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Abstract 
Einstein’s field equations with variable gravitational and cosmological con-
stants are considered in presence of perfect fluid for locally-rotationally- 
symmetric (LRS) Bianchi type-V space-time discussion in context of the par-
ticle creation. We present new shear free solutions for both absence and pres-
ence of particle creation. The solution describes the particle and entropy gen-
eration in the anisotropic cosmological models. We observe that time varia-
tion of gravitational and cosmological constant is needed for particle creation 
phenomena. Moreover, we obtained the particle production rate ( )tΓ  for 
this model and discussed in detail. 
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1. Introduction 

Einstein field equation in general relativity [1] and cosmology contains two pa-
rameters: Newton’s gravitational constant G and the cosmological constant Λ . 
A number of authors have considered the cosmological model with the cosmo-
logical constant Λ  as a function of cosmic time. An important role of cosmo-
logical constant with the relation 2t−Λ ∝  studied by Berman et al. [2] and 
Berman [3] [4]. The time variation of the gravitational constant G was first pro-
posed by Dirac [5] and extensively discussed in the literature by Weinberg [6]. 
Lau [7], Lau and Prokhovnik [8] proposed generalized field equations with 
time-dependent G and Λ , since then many authors have investigated cosmo-
logical models with variables G and Λ . Arbab [9] has discussed a viscous model 
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with variable G and Λ  claiming that energy is conserved. Singh et al. [10] dis-
cussed a number of classes of solutions to Einstein’s field equations with variable 
G and Λ , and bulk viscosity for a flat Robertson-Walker universe in the 
framework of general relativity. 

The Bianchi cosmologies which are spatially homogeneous and anisotropic 
play an important in theoretical cosmology and have been much studied since 
1960s. Coley [11] has investigated Bianchi type-V spatially homogeneous im-
perfect fluid cosmological models which contain both viscosity and heat flow. 
Coley and Hoogen [12] have studied a locally-rotationally-symmetric (LRS) Bi-
anchi type-V metric for imperfect fluid source with both viscosity and heat 
conduction. Singh and Beesham [13] have presented LRS Bianchi type-V cos-
mological models in the presence of perfect fluid with heat conduction. Singh 
[14] has extended the work to LRS Bianchi type-V cosmological models and ob-
tained solutions of the field equations in general relativity. A number of studies 
in cosmological model are performed using the gravitational constant and cos-
mological constant with cosmic time variable in the context of isotropic perfect 
fluid [9] [15] [16] and anisotropic [17] [18] [19] [20]. 

Recently, particle creation and in the absence of particle creation in cosmolo-
gy and its phenomenological description are discussed in detail by Singh [21]. 
Previously, it was also attracted a lot of interests shown in [22] [23]. 

In this paper, we have studied the evolution and dynamics of a perfect fluid 
LRS Bianchi type-V models with variable G and Λ  which describe the particle 
creation. We also try to present the exact solutions of Einstein’s field equations 
in the case of particle creation and in the absence of particle creation. 

2. Field Equations 

We consider a LRS Bianchi type-V space time with the metric [11] 

( ) ( )( )2 2 2 2 2 2 2 2d d d e d dxs t A t x B t y z= − + + +              (1) 

where ( )A t  and ( )B t  are the cosmic scale functions. The Einstein’s field eq-
uations with time-dependent G and Λ  are given by Abdel-Rahaman [15]. 

( ) ( )1 8π
2ij ij ij ijR g R G t T t g− = − + Λ                  (2) 

where the energy-momentum tensor ijT  is that of a perfect fluid. 
For perfect fluid, ijT  is given by 

( )ij i j ijT p u u pgρ= + +                         (3) 

where ρ  is the matter density, p  is the thermodynamics pressure and iu  is 
the four-velocity vector of the fluid satisfying 1i

iu u = − . In a co-moving coor-
dinate system, the field Equations (2), for the metric (1), in case of (3), read as 
[18]: 

( ) ( )
2

2 2

12 8πB B G t p t
B B A
+ − = − + Λ

 

,                (4) 

https://doi.org/10.4236/jamp.2017.511185


M. A. Ullah et al. 
 

 

DOI: 10.4236/jamp.2017.511185 2285 Journal of Applied Mathematics and Physics 
 

( ) ( )2

1- 8πA B A B G t p t
A B A B A
+ + = − + Λ

  

,              (5) 

( ) ( )
2

2 2

32 8πA B B G t t
A B B A

ρ+ − = + Λ
  

,             (6) 

0A B
A B
− =
 

                           (7) 

where dot denotes the ordinary derivative with respect to the cosmic time t and 
double dot stands for second derivative w.r. to the same. 

