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Abstract

This is a survey on our recent works on bi-harmonic maps on CR-manifolds and fo-
liated Riemannian manifolds, and also a research paper on bi-harmonic maps prin-
cipal G-bundles. We will show, (1) for a complete strictly pseudoconvex CR manifold
(M , ga) , every pseudo bi-harmonic isometric immersion ¢ :(M , go) - ( N, h) into
a Riemannian manifold of non-positive curvature, with finite energy and finite bi-
energy, must be pseudo harmonic; (2) for a smooth foliated map of a complete, pos-
sibly non-compact, foliated Riemannian manifold into another foliated Riemannian
manifold, of which transversal sectional curvature is non-positive, we will show that
if it is transversally bi-harmonic map with the finite energy and finite bienergy, then
it is transversally harmonic; (3) we will claim that the similar result holds for prin-
cipal G-bundle over a Riemannian manifold of negative Ricci curvature.
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1. Introduction

The theory of harmonic maps has been extensively developed and applied in many
problems in topology and differential geometry (cf. [1] [2] [3], etc.). Eells and Lemaire
raised ([3]) a problem to study k-harmonic maps and G. Y. Jiang calculated [4] the

first variational and second formulas of the bienergy.

On the other hand, B.Y. Chen proposed [5] the famous conjecture in the study of

sub-manifolds in the Euclidean space. B. Y. Chen’s conjecture and the generalized B. Y.

Chen’s conjecture are as follows:
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The B. Y. Chen’s conjecture: Every biharmonic isometric immersion into the Eucli-
dean space R" must be harmonic (minimal).

The generalized B. Y. Chen’s conjecture: Every biharmonic isometric immersion of
a Riemannian manifold (M,Q) into a Riemannian manifold (N,h) of non-positive
curvature must be harmonic (minimal).

The B. Y. Chen’s conjecture is still open, but the generalized B. Y. Chen’s conjecture
was solved negatively by Ye-Lin Ou and Liang Tang [6], due to several authors have
contributed to give partial answers to solve these problems (cf. [7]-[17]).

For the first and second variational formula of the bienergy, see [4].

Then, the CR analogue for harmonic maps and biharmonic maps has been raised as
follows.

The CRanalogue of the generalized Chen’s conjecture: Let (M,g,) be a complete
strictly pseudoconvex CR manifold, and (N,h), a Riemannian manifold of non-positive
curvature. Then, every pseudo biharmonic isometric immersion ¢ (M,g,)—>(N,h)
must be pseudo harmonic.

For the works on CR analogue of biharmonic maps, see [18] [19] [20]. We will show
(cf. [20]):

Theorem 1.1. (¢£ Theorem 2.1) Let ¢ be a pseudo biharmonic map of a strictly
pseudoconvex complete CR manifold (M,g,) into another Riemannian manifold
(N,h) ofnon positive curvature.

If ¢ has finite pseudo bienergy E,, ((0) <o and finite pseudo energy E, ((0) <o,
then it is pseudo harmonic, ie., 7,(¢)=0.

Next, let us consider the analogue of harmonic maps and biharmonic maps for folia-
tions are also given as follows. Transversally biharmonic maps between two foliated
Riemannian manifolds were introduced by Chiang and Wolak (cf. [21]) and see also
[22] [23] [24] [25] [26]. They are generalizations of transversally harmonic maps in-
troduced by Konderak and Wolak (cf. [27] [28]).

Among smooth foliated maps ¢ between two Riemannian foliated manifolds, one
can define the transversal energy and derive the Euler-Lagrange equation, and trans-
versally harmonic map as its critical points which are by definition the transversal ten-

sion field vanishes, 7,(¢)=0. The transverse bienergy can be also defined as
1
E, ((p) = ) IM |z’b ((p)|2 V, whose Euler-Lagrange equation is that the transversal biten-

sion field 7,,(¢) vanishes and the transversally biharmonic maps which are, by defi-
nition, vanishing of the transverse bitension field.

