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Abstract 
In this paper, we consider a class of Sobolev-type fractional neutral stochastic 
differential equations driven by fractional Brownian motion with infinite delay 
in a Hilbert space. When 1 Hα > − , by the technique of Sadovskii’s fixed point 
theorem, stochastic calculus and the methods adopted directly from determinis-
tic control problems, we study the approximate controllability of the stochastic 
system. 
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1. Introduction 

As an important part of mathematical control theory, the research on approximate 
controllability has attracted more and more attention [1] [2] [3]. Approximate 
controllability means that the system can be steered to a small neighborhood of the 
final state. In fact, the approximate controllability of systems has been studied by 
several authors [4] [5]. During the past three decades, the importance of fractional 
differential equations and their applications are prominent, especially in modeling 
several complex phenomena such as anomalous diffusion of particles (see, for 
examples, [6] [7]). In addition, neutral stochastic differential equations with infi-
nite delay have become very useful in the mathematical models of physical and so-
cial sciences [8] [9]. So, it is necessarily and significatively to study fractional order 
neutral differential equations of Sobolev-type ([10] [11] and references therein). 

On the other hand, the properties of long/short-range dependence are widely 
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used in describing many phenomena in fields like hydrology and geophysics as 
well as economics and telecommunications. As extension of Brownian motion, 
fractional Brownian motion (fBm) is a self-similar Gaussian process which has 
the properties of long/short-range dependence. However, fractional Brownian 
motion is neither a semimartingale nor a Markov process (except for  

the case 1
2

H =  when it is a Brownian motion). For this reason, there are a few  

publications leaning the systems which are driven by this type of noise. We refer 
[12] [13] and references therein for the details of the theory of stochastic 
calculus for fractional Brownian motion. In [14], authors consider the 
approximate controllability of a class of Sobolev-type fractional stochastic 
equation driven by fractional Brownian motion in a Hilbert space. 

Motivated by these results, in this paper, we study the approximate controllability 
of the Sobolev-type fractional stochastic differential equations of the form  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ]

( ) ( ) ( ]

d, , , 0, ,
d

, ,0 .

c H
t t tD Lx t G t x Ax t f t x Bu t t B t t T

t
x t t t

α σ

φ

  − = + + + ∈  

 = ∈ −∞

 

(1.1) 

In the above system, we assume that  
• c Dα  is the Caputo fractional derivative of order ( )1 ,1Hα ∈ − ,  
• A, L are two linear operators on a Hilbert space U,  
• B is a bounded linear operator from the Hilbert space V into Hilbert space U,  
• The time history ( ) ( )tx x tθ θ= + , 0t > ,  

• ( )u ⋅  is a control function on [ ]( )2 0, ,L T V ,  

• ( ) [ ]{ }, 0,H HB B t t T= ∈  is a cylindrical fractional Brownian motion with 

Hurst index 
1 ,1
2

H  ∈ 
 

,  

• The functions G, f and σ are Borel functions with some suitable conditions.  
The paper is organized as follows. In Section 2, we represent some preliminaries 

for stochastic integral of fractional Brownian motion in Hilbert space. In Section 
3, we obtain the approximate controllability results of the Sobolev-type fractional 
neutral stochastic system (1.1). 

2. Preliminaries 

In this section, we will introduce some definitions, lemmas and notions which 
will be used in the next section. 

2.1. Fractional Brownian Motion 

Let ( )( ), , ,PtΩ F F  be a complete filtered probability space. A fractional 

Brownian motion (fBm) ( ) [ ]{ }, 0,H H t t Tβ β= ∈  with Hurst index ( )0,1H ∈ is 

a mean zero Gaussian process such that ( )0 0Hβ =  and  
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( ) ( )( ) ( )22 21E
2

HH H H Ht s s t t sβ β = + − −  

for all , 0t s ≥ . When 1 2H = , Hβ  coincides with the standard Brownian 

motion, and when 1
2

H ≠  it is neither a semi-martingale nor a Markov process. 

The fBm Hβ  admits the following integral representation:  

( ) ( ) ( )
0

, d
tH

Ht K t s W tβ = ∫  

for all 0t ≥ , where ( ){ },0W t t T≤ ≤  is a standard Brownian motion and the 
kernel ( ),HK t s  satisfies  

( ) ( )
1

32
2

1,
2

H
HH

H
K st s H t s

t t
κ

−
−∂   = − −  ∂   

 

with a normalizing constant 0Hκ >  such that ( )2

1 1HE β = . Throughout this 

paper we assume that 1 1
2

H≤ <  is arbitrary but fixed. 