The vanishing of the covariant divergence of the Einstein tensor leads to the 
following useful equation 

( ) 2
8π

A B Gp
A B G G

ρ ρ ρ
   Λ

+ + + = − +   
   

  

           (8) 

The average scale factor R for the LRS Bianchi type-V model is defined as 

( )
1

2 3R AB=                          (9) 

The generalized mean Hubble parameter H can be defined as in [24] 

1 2
3

a A BH
a A B

 
= = + 

 

 

                      (10) 

The physical quantities of observation of interest in cosmology and the expan-
sion scalar θ , the average anisotropy parameter pA  and the shear scalar 2σ , 
are defined as [21] 

; 2i
i

A Bu
A B

θ
 

= = + 
 

 

                     (11) 

23

1

1
3

i
p

i

H H
A

H=

− =  
 

∑                     (12) 

2
2 1 1

2 3
ij

ij
A B
A B

σ σ σ
 

= = − 
 

 

                   (13) 

The particle content of the early universe is formed from a non-interacting 
comoving relativistic fluid having a particle number density ( )n t  and obeying 
the equation of state of the form 

1
1

0
0

n n
αρ

ρ

+ 
=  

 
                       (14) 

p αρ=                           (15) 

where 0 0n ≥  and 0 0ρ ≥  are constants and 0 1α≤ ≤ . Equation (8) can be 
written, using Equations (14)-(15), in the form of a particle balance equation 

( )3n Hn t n+ = Γ                        (16) 

where ( )tΓ  is the particle production rate given by 

https://doi.org/10.4236/jamp.2017.511185


M. A. Ullah et al. 
 

 

DOI: 10.4236/jamp.2017.511185 2286 Journal of Applied Mathematics and Physics 
 

( ) ( ) ( )
( )
( ) ( )1

1 8π
t

t G t
G t tα ρ

 Λ
Γ = − + 

+   



               (17) 

For particle creation, it is required that Equation (17) satisfies ( ) 0tΓ ≥ . This 
implies that the space-time can produce matter, while the reverse case is ther-
modynamically forbidden. Which leads to 

( )
( ) ( ) 0

8π
t

G t
tρ

Λ
+ ≤



                      (18) 

The entropy S generated during the particle creation is given by 

( )
( )
( ) ( ) ( ) 3d 1

d 8π
tST G t t R

t G t t
ρ

ρ
 Λ

= − + 
  



              (19) 

which can be written as 

( ) ( ) ( )
31d

d
t RS t

t T
α ρ+

= Γ                  (20) 

In a cosmological fluid where the density and pressure are functions of the 
temperature only, i.e. ( )Tρ ρ=  and ( )p p T= , the entropy is given by [6] 

( ) ( )3 31p a a
S

T T
ρ α ρ+ +

= =                 (21) 

The total entropy of the cosmological fluid function of the particle production 
rate is given by 

( )d
0e

t tS S Γ∫=                          (22) 

where 0 0S ≥  is a constant of integration. In the case of no particle production, 
i.e. ( ) 0tΓ = , we have the usual particle conservation law of the standard cos-
mology, i.e. 

( )3 1 0pHρ α+ + =                     (23) 

( ) ( )8π 0t G tρΛ + =                     (24) 

For the case of entropy ( ) 0 constantS t S= = , and thus the change of entropy 
is zero. 

3. Solution of Field Equations 

From Equation (7), we have  

B kA=                              (25) 

where k is constant of integration. 
From Equations (4) and (5), we have  

2 2

2 2

B A
B A

=


                             (26) 

Using the relations (25) and (26), Equations (5) and (6) yields 

( )
2

2 2

22 2 8π 1A A G
AA A

α ρ− − = +
 

                (27) 
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Again, from the Equations (5) and (6), we have 

( )( )
2

2 2

42 8π 2 4A AG t p
A A A

ρΛ + − = + −
 

             (28) 

As described in [21], we have a system of five Equations (4)-(8) with six un-
knowns, namely , , , ,A B G ρ Λ  and p . To find the exact solution of the field 
equations, we use the power law equation. The particle creation is described due 
to the variation of G and Λ  as shown in [18]. We obtain the solution for ρ , 
G  and Λ  in the following two cases: 

3.1. In the Absence of Particle Creation: 

Consider the left part of Equation (8) equal to zero i.e. 