Recently, S.D. Jung studied extensively the transversally harmonic maps and the
transversally biharmonic maps on compact Riemannian foliated manifolds (cf. [29] [30]
[31] [32]).

Then, we will study transversally biharmonic maps of a complete (possibly non-
compact) Riemannian foliated manifold (M O, F ) into another Riemannian foliated
manifold (M’,g’,F") of which transversal sectional curvature is non-positive. Then,
we will show (cf. [33]) that:
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Theorem 1.2. (c¢£ Theorem 2.6) Let (M,9,F) and (M',g',F') be two Riemannian
foliated manifolds, and assume that the transversal sectional curvature of (M "o\ F ')
is non-positive. Let ¢:(M,g,F)—(M',g",F") be a smooth foliated map which is an
Isometric immersion of (M , g) into (M ! g') . If @ Is transversally biharmonic with
the finite transversal energy E(¢)<oo and finite transversal bienergy E,(p)<o,
then it is transversally harmonic.

Finally, in Section 5, instead of isometric immersions, we will consider a principal
G-bundle « :( P, g) - (M , h) , and show a new result whose details will be appeared in
[34].

Theorem 1.3. (cf£ Theorem 5.1) Let r :(P,g)—>(M,h) be a principal G-bundle
over a Riemannian manifold (M , h) whose Ricci tensor is negative definite. Then, if

7(P,g)—(M,h) isbiharmonic, then it is harmonic.

2. Preliminaries

2.1. First and Second Variational Formulas for the Energy
First, let us recall the theory of harmonic maps. For a smooth map ¢ of a Riemannian

manifold (M,g) into another Riemannian manifold (N,h) , the energy functional
E(e) is defined by

E(p) :=%jM ldef" v, (2.1)

whose first variational formula is:
%t_o E(p) =, (r(0).V)v,. (2.2)
Here, V'is a variational vector field is given by V, = %t_o P (X)eT, N, (xeM),

and the tension field 7(¢) is given by

(¢) = 3B(0)(e.5), 2
B(p)(X,Y):= Vg, do(Y)-dp(VLY), XY e X(M), (2.4)

where V¢ and V" are Levi-Civita connections of (M,g) and (N,h), respectively.
Then, ¢:(M,g)—>(N,h) isharmonicif 7(¢)=0.

The second variation formula of the energy functional E(e) for a harmonic map
9:(M.g) = (N,h) is:

%to E(p)=[ (3(V).V)v,, (2.5)

where
J(V)=a-R(V), (2.6)
N =VW, R(V):= iR“(V,d(p(ei))dq)(ei), (2.7)

i=1
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where {e}" is a locally defined frame field on (M,g). The k -energy functional
due to J. Eells and L. Lemaire ([1] [2] [3]) is

1 2
Ec()=5],|(@+o) o[ vy (k=12 (2.8)

which turn out that
1 2 1 2
E1(¢)=EIM|d(/7| Vi B (¢)=EIM|T((/7)| Ve (2.9)
Furthermore, the first variation formula for E, ((p) is (cf. [4]):

d
Et_o = (q)t):_J.M <TZ (¢)’V>Vga (2.10)

7,(9)=3(z(0)) = Ve(9)-R(()). (2.11)

Then, one can define that ¢ :(M,g)—(N,h) isbiharmonic (cf. [4]) if 7,(¢)=0.

2.2. The CR Analogue of the Generalized Chen’s Conjecture

In this part, we first raise the CR analogue of the generalized Chen’s conjecture, and
settle it for pseudo biharmonic maps with finite pseudo energy and finite pseudo
bienergy.

Let us recall a strictly pseudoconvex CR manifold (possibly non compact) (I\/I g g)

of (2n+1)-dimension, and the Webster Riemannian metric g, given by
9, (X,Y)=(d0)(X,3Y), g,(X.T)=0, g,(T.T)=1

for XY € H(M). Recall the material on the Levi-Civita connection V% of (M,g,).
Due to Lemma 1.3, Page 38 in [35], it holds that,

V¥ =V+(Q-A)®T+7®0+2007, (2.12)

where V is the Tanaka-Webster connection, Q=d@&, and A(X ,Y) =0, (rX ,Y) ,
tX =T, (T,X),and T, is the torsion tensor of V. And also, (z®8)(X,Y)=0(Y)zX,

(HQJ)(X,Y) :%{H(X)JY +6’(Y)JX} for all vector fields X, Y on M. Here, Jis the

complex structure on H (M) and is extended as an endomorphism on (M) by
JT =0.