Let   be the completion of the linear space   generated by the indicator 
functions [ ] [ ]0,1 , 0,t t T∈  with respect to the inner product  

[ ] [ ] ( )22 2
0, 0,

11 ,1 .
2

HH H
s t t s t s= + − −


 

The mapping  

( ) ( ) ( )
0

: d
TH Hs sϕ β ϕ ϕ β→ = ∫  

is an isometry from   to the Gaussian space generated by Hβ  and it can be 
extended to  , which is called the Wiener integral with respect to Hβ . 
Consider the operator *

HK  from   to [ ]( )2 0,L T  defined by  

( )( ) ( ) ( )* , d
T H

H s

KK s t t s t
t

ϕ ϕ
∂

=
∂∫  

for ϕ∈ . Then, the operator *
HK  is an isometry between   and [ ]( )2 0,L T  

which can be also extended to the Hilbert space  .  
Lemma 2.1 For every ϕ∈ , we have  

( ) ( ) ( )( ) ( )*
0 0

d d .
T TH

Hs s K s W sϕ β ϕ=∫ ∫  

We now recall that the definition of stochastic integral of fBm in the Hilbert 
space V. Let ( ){ },0HB t t T≤ ≤  be a W-valued tF -adapted fBm defined on 

( )( ), , , PtΩ F F  with the representation of the form  

( ) ( )
1

, 0,H H
n n n

n
B t t e tλ β

∞

=

= ≥∑  

where { }n n N
e

∈
 is a complete orthogonal basis in W, and  

• { }, 1, 2,H
n nβ =   is a sequence of independent fBms with the same Hurst 

index 
1 ,1
2

H  ∈ 
 

,  
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• { };n nλ ∈  is a bounded sequence of non-negative real numbers such that 

n n nQe eλ= ,  
• Q is a non-negative self-adjoint trace class operator with finite trace  

1
.n

n
TrQ λ

∞

=

= < +∞∑  

Let [ ] ( )0
2: 0, ,T L W Uϕ →  such that  

[ ]( )0
2

1
* 2

1 0, ;

H n
n L T U

K Q eϕ
∞

=

 
< ∞  

 
∑                   (2.1) 

where ( )0
2 ,L W U  is the space of all Hilbert-Schmidt operators from 

1
2Q W  to 

U with norm ( )0
2 ,L W U⋅  defined by  

( ) ( )0
2

21 2*2
,

1
.n nL W U

nH S

Q Tr Q eξ ξ ξ ξ λ ξ
∞

=−

= = =∑  

Definition 2.1 Let [ ] ( )0
2: 0, ,T L W Uϕ →  satisfy (2.1). We define the 

stochastic integral ( ) ( )
0

d
t Hs B sϕ∫  by  

( ) ( ) ( ) ( ) ( )
1 1

*2 2
0 0 0

1 1
d : d d .

t t tH H
n n H n

n n
s B s s Q e K Q e s B sϕ ϕ β ϕ

∞ ∞

= =

  
= =       
∑ ∑∫ ∫ ∫  

Lemma 2.2 Let [ ] ( )0
2: 0, ,T L W Uϕ →  satisfy (2.1). Then, for any 

[ ], 0,a b T∈  with a b<  we have  

( ) ( ) ( )( ) ( )
212

2 1 2

1
E d 2 1 d .

b bHH
na a

n
s B s cH H b a s Q e sϕ ϕ

∞
−

=

≤ − − ∑∫ ∫  

In addition, ( )
1
2

1 nn s Q eϕ∞

=∑  is uniformly convergent in [ ]0,t T∈ , then, we 

have  

( ) ( ) ( )( ) ( ) ( )0
2

2 22 1

,
1

E d 2 1 d .
b bHH

L W Ua a
n

s B s cH H b a s sϕ ϕ
∞

−

=

≤ − − ∑∫ ∫  

2.2. Some Assumptions 

In this subsection, we recall that some notions of fractional calculus and give 
some assumptions for the stochastic system (1.1). Recall that the fractional 
integral Iα  of order α for a function [ ): 0,f R∞ →  is defined as  

 ( ) ( )
( )

( )10

1 d , 0, 0,
t f s

I f t s t
t s

α
α α

α −= > >
Γ −

∫  

provided the right side is point-wise defined on [ )0,∞ , where ( )Γ ⋅  is the 

gamma function, which is defined by ( ) 1
0

: e dx tx t t
∞ − −Γ = ∫ . Moreover, the Caputo 

derivative c Dα  of order α for a function [ )( )0,nf ∈ ∞C  is defined as  
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( )

( ) ( )
( )

( ) ( )10

1( ) d , 0, 1 .
n

t nc n
t n

f s
D f t s I f t t n n

n t s
α α

α α
α

−
+ −= = > − < <

Γ − −
∫  

If f is an abstract function with values in U, then the integrals appearing in the 
above definitions are taken in Bochner’s sense. 