( ) 2 0A Bp
A B

ρ ρ
 

+ + + = 
 

 

  

Using the Equations (25) and (15), the above equation can be written as 

i.e. ( )3 1 0A
A

ρ α
ρ
+ + =





 

i.e. ( )
1

3 1

k
A α

ρ
+

=                           (29) 

where 1k  is integrating constant. Now, using Equation (29), Equation (27) re-
duces to 

( ) ( ) { }
3 1

2

1

1
4π 1

AG t A AA
k

α

α

+

= − −
+

                    (30) 

Again, using the Equations (25) and (26), Equations (5) + (6) give 
2

2 2

2 3 1 3 1
1 1 1

A A
A A A

α α
α α α

+ +   Λ = ⋅ + ⋅ − ⋅   + + +   

 

             (31) 

Also, from the right side of Equation (8) gives 

0
8π

G
G G
ρ

Λ
+ =

 

 

i.e. 2 3 0
3 1

AA A α
α
+

− + =
+

   

i.e. ( )e e
2

t tA γ γβ
γ

−= −                       (32) 

where β  and γ  are constants. So, 

( )e e
2

t tkB γ γβ
γ

−= −                       (33) 

and 3 2R AB=  which gives  

( )e e
2

t tkR γ γβ
γ

−= −                    (34) 

The Hubble parameter and deceleration parameter are respectively given by 

https://doi.org/10.4236/jamp.2017.511185


M. A. Ullah et al. 
 

 

DOI: 10.4236/jamp.2017.511185 2288 Journal of Applied Mathematics and Physics 
 

2

2

1 e
1 e

t

tH
γ

γγ
−

−

 +
=  

− 
, ( )

22
2

2

1 e tanh
1 e

t

tq t
γ

γ γ
−

−

 −
= − = − 

+ 
     (35) 

The energy density, gravitational and cosmological constants and expansion 
scalar are given by 

( ) ( )

( ){ } ( )

3 1

3 1

2

e et t

k α

αγ γ

γ
ρ

β

+

+
−

=
−

                   (36) 

( ) ( ) ( )
3 12 3 1

1

1 . e e
4π 1 2

t tG t
k

α
αγ γβ β

α γ

+
+− −

= − +  
         (37) 

( ) ( )
2 2 22

2

e e 3 43 e e
1e e

t t
t t

t tt
γ γ

γ γ
γ γ

α γ
γ

α β

− −−
−

 + +
Λ = − ⋅ −  +− 

       (38) 

( )
( ) ( )
e e

3 3 coth
e e

t t

t t
t

γ γ

γ γ
θ γ γ γ

−

−

+
= =

−
               (39) 

The above discussion, it is clear that the Hubble’s parameter, energy density, 
cosmological constant, deceleration parameter and expansion scalar are de-
creasing as functions of time. But only gravitational constant is increasing as 
functions of time. 

Some authors [5] [16] considered that G the cosmological constant is a de-
creasing parameter as function of time, while some other [9] [25] are taken G as 
increasing as function of time. 

3.2. In the Case of Particle Creation 

Let us consider, mA at=  and rG bt= , where , ,a b m  and r  are constants. 
Now, we have from Equation (27) 

( ) 2 2 2

1 2 1 2 1
8π 1 r m r

m
b t a b t

ρ
α + +

 = ⋅ − ⋅ 
+  

             (40) 

( ) ( )
( )

2

2 2 2

3 1 2 1 3 1 1
1 1 m

m m
t

t a t
α α

α α
+ − +

Λ = ⋅ − ⋅
+ +

            (41) 

which satisfies the Equation (8). 
The particle production rate is given by (17) 

( )
( ) ( )2 2 2 1 3

2 2 2 4

6 1 4 2 3 11
1 2 2

m

m

a m t m m t rt
tma t t

α α

α

+

+

   + − + +   Γ = + 
+  −    

    (42) 

The other physical quantities are 

3 mH
t

=                             (43) 

; 3i
i

mu
t

θ = =                           (44) 

The physical quantities such as energy density, cosmological constant, Hub-
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ble’s parameter and expansion scalar are decreasing with the increasing of the 
time and tend to zero when time tends to infinity. The particle creation decreas-
ing when time increasing and tends to zero when time tends to infinity. The 
mass within the co-moving volume 3V R∝  is given by 3

pnM Rρ= , where n  
is the number density of the particles and pM  the particle mass. 

4. Conclusion 

We have obtained solution for two cases: viz absence of particle creation and for 
particle creation of Einstein’s field equation of a locally-rotationally-symmetric 
Bianchi type-V universe with cosmological constant and gravitational constant 
as a cosmic time. The physical quantities are realistic i.e. they behave physically 
for cosmological cases. The particle production rate ( )tΓ  decreasing when 
time is increasing but when time tends to zero ( )tΓ  tends to infinity which is 
also physical because of Big bang theory. 
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