Then, we have

VX = Vi X = A(X X, )T, (2.13)
V?(}T :0, (2.14)

where {Xk}iil is a locally defined orthonormal frame field on H (M) with respect
to gp and 7Tis the characteristic vector field of (M, g, ). For (3.6), it follows from that
Q(X, X )=0, (r®0)(X,,X,)=0 and (0OJI)(X,,X,)=0 since O(X,)=0.
For (3.7), notice that the Tanaka-Webster connection V satisfies V;T =0, and also
7T =0 and /7= 0, so that Q(T,T): O,A(T,T) = 0,(1’@6’)(T,T) = O(HOJ )(T,T) =0
which imply (3.7).
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Let us consider the generalized B.-Y. Chen’s conjecture for pseudo biharmonic maps
which is CR analogue of the usual generalized Chen’s conjecture for biharmonic maps:

The CR analogue of the generalized B.-Y. Chen’s conjecture for pseudo bihar-
monic maps:

Let (M,9,) be a complete strictly pseudoconvex CR manifold, and assume that
( N, h) is a Riemannian manifold of non-positive curvature.

Then, every pseudo biharmonic isometric immersion ¢ (M, g,)—(N,h) must be
pseudo harmonic.

Then, we will show:

Theorem 2.1. Assume that ¢ is a pseudo biharmonic map of a strictly pseudoconvex
complete CR manifold (M s g) into another Riemannian manifold (N , h) of non
positive curvature.

If ¢ has finite pseudo bienergy E,,(¢)<c and finite pseudo energy E,(¢)<oo,
=0.

then it is pseudo harmonig, ie., 7, ((0)

2.3. The Green’s Formula on a Foliated Riemannian Manifold

Then, we prepare the materials for the first and second variational formulas for the
transversal energy of a smooth foliated map between two foliated Riemannian mani-
folds following [31] [32] [36]. Let (M , g,}') be an n(: p+q) -dimensional foliated
Riemannian manifold with foliation F of codimension g and a bundle-like Rieman-
nian metric g with respectto F (cf. [37] [38]). Let TM be the tangent bundle of A4, Z,
the tangent bundle of F , and Q= 7ML, the corresponding normal bundle of F . We
denote g, the induced Riemannian metric on the normal bundle Q, and VY, the
transversal Levi-Civita connection on Q, R?, the transversal curvature tensor, and
K, the transversal sectional curvature, respectively. Notice that the bundle projection
7 TM —> Q is an element of the space Ql(M ,Q) of Q-valued 1-forms on M. Then,
one can obtain the Q-valued bilinear form « on M, called the second fundamental
form of F , defined by

a(X,Y)==(Dem)(Y)=n(VEY), (XY eT(L)).
The trace 7 of «, called the tension fieldof F is defined by
P
T= Zg”a(Xi,Xj),
ij=1

where {Xi}ip:1 spanns F(L|U) on a neighborhood U on M. The Green’s theorem,
due to Yorozu and Tanemura [36], of a foliated Riemannian manifold (M 0, F ) says

that
JM divD(v)Vg = J.MgQ (z’,v)vg (v e F(Q)), (2.15)

where div(v) denotes the transversal divergence of v with respect to V° given
by diVD(V) = :b:1gab 90 (Dxav,n(xb)) . Here {xa}2:1 spanns F(LL|U) where

L" is the orthogonal complement bundle of Z with a natural identification ¢ :Q S
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2.4. The Variational Formulas for Foliations

Let (M,g,F),and (M’ g',F’) be two compact foliated Riemannian manifolds. The
transversal energy E(¢) among the totality of smooth foliated maps from (M, g,F)
into (M i’ g',}"') by