To study the stochastic system (1.1), we need some assumptions. Throughout 
this paper we assume that , ,U V W  is three real separable Hilbert spaces with 
inner products , U⋅ ⋅ , , V⋅ ⋅  and , W⋅ ⋅ , respectively. We first give some 
conditions about the three operators , ,L A B  as follows:  

(A1) A and L are two linear operators on U such that ( )D A U⊂ , ( )D L U⊂ , 
and A is closed,  

(A2) ( ) ( )D L D A⊂  and L is bijective, 
(A3) ( )1 :L U D U− →  is compact, 
(A4) B is a bounded linear operator from V into U.  
From the above assumptions (1)-(3) and the closed graph theorem it 

follows that the linear operator 1 :AL U U− →  is bounded, and 1AL−   
generates a semigroup ( ){ }, 0S t t >  in U. Denote ( )

0
max

t
M S t

>
= , 1L M=  

and 

1
1L M− = . 

For x U∈ , we define two families ( ){ }, 0L t t ≥T  and ( ){ }, 0L t t ≥S  of 
operators by  

( ) ( ) ( )1
0

: dL t x L S t xα
αξ θ θ θ

∞ −= ∫T  

and  

( ) ( ) ( )1
0

: d ,L t x L S t xα
αα θξ θ θ θ

∞ −= ∫S  

where  

( ) ( ) ( ) ( )1

1

1 1 1 sin π
π !

n

n
n n

nαθ ξ θ θ α α
α

∞
−

=

= − Γ +∑  

is a probability density function defined on ( )0,∞ . 
Lemma 2.3 Feckan, M. et al. [15] The operators ( )L tT  and ( )L tS  have the 

following properties:  
• For every 0t ≥ , ( )L tT  and ( )L tS  are linear and bounded, and moreover 

for every x U∈   

( ) 

( )


( )

1

1

,

.

L

L

t x M M x

M Mt x x
α

≤

≤
Γ

T

S
                      (2.2) 

• ( )L tT  and ( )L tS  are strong continuous and compact.  
We now introduce the abstract phase space. For a continuous function 
( ] ( ): ,0 0,h −∞ → ∞  satisfying  

( )0
: d ,l h t t

−∞
= < ∞∫  

we define a phase space hB  associated with h as follows 
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( ] ( )( )
[ ] ( )

( ) ( )( )

1 22

1 20 2

0

: ,0 , for any 0, E is bounded

and measurable functions on ,0 with 0 0

and sup E d .

h

s

U a

a

h s s
θ

φ φ θ

φ

φ θ
−∞ ≤ ≤

= −∞ → >


− =

< ∞
∫

B

 

Clearly, ( ),
hh ⋅

B
B  is a Banach space if hB  is endowed with the norm (see, 

Cui and Yan [16])  

( ) ( )( )1 20 2

0
sup E d

h s
h s s

θ
φ φ θ

−∞ ≤ ≤
= ∫B

 

for hφ ∈B . 
We present the definition of mild solutions of (1.1).  
Definition 2.2 An U-valued stochastic process ( ) [ ]{ }, ,x t t T∈ −∞  is a mild 

solution of (1.1) if the next conditions hold: 
i) ( )x t  is measurable and tF -adapted, and tx  is hB -valued, 
ii) ( )x t  is continuous on [ ]0,T  and the function  

( ) ( ) ( )1 1 ,L st s L A t s G t xα− −− −S  is integrable for each [ ]0,s t∈  such that ( )x t  
satisfies the equation  

( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1

1 1
0

1

0

1

0

0 0, ,

, d

, d

d ,

L t

t
L s

t
L s

t H
L

x t t L G L G t x

t s L A t s G t x s

t s t s f s x Bu s s

t s t s s B s

α

α

α

φ φ

σ

−

− −

−

−

= − +

+ − −

 + − − + 

+ − −

∫

∫

∫

T

S

S

S

         (2.3) 

iii) ( ) ( )x t tφ=  on ( ],0−∞  such that 2

h
φ < ∞

B
.  

Finally, in order to prove our main statement, we need some conditions as 
follows.  

(B1) Let the function [ ]: 0, hf T U× →B  is continuous and there exist some 
constants 0fN > , 0fk >  such that for [ ]0,t T∈  and , hξ η ∈B   

( ) ( ) 2 2E , ,
hff t f t Nξ η ξ η− ≤ −

B
 

for all [ ]0,t T∈  and 
[ ]

( ) 2

0,
sup ,0f

t T
k f t

∈
= . 

