (t)||2 (40)
+{%+CN}‘N+I} VZ ( )"2 :

For the last two terms, we apply the mean value theorem, Young’s inequality

and Poincare inequality, by (H,), we have

3(0, (5 (1), (7.7)).2,, (1)

i(g,(uno V,,O) gl( Upy» no)’Znoi(t))

i

2

sz[c AV, ||+cﬁ/1ﬁl " ||J (41)
2
z(%( o+l o )+cm( P 0 o 0 )|
il
Scllﬂ“Nil ¢,10 (t) IZ/O 5
where
Cllzmax{CS,CG,CS;CG}
Integrating (39)-(41) into (38), by (H,) we have
1d
S5l O~k < (Co+Co) 2 o I, o

1
<(C,+Cy) N+lek["U V" (Ci+GCy) Nileh"¢ "
where

C12:m1+C3+C4+1

2
Using Gronwall inequality, we have
1
> | L (CL+CL)A2 2
¢n0 (t) . <[e 2kt N\ 2];12 N+ kekt}||¢(0)”y0’ (43)
The proved is ended.

Lemma 3.4 (squeezing property) For VU, V, € B, if
2
R (ste)0 -5, <= )(ste)0 -5

then we have

(44)
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Is (e)v, =S (2.)7, < IU -V, - (45)

Proof. If P, (S(t.)U, - S(z , then

<=2, )(s()v, - s @)

Vo

IS ()u, —S(t*)V0||i0

<z, (S(t*)UO—S(t*)VO)";+”([—PHO)(S(&)U0—S(t*)VO)2

> Y

2
SZ“(I—}’nO)(S(t*)UO—S(t*)VO)VO (46)
1
<o o2k 4 (Cll +C12)A’N+1 ket "U _y "
B 2k,
Let # be large enough
1
2kt <, 47
© 256 47)
Alsolet n, belarge enough
L
(Cll +C12)/1N31 ket SL. (48)
2k, 256
Subsituting (46), (47) into (45), we have
Is ()0, -5(e)7], <5l -l (49)

The prove to complete.
Theorem 3.1 Under the above assumptions, U, eV, k=12, f € H.Then the
initial boundary value problem (1) the solution semigroup has a (V],VO) -compact

exponential attractor M on B,

M=J S(t)(AU(OOS(t*)‘f(E(k))n,

0<t<t« j=1 k=

and the fractal dimension is satisfied d,. (M )<1+cN,.
Proof. According to Theorem 2.1, Lemma 3.2, Lemma 3.3, Theorem 3.1 is eas-

ily proven.

4. Conclusion

In this paper, we studied the exponential attractor for a class of the Kir-
chhoff-type equations with strongly damped terms and source terms, and ob-
tained the finite fractal dimension of the exponential attractor. Next, we will

study the existence of random attractors for this dynamic system.
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