E(p) =%IM ld: o[ v, (2.16)

Here, a smooth map ¢ is a foliated map is, by definition, for every leaf L of F,
there exists a leaf L' of F' satisfying ¢(L)cL’'. Then, d;p=x'cdpoc;Q > Q’
can be regarded as a section of Q" ® ¢ 'Q’ where Q" is a subspace of the cotangent
bundle 7*M. Here, m, 7' are the projections of TM - Q=TML and
TM’'—>Q'=TM'/L'. Notice that our definition of the transversal energy is a slightly
different from the one of Jung’s definition (cf. [32], p. 5).

The first variational formula is given (cf. [?]), for every smooth foliated variation

{@t} with ¢, =¢ and ddﬁ =V inwhich V being a section ¢7'1Q’,

t=0
d
<l E@)=-[,{V.n (o). (217)
t t=0
Here, 7, (qo) is the transversal tension field defined by
4 /.
5 (0)= 3 (Ve dro)(E), 1)
a=1

where V is the induced connection in Q° ® ¢ 'Q’ from the Levi-Civita connection
of (M',g'),and {Ea}Z:1
Definition 2.2. A smooth foliated map ¢:(M,g,F)—(M',g",F") is said to be

transversally harmonic if 7, (9)=0.

is a locally defined orthonormal frame field on Q.

Then, for a transversally harmonic map ¢:(M,g,7)—(M',g',F'), the second
variation formula of the transversal energy E ((0) is given as follows (cf. [?], p. 7) : let

@, 'M >M' (-e<s,t<e) be any two parameter smooth foliated variation of ¢

0 0
with VZ& , :& and ¢y, =9,
S ot '
(5)00) (s)(0.0)
& (¢..)
Hess(E) (V.W):= E(o.,
¢ osot (5.0)=(0,0) (219)

= .[M <‘]b,<a (V)’W>V9 !
where J, = is a second order semi-elliptic differential operator acting on the space
F((ple') of sections of @'Q’ which is of the form:
I, (V)=V'VV - trace ,R? (V,d; ) d; ¢

q

~ ~ ~ q ’
_ _z(anan Vo e )v ~YRY(V,drp(E, ))dr o (E,)
a=1 a a=1

(2.20)

for Vel ((o"lQ’). Here, V is the Levi-Civita connection of (M,g), and recall also
that:
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-~ 4/~ - ~

V'VV = —z(anan -V, &, )V, (2.21)
a=1 a
' q ’

trace ,RY (V,d; p)d; ¢ = Z_;RQ (V.dro(E,))dro(E,). (2.22)

Definition 2.3. The transversal bitension field t,, (go) of a smooth foliated map ¢
is defined by

Top ((0) =Jdp, (Tb ((0)) (2.23)

Definition 2.4. The transversal bienergy E, of a smooth foliated map ¢ Is defined
by

E, (p) = % [ % (@) v,. (2.24)

Remark that this definition of the transversal bienergy is also slightly different from
the one of Jung (cf. Jung [32], p. 13, Definition 6.1). On the first variation formula of
the transversal bienergy is given as follows. For a smooth foliated map ¢ and a smooth
foliated variation {¢} of ¢, it holds (cf. [32], p. 13) that

%‘ Ex(0) =, (V.20 (). (2.25)

Definition 2.5. A smooth foliated map ¢(M,g,F)—>(M',g",F') is said to be
transversally biharmonic if 7, (¢)=0.

Then, one can ask the following generalized B.Y. Chen’s conjecture:

The generalized Chen’s conjecture:

Let ¢ be a transversally biharmonic map from a foliated Riemannian manifold
(M 0, F ) into another foliated Riemannian manifold (M "o\ F ') whose transversal
sectional curvature K9 is non-positive. Then, ¢ must be transversally harmonic.