(B2) For the complete orthogonal basis { }n n
e

∈  in W, the function  

[ ] ( )0
2: 0, ,T L W Uσ →  satisfy  

[ ]( )2

1
2

1 0, ,
n

n L T U

Q eσ
∞

=

< ∞∑  

and ( )
1
2

1
n

n
t Q eσ

∞

=
∑  is uniformly convergent in [ ]0,t T∈ . In addition, there 

exist some 0t  and 0δ >  such that  

( ) ( ) ( ) ( )
0 0

0 0
2 2, ,0 0

d d .
t t

L W U L W U
r s r s r sδ δ σ σ− − < ∞∫ ∫  
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(B3) Let the function [ ]: 0, hG T U× →B  is continuous and satisfies:  
(a) there exist some constants 0GN > , 0Gk >  for [ ], 0,t s T∈  and 

, hξ η ∈B  such that the function AG satisfies the Lipschitz condition  

( ) ( ) 2 2E , ,
hGAG t AG t Nξ η ξ η− ≤ −

B
 

for all [ ]0,t T∈  and 
[ ]

( ) 2

0,
sup ,0g

t T
k AG t

∈
= .  

(b) there exist constants  0GN > ,  0gk >  such that  

( ) ( ) 

2 2E , ,
hGG t G t Nξ η ξ η− ≤ −

B
 

for all [ ]0,t T∈ , , hξ η ∈B  and 
[ ]

( ) 2

0,
sup ,0g

t T
k G t

∈
= .  

(B4) There is a constant 0>K  such that 1

2

1>

K

, where  



( )


( )

22 22
2 1 1

1 21 24 1 4 0,B
f

M M T M M M Tl N
α α

α α αλ α

      = − + >     Γ Γ     

  

( )


( )



( )


( )
( )



( )
( ) 0

2

222 22 2 22 1
2 1 1 0 2

22 2 22 2
2 1 1

2 2

222 2
22 2 11

2 ,0

4 E 1 12 4

2
12 1 4 2 1

ˆ96 E (2 1)

h

B

fB

THB
T L W

M M M Tl MM M

k TM M M M M Tl cH H N

M M M Tl z cH H T s

α

αα

σ

α

φ φ
αλ α

α ααλ α

ϕ
αλ α

−

  
  = + +
  Γ   

        + + × + −       Γ Γ      

 
 + + −
 Γ 

∫


B

( )( )2
d ,

U
s

 

[ ]
( ) ( ) ( ) ( ) ( ) ( )0 0

2 2

2 21 1

, ,0 00,
: sup d d ,

t t H

L W U L W Ut T
N t s t r s r s r s rα α

σ σ σ−− −

∈
= − − − < ∞∫ ∫  

and BM B= .  

3. Main Results 

In this section, we will show the approximate controllability of the stochastic 
system (1.1). We need to establish the existence of the solution for the stochastic 
control system and to show that the corresponding linear part is approximate 
controllability. 

Definition 3.1 The system (1.1) is called to be approximately controllable on 
[ ]0,T  if  

( )T U=R                               (3.1) 

with ( ) ( ) ( ) [ ]( ){ }2, : 0, ,t x t x t u u L T V= = ∈R .  

Consider the corresponding linear fractional deterministic control system to 
(1.1) 
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( ) ( ) ( ) [ ]
( ) ( )

, 0,

0 0 ,

c
tD Lx t Ax t Bu t t T

x

α

φ

 = + ∈   


=
               (3.2) 

and define the relevant operators  

( ) ( ) ( )1 * *
0 0

d
TT

L LT s T s BB T s sα−Γ = − − −∫ S S             (3.3) 

and  

( ) ( ) 1

0 0, ,T TR Iα α
−

Γ = + Γ                       (3.4) 

where *B  and ( )*
L T s−S  denote the adjoint operators of B and ( )L T s−S , 

respectively. It is clear that the operator 0
TΓ  is a linear bounded operator. The 

fact that the linear Sobolev-type fractional control system (3.2) is approximately 
controllable on [ ]0,T  is equivalent to the next hypothesis (see, for example, 
Mahmudov and Denker [17]):  
• ( )0, 0TRα α Γ →  in the strong operator topology, as 0α +→ .  

Lemma 3.1 (Guendouzi and Idrissi [18]) For any ( )2 ;Tz L U∈ Ω , there 
exists ( ) ( )( )2 2 0

2ˆ , 0, ;t L L T Lϕ ∈ Ω  such that  

( ) ( )
0

ˆ d .
T H

T Tz Ez s B sϕ= + ∫                      (3.5) 

For any 0λ >  and ( )2 ;Tz L U∈ Ω , we now define the control function uλ  
as follows.  

( ) ( )( ) ( ) ( ) ( )( ) ( )

( )( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1* * 1
0

1* *
0 0

1 1* *
0

1 1* *
0

1 1* *
0

0 0, ,

ˆE d

, d

, d

d .

T
L L T

TT H
L T

t T
L s L s

t T
L s L s

t T H
L s L

u t B T t I T L G L G T x

B T t I z s B s

B T t I T s A T s G s x s

B T t I T s T s f s x s

B T t I T s T s s B s

λ

α

α

α

λ φ φ

λ ϕ

λ

λ

λ σ

− −

−

− −

− −

− −

 = − + Γ − − − 
 + − + Γ +  

− − + Γ − −

− − + Γ − −

− − + Γ − −

∫

∫

∫

∫

S T

S

S S

S S

S S

(3.6) 

Theorem 3.1 (Daher [19]) Let Ф be a condensing operator on a Banach space 
X, that is, Ф is continuous and takes bounded sets into bounded sets, and 

( )( ) ( )B Bµ µΦ ≤  for every bounded set B of X with ( ) 0Bµ > . If ( )N NΦ ⊂  
for a convex, closed and bounded set N of X, then Ф has a fixed point in X 
(where ( )µ ⋅  denotes Kuratowski’s measure of noncompactness).  

Define the space  

( ]( ){ }0: , , witha hx x C T U x φ= ∈ −∞ = ∈B B  

and let 
a⋅  be a seminorm defined by  

[ ]
( )( )

1
2 2

0,
= sup E , ,

h aa
t T

x x s xφ
∈

+ ∈
B

B              (3.7) 

where ( ]( ), ,C T U−∞  denotes the space of all continuous U-valued stochastic 

process ( ) ( ]{ }, ,t t Tξ ∈ −∞ . 

Lemma 3.2 (Li and Liu [20]) Assume that ax∈B , then for all 
[ ]0, , t ht T x∈ ∈B . Moreover,  
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( )( )
[ ]

( )( )1 2 1 22 2
0

0,
E sup E ,

hs t
l x t l x s x

∈
≤ +

B
          (3.8) 

where ( )0
dl h s s

−∞
= ∫  is given in Section 2.  

Theorem 3.2 Assume the conditions (B1)-(B4) hold, then for each 0λ >  
there exists a mild solution of (1.1) on ( ],T−∞ , provided that  

 



( )

22
22 1

14 1G G
M MTl M N N

α

α α

  
  + <  Γ   

.  

Proof. Define the operator : a aΦ →B B  by  

( )

( ) ( ]
( ) ( ) ( )( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ]

1

1 1
0

1

0

1

0

, ,0 ,

0 0, ,

, d

, d

d ( ), 0, ,

L t

t
L s

t
L s

t H
L

t t

t L G L G t x

x t t s L A t s G s x s

t s t s f s x Bu s s

t s t s s B s t T

α

α λ

α

φ

φ φ

σ

−

− −

−

−


∈ −∞

 − +


Φ = + − −

  + − − + 
+ − − ∈

∫

∫

∫

T

S

S

S

 (3.9) 

for ax∈B . 
We will show that Ф has a fixed point which is a mild solution for system (1.1). 

For hφ ∈B , define  

( ) ( ) ( ]
( ) ( )( ) ( ]
, ,0 ,

0 , 0, .L

t t
t

t L t T
φ

φ
φ

 ∈ −∞=  ∈


T
            (3.10) 

Then, ( ) atφ ∈ B . Let ( ) ( ) ( ) ( ], ,x t t y t t Tφ= + ∈ −∞ . It is easy to check that 

( )x t  satisfies (1.1) if and only if 0 0y =  and  

( ) ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1

1 1
0

1

0

1

0

0, ,

, d

, d

d .

L t t

t
L s s

t
L s s

t H
L

y t t G L G t y

t s L A t s G s y s

t s t s f s y Bu s s

t s t s s B s

α

α λ

α

φ φ

φ

φ

σ

−

− −

−

−

= − + +

+ − − +

 + − − + + 

+ − −

∫

∫

∫







T

S

S

S

       (3.11) 

Denote { }0, 0b a hy y= ∈ = ∈B B B  and let 
b⋅  be the seminorm in bB , 

defined by  

[ ]
( )( )

[ ]
( )( )1 2 1 22 2

0
0, 0,

sup E sup E .
hb

s T s T
y y y s y s

∈ ∈
= + =

B
       (3.12) 

For 0r ≥  we set { }2,r b bB y y r= ∈ ≤B . Then, rB  is a bounded closed 

convex set in bB  for each r. According to Lemma 3.2, we get  

( )
[ ]

( )
[ ]

( )

 ( )( )

2 22

2 22 22 2
0 0

0, 0,

2 2 22 2 2 2
1 1

2

4 sup E sup E

4 E 0

hh h

h h

h

t t t t

s t s t

y y

l y s y l s

l r l M M M r

φ φ

φ φ

φ φ

∈ ∈

+ ≤ +

 
≤ + + + 

 