Then, we can state our main theorem which gives an affirmative partial answer to the
above generalized Chen’s conjecture under the additional assumption that ¢ has both
the finite transversal energy and the finite transversal bienergy:

Theorem 2.6. Let ¢(M,9,F)—(M',g",F') a smooth foliated map which is an
Iisometric immersion of (M , g) into (M g ') . Assume that (M , g) is complete
(possibly non-compact), and the transversal sectional curvature K of (M VS ')
Is non-positive.

If ¢ is transversally biharmonic having both the finite transversal energy E(p)<oo
and the finite transversal bienergy E,(¢), then it is transversally harmonic.

Remark that in the case that M is compact, Theorem 2.5 is true due to Jung’s work
(cf. [32] Theorem 6.4, p. 14).

3. Proof of Theorem 2.1

The proof of Theorem 2.1 is divided into several steps which will appear in [20].
(The first step) For an arbitrarily fixed point X, € M, let B, (XO )= {X eM:r (X) < r}

where r(X) is a distance function on (M , ge), and let us take a cut off function 7
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on (M,gg) > Le,

0<n(x)<1 (xeM),

n(x)=1 (xeB. (X)),

n(x)=0 (x¢B, (%)) 3.1
Vo <= (xeM),

where ris the distance function from X, € M ,and V% is the Levi-Civita connection
f (M , gg) , respectively. Assume that go:(M , gg) - (N,h) is a pseudo biharmonic
map, 1e.,

T2 (2) =3 (Tb ((P))
=, (5 (0)- 2R (7 (0).do(X,))do (X, ) 62

(The second step) Then, we have

fi <Ab(rbw)),nzrb(@)w(de)n

2n (33)
:JMUZZ<Rh (Tb((p),dgo(xJ >¢9A
j=1
In (3.3), notice that <Rh ( d¢> )> is the sectional curvature

f (Nh) corresponding to the Vectors rb (go and dgo XJ) Since (N,h) has the
non-positive sectional curvature, (3.3) is non-positive.
On the other hand, for the left hand side of (3.3), it holds that

[ (A4 (2 (9)).7" 7, (9))0 7 (d6)
= jM <§H 7, (go)ﬁH (nzrb (ga))>0/\(d0)n (3.4)
2n — ) n
:IMZ<ijrb (go),ij (77 T, ((0))>6’/\(d9) )
1
Here, let us recall, for VW € F((p'lTN ) R
<§”v,€”w> - Z<€§lv ,€;W> - in:(?xiv VW),
a j=1
where {e,} is a locally defined orthonormal frame field of (M,g,) and VW
(X eX(M)W er(p™TN)) is defined by

VW = (X 1V + £V
i

for W :Z“jfiVj (fj eCw(M )) and V; eF((o'lTN) . Here, X" is the H (M)
-component of X corresponding to the decomposition of T,(M)=H,(M)®RT,
(Xe M), and V is the induced connection of @ 'TN from the Levi-Civita con-
nection V" of (N,h).

Since
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Vi, (nzrb(w)):277Xjnrb((o)+n2§xjrb((p), (3.5)

the right hand side of (3.4) is equal to
.7 Z‘Vx % (o) 07 (d0) +2], Z<7]Vx % (2) (X1 (2))0 A (d0) . (3.6)

Therefore, together with (3.3), we have
[ 7 Z‘Vx 7 (9 \ oA (d)"
g_qyzxnvxﬁb@g(xﬂﬁ%(w»eA(dey (3.7)
=
2n n
::—2jMZ;<vj,wj>9A(d9) :
j=

where we define V; W, el"(goilTN) (j=1--.,2n) by

V=5, (0), W= (X ), (0).
2

fv.+f

1
T2(V, W, ) < Vi [ + W .

Then, it holds that 0< for every €>0 which implies that

Therefore, we have that
The right hand side of (3.7)

& 2 n 1 2n 2 n
<ef,2V;| 0/ (do) +EIMZ|W;| 6\ (d0) (3.8)
j=1 j=1
foe every € >0. By taking g:%,we obtain

IMUZ_Zanij Z ((p)‘2 oA (d6)'