′≤ + + ≡

 

 

BB B

B B

B

   (3.13) 

https://doi.org/10.4236/jamp.2018.64078


J. Q. Han, L. T. Yan 
 

 

DOI: 10.4236/jamp.2018.64078 919 Journal of Applied Mathematics and Physics 
 

for ry B∈ . Define the mapping : b bΨ →B B  by  

( ) ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1

1 1
0

1

0

1

0

0, ,

, d

, d

d

L t t

t
L s s

t
L s s

t H
L

y t t G L G t y

t s L A t s G s y s

t s t s f s y Bu s s

t s t s s B s

α

α λ

α

φ φ

φ

φ

σ

−

− −

−

−

Ψ = − + +

+ − − +

 + − − + + 

+ − −

∫

∫

∫







T

S

S

S

       (3.14) 

for [ ]0,t T∈ . It is evident that the operator Φ has a fixed point if and only if the 
operator Ψ has a fixed point. Now, we divide Ψ into 1 2Ψ = Ψ +Ψ , where  

( ) ( ) ( ) ( )
( ) ( ) ( )

1
1

1 1
0

0, ,

, d ,

L t t

t
L s s

y t t G L G t y

t s L A t s G s y sα

φ φ

φ

−

− −

Ψ = − + +

+ − − +∫





T

S
          (3.15) 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1
2 0

1

0

, d

d .

t
L s s

t H
L

y t t s t s f s y Bu s s

t s t s s B s

α λ

α

φ

σ

−

−

 Ψ = − − + + 

+ − −

∫

∫

S

S
      (3.16) 

Now, we need to prove the operator 1Ψ  is a contraction map and 2Ψ  is 
compact. 

Step I. 1Ψ  is a contraction map. For , by y∈B , we have  

( ) ( )

( ) ( )
( ) ( ) ( ) ( )

 



( )

 



( ) [ ]

2
1 1

21 1

2
1 1

0

22
2 2 21

1

22
2 22 1

1
0,

E

2E , ,

2E , , d

2

4 sup .

h h

t t t t

t
L s s s s

G t t G t t

G G t t
t T

y t y t

L G t y L G t y

t s L A t s G s y G s y s

M MTM N y y N y y

M MTl M N N y y

α

α

α

φ φ

φ φ

α α

α α

− −

− −

∈

Ψ −Ψ

≤ + − +

 + − − + − + 

 
 ≤ − + −
 Γ 

    ≤ + −  Γ   

∫

 

 

B B

S   (3.17) 

It follows that 1Ψ  is a contraction map with the assumption  

 



( )

22
22 1

14 1G G
M MTl M N N

α

α α

  
  + <  Γ   

. 

Step II. We claim that 2Ψ  is compact. In [14], we have proved that 2Ψ  
maps bounded sets into bounded sets of bB  and 2Ψ  maps bounded sets into 
equicontinuous sets of bB . It is enough to prove that 2Ψ  maps rB  into a 
precompact set in rB . Define an operator ,

2
ε δΨ  on rB  by  

( ) ( ) ( ) ( )( ) ( )
( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( ) ( )

1, 1
2 0

1 1
0

1 1
0

d , d

d d

d d .

t
s s

t

t H

y t t s L S t s f s y s

t s L S t s Bu s s

t s L S t s s B s

ε α αε δ
αδ

ε α α λ
αδ

ε α α
αδ

α θξ θ θ θ φ

α θξ θ θ θ

α θξ θ θ θσ

− ∞ − −

− ∞ − −

− ∞ − −

Ψ = − − +

+ − −

+ − −

∫ ∫

∫ ∫

∫ ∫



  (3.18) 
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Since ( ) , 0S t t >  is a compact operator, the set ( ){ },
2 , ry t y Bε δΨ ∈  is 

precompact in U for every ( )0, , 0tε δ∈ > . For each ry B∈   

( ) ( )

( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

2, ,
2 2

2
12 1

0 0

2
12 1

2
12 1

0 0

E

6 E d , d

6 E d , d

6 E d d

t
s s

t
s st

t

y t y t

t s L S t s f s y s

t s L S t s f s y s

t s L S t s Bu s s

ε δ ε δ

δ α α
α

α α
αε δ

δ α α λ
α

α θξ θ θ θ φ

α θξ θ θ θ φ

α θξ θ θ θ

− −

∞ − −

−

− −

Ψ −Ψ

≤ − − +

+ − − +

+ − −

∫ ∫

∫ ∫

∫ ∫





 

( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( )

2
12 1

2
12 1

0 0

2
12 1

6
2

1

6 E d d

6 E d d

6 E d d

: 6 .

t

t

t H

t H
t

i
i

t s L S t s Bu s s

t s L S t s s B s

t s L S t s s B s

J

α α λ
αε δ

δ α α
α

α α
αε δ

α θξ θ θ θ

α θξ θ θ θσ

α θξ θ θ θσ

α

∞ − −

−

− −

∞ − −

−

=

+ − −

+ − −

+ − −

=

∫ ∫

∫ ∫

∫ ∫

∑

  (3.19) 

By using Hölder inequality and the assumption (B1) we have  

 ( ) ( ) ( ) ( )( )


( ) ( )( )

222 1 12
1 1 0 0 0

2
2

1
0

d E , d d

d ,

t t
s s

f f

J M M t s s t s f s y s

M M t N r k

δα α
α

α
δ

α

φ θξ θ θ

θξ θ θ
α

− −≤ − − +

 
′≤ +  

 

∫ ∫ ∫

∫



 (3.20) 

and  

 ( ) ( ) ( ) ( )( )


( ) ( )( )

222 1 12
2 1 0

2
2

1
0

d E , d d

d .

t t
s st t

f f

J M M t s s t s f s y s

M M N r k

α α
αε ε

α

α

φ θξ θ θ

ε
θξ θ θ

α

∞− −

− −

∞

≤ − − +

 
′≤ +  

 

∫ ∫ ∫

∫



(3.21) 

Since  

( )
( )

( )
( ) ( )

( )    ( )
( ) ( ) ( )

( )


( )


( )

0
2

2
22 21 2

1 122

2 22
1 1 1

22 1
,0

2 2
1 1

22

4
E E 0 2E

              

ˆ              2 2 1 d

4( )              2 1 ,

h

B
T

G G g

TH
L W U

B
AG f u

M M M
u s M M M z

M M M N M N r k

cH H T s s

M M M M McH H N N

λ

σ

φ
λ α

φ

ϕ

µ µ
α λ α

−

≤ +
Γ 

′+ + +

+ −

  + + + − ≡   Γ Γ  

∫
B  (3.22) 

where  



( ) ( )


( ) ( )
2 2

1 12 and 2 ,AG G g f f f
M M T M M TN r k N r k

α α

µ µ
α α α α

   
′ ′= + = +      Γ Γ   

   (3.23) 

it follows that  
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 ( ) ( ) ( ) ( )( )


( )
( )

( )( )

222 1 12
3 1 0 0 0

22
211

22 0

d E d d

4
d ,

t t

BB
u

J M M t s s t s Bu s s

M M MM M M t N

δα α λ
α

α
δ

α

θξ θ θ

θξ θ θ
α λ α

− −≤ − −

 
≤    Γ 

∫ ∫ ∫

∫
   (3.24) 

and  

 ( ) ( ) ( ) ( )( )


( )
( )

( )( )

222 1 12
4 1 0

22
211

22 0

d E d d

4
d .

t t

t t

B
u

J M M t s s t s Bu s s

M M MM M N

α α λ
αε ε

α

α

θξ θ θ

ε
θξ θ θ

α λ α

∞− −

− −

∞

≤ − −

 
≤    Γ 

∫ ∫ ∫

∫
  (3.25) 

For the last parts 5 6,J J  when 1 Hα > − , we have  

( ) ( ) ( )
( )

( )2 21 1 2 1

0 0

, 2 1
d d ,

2 1
T T H HB H

T s T t s t s t T
H

α α αα
α

−− − + −−
− − − =

+ −∫ ∫     (3.26) 

which imply that  

( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )( )0 0
2 2

21
1 1 2

5 0 0
1

21
1 1 2

0 0
1

2 2 21 1
1 0 0

2

, , 0

E d d

E d d

2 1

d d d ,

t H
n n

n

t H
n n

n

t t H

L W U L W U

J t s L S t s s Q e s

t s L S t s s Q e s

cH H M M t u t v u v

u v u v

δ α α
α

δ α α
α

α α

δ
α

θξ θ θ θσ β

θξ θ θ θσ β

σ σ θξ θ θ

∞
− −

=

∞
− −

=

−− −

= − −

= − −

≤ − − − −

×

∑ ∫ ∫

∑ ∫ ∫

∫ ∫

∫

   (3.27) 

and  

( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )( )0 0
2 2

21
1 1 2

6
1

21
1 1 2

1

2 2 21 1
1

2

, , 0

E d d

E d d

2 1

d d d .