(3.9)
—j 277 V7, (0 ‘9/\(d9 +2f Z|x 1| o, (o) 0/ ().
Therefore, we obtain, due to the properties that 7=1 on B, (X,),and
2
x o <fof <(2)
2 n
L;r XUZ\V% \ ON(do)' <[ n Z‘Vx 7, (¢ )\ 9N (d6)
S4JMZIXWI [w(o) on(ey G0

j|b |9Ad9

(The third step) By our assumption that E,,(¢) :%IM |z’b (¢)|29A(d¢9)n <o and
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(M,g,) is complete, if we let r —oo, then B (X,) goes to M, and the right hand
side of (3.10) goes to zero. We have

() 0 (d6) = (3.11)
This implies that
Vxz, (9)=0 (forall X e H(M)). (3.12)

(The fourth step) Let us take a 1 form « on M defined by

a(x>:{<dw<X>ffb<w>>, (X eH(M))

0, (X =T).

Then, we have
1
n 2n 2 n
[ aloA(doy =], [;\a(xj )m o (d0)

< (|dbgo|20/\(d¢9)” );( [ |o (@) 07 (d0)" ); (3.13)

=2k, (¢)Es. (9) <o,

where we put db(p-:zz"d(/;(xi)@xi,
|db<"| 2_199( i)h(d‘/’(xi)’d‘/’(xj)) < <d¢’( 1), de(X ))

and
Eb(go):%jM|dbgo|29A(d¢9)". (3.14)
Furthermore, let us definea C* function S, on Mby
5ba=—i(vxja)(xj)=—jznl{xj(a(xj))—a(vxjxj)}, (3.15)
where V' is the Tanaka-Webster connection. Notice that
div(a)=_zz"(v§eja)(xj)+(vgsa)(T)
- Z{ s(@om (X)) =aomy (V8 X, )} 4T (aomy (T) —aom, (VET)

=JZZ{ ((x)))- (ﬁH(VgHX))} (3.16)
:jz_nl{xj(a((xj))—a(vxjxj)}

where 7, T,(M)—>H,(M) is the natural projection. We used the facts that
V¥T =0, and 7, (Vi’gY):VXY (X,Y € H(M)) ([35], p.37). Here, recall again

V9% is the Levi-Civita connection of ¢,, and V is the Tanaka-Webster connection.
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Then, we have, for (3.16),

s[5, (300, (0)-{80(5, X, o)
-3 (o0, 000 T ) f 5 s )
= —<i{§xj (dq)(Xj ))—dqo(VXj Xi)}'rb (¢)>

=

(3.17)

=—|Tb((0)|2.

We used (3.12) Vx,7,(9)=0 to derive the last second equality of (3.17). Then, due
to (3.17), we have for E,, (go)

E,, (¢ =—j|% |9Ad9

- _EJM@]aaA(de)” (3.18)

1 . n
= E-[M div(a )0 A (d6)
=0.
In the last equality, we used Gaffney’s theorem ([16], p. 271, [?]).

Therefore, we obtain 7, (go) =0, ie, @ ispseudo harmonic.
We obtain Theorem 2.1.

4. Proof of Main Theorem 2.6

In this section, we give a proof of Theorem 2.6 which will appear in [34], by a similar
way to the case of foliations as Theorem 2.1.

(The first step) First, let us take a cut off function 7 from a fixed point X, €M on
( M,g ) , Le,

n(x)=1 (XE B, (%)),
n(x)=0  (xB, (X)),
|Vgn|<§ (xeM)

where B, (X,):= {X eM | r(x)< r} , T(x) isa distance function from X, on (M,g),
VY is the Levi-Civita connection of (M , g) , respectively.
Assume that ¢ is a transversally biharmonic map of (M .0, F) into (M g, F’) ,

Le,

3o (@) =1, (Tb ((p))

v 7, (¢)—trace RY (7, (¢), dr)dr oo (4.1)
=0,

where recall V is the induced connection on ¢ Q' ®T*'M .
(The second step) Then, by (4.1), we obtain that

K2
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[u (V' (0).77 2, (9)V, = [, 7" (traceqR? (5, (0). dro) dr 7y (0))V,