t H
n nt

n

t H
n nt

n

t t H

t t

L W U L W U

J t s L S t s s Q e s

t s L S t s s Q e s

cH H M M t u t v u v

u v u v

α α
αε δ

α α
αε δ

α α

ε ε

α

θξ θ θ θσ β

θξ θ θ θσ β

σ σ θξ θ θ

∞ ∞ − −

−
=

∞ ∞ − −

−
=

−− −

− −

∞

= − −

= − −

≤ − − − −

×

∑ ∫ ∫

∑ ∫ ∫

∫ ∫

∫

  (3.28) 

Then, for each ry B∈ ,  

( ) ( )
2, ,

2 2E 0 as 0, 0.y t y tε δ ε δ ε δΨ −Ψ → → →  

Therefore, there are relatively compact sets arbitrary close to the set 
( ){ }2 , ry t y BΨ ∈  is precompact in rB . By Arzela-Ascoli’s theorem, 2Ψ  is 

compact. By Sadakovskii's fixed point theorem (Theorem 3.1), the operator Ψ 
has a fixed point which is a solution to the system (1.1). 

Theorem 3.3 Assume that the conditions of Theorem 3.2 and (0) hold. In 
addition, the functions f is uniformly bounded on its domain. Then, the 
fractional control system (1.1) is approximately controllable on [ ]0,T .  
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Proof. Let xλ  be a fixed point of the operator λΦ . Using the stochastic 
Fubini theorem, we can get  

( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

1

0

1
0

1 1 1
0

1 1

0
1 1

0

0 0,

ˆ, E d

, d

, d

d .

T
T L

T H
t T

T T
s L s

T T
s L s

T T H
s L

x T z I T L G

L G t x z s B s

I T s L A T s G s x s

I T s T s f s x s

I T s T s s B s

λ

α

α λ

α

λ λ φ φ

ϕ

λ λ

λ λ

λ λ σ

−

−

− − −

− −

− −

= − + Γ − −
− + + 

+ + Γ − −

+ + Γ − −

+ + Γ − −

∫

∫

∫

∫

T

S

S

S

    (3.29) 

It follows from the property of ,f G  that there exists 0C >  such that 

( ) 2
, sf s x Cλ ≤  and ( ) 2

, sAG s x Cλ ≤ . Then there is a subsequence denoted by 

( ) ( ){ }, , ,s sf s x AG s xλ λ  weakly converging to ( ){ },f s G . Thus, from the above 

equation, we obtain  

( )

( ) ( ) ( ) ( )( )

( ) ( )

( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( )

0
2

2

21

0

21 1
0

212 1
00 ,

211 1
0

E

8 E 0 0,

8E ,

ˆ8 2 1 E d

8E , d

T

T
T L

T
t

TH T

L W U

T T
s L s

x T z

I z T L G

I L G t x

cH H T I s s

T s I L A T s G s x G s s

λ

α λ

λ λ φ φ

λ λ

λ λ ϕ

λ λ

−

− −

−−

−− −

−

 ≤ + Γ − − 

 + + Γ  

+ − + Γ

  + − + Γ − −   

∫

∫

T

S

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )
( )

( ) ( ) ( )
0
2

211 1
0

211

0

211

0

2 21 1

0 0
21 1

,

8E d

8E , d

8E d

8 2 1

T T
s L

T T
s L s

T T
s L

T T H

T T
s L t L

L W U L

T s I L A T s G s s

T s I T s f s x f s s

T s I T s f s s

cH H T s T t s t

I T s s I T t t

α

α λ

α

α α

λ λ

λ λ

λ λ

λ λ σ λ λ σ

−− −

−−

−−

−− −

− −

 + − + Γ − 
 

  + − + Γ − −   

 + − + Γ − 
 

+ − − − −

× + Γ − + Γ −

∫

∫

∫

∫ ∫

S

S

S

S S
( )0

2

2

,
d d .

W U
s t

 

(3.30) 

On the other hand, by assumption (0) for all 0 s T≤ ≤ , the operator 

( ) 1
0T

sIλ λ
−

+ Γ →  strongly as 0λ → + , and moreover ( ) 1
1T

sIλ λ
−

+ Γ < . 

Thus, by the Lebesgue dominated convergence theorem and the compactness of 

( )L tS , we can get ( )
2

E 0Tx T zλ − →  as 0λ → + . This gives the 

approximate controllability of (1.1).  

4. Conclusion 

We consider the following Sobolev-type fractional neutral stochastic differential 
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equations driven by fractional Brownian motion with infinite delay:  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ]

( ) ( ) ( ]

d, , , 0, ,
d

, ,0 .

c H
t t tD Lx t G t x Ax t f t x Bu t t B t t T

t
x t t t

α σ

φ

  − = + + + ∈  

 = ∈ −∞

 

where ( )u ⋅  is a control function. Inspired by [14], we show the existence of 
solution and approximate controllability of (1.1). 
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