[ SR (5 o) G (E))dro(E.) (0,
= IMUZZ;KQ( (H%a )Vg

<0,

(4.2)

where the sectional curvature K< (H ¢,a) of (M "o\ F ') corresponding to the plane
spanned by 7, (¢) and d;¢(E,) isnon-positive.
(The third step) On the other hand, the left hand side of (4.2) is equal to

I <ﬁrb<¢>ﬁ<n2fb<¢>>>vg

IMaZ:<V % (). Ve, (75, (9)) Vg (4.3)
=)

Mﬂzzq:|v 7, (@ |v +2IMan;<'7V 7, (@) ( an)rb(¢)>vg

a=1

since
Ve, (77, (0)) =" Ve, 5 (0) + 20(En)7, (9)-

Together (4.2) and (4.3), we obtain

1 2l (0 vy <20, (17,5 (0).(Ean)e (o))

(4.4)
1 9= q
< —_[MUZZHVEaz'b (¢’)|2Vg + ZJ.MZ;|E377|2 |z’b (go)|2v
a=! a=
Because, putting V, = IﬁE 7,(@), W, =(E,n)7,(n) (a=L--,q), wehave
2
1
0<|Vev, +JZ | = eV £ 20V, W, )+ Z'W"“'z
which is
20V, W,) <V, +%|vva|2 . (4.5)
If we put ¢ =% in (4.5), then we obtain
1
F2(V, W, ) §E|Va|2 +2W,[ (a=1--,q). (4.6)

By (4.6), we have the second inequality of (4.4).
(The fourth step) Noticing that 7= 1 on B (X,) and |Ea77|2 < 2 in the inequality
r

(3.4), we obtain
Q. q., . q. .
-[B (Xo)ZHVEaTb (‘”)r"g = IB UZZ|VEaTb (4")|2"g < .[MUZZ|VEa %o (¢)|2V9

16
<4I Z|Eaﬂ| |Tb | g—rz.[ |Tb )|2Vg'

(4.7)
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Letting r — oo, the right hand side of (4.7) converges to zero since

1
E,(p)= —I |z’b ?) |2v <o0. But due to (4.7), the left hand side of (4.7) must converge

to [ Yo,

Therefore, we obtain that

)| vV, since B (X,) tends to M because (M,g) is complete.

0< J'qu;WEarb ((p)rvg <0,
a

which implies that

VEarb((p)=0 (a=1--,q), ie, Viz,(p)=0 (VX eF(Q)). (4.8)
(The fifth step) Let us define a 1-form « on Mby
a(X)=(do(7(X)).7(0)), (X eX(M)), (4.9)

and a canonical dual vector field o € X(M) on Mby <a#,Y> =a(Y), (Y ex(M ))
Then, its divergence div(a#) written as

div(a#) =>"g (Vgia#, E, )+ e (Vgaa#, Ea) ,

q

, and {E |

frame fields on leaves Lof F and Q, respectively, (dimL, = p,dimQ, =q,xeM ).
Then, we can calculate div(a#) as follows:

div(oﬁ*)zizij{Ei (a(E))-a(VLE )}+g{Ea(a(Ea))—a(Vga E, )}

(ol Fo26 ) w00

+§;{Ea<dq)(Ea),Tb ((p)>_<d(p(ﬂ(vga E, ))'Tb (¢)>}

(o[ B2}t

&{(na (d0(E.).7 (9))+{do(E.) Ve, (0))~(do(7(VE,E, )7 (0))]

a=1

- <d¢(n{_évgi E, DJFZCI“{ﬁEa (dw(Ea))—dco(fr(VEa Ea))} b (‘/))>-

a=1

can be given as follows. Here, {Ei}ip: are locally defined orthonormal

(4.10)

since @Ea 7,(¢)=0 in the last equality of (4.10). Integrating the both hands of (4.10)
over M, we have

ol
=\ <g{ﬁa (do(E.))-do(7 (VL Ea))} 7, (¢)>Vg.

because of IM div(a# )Vg =0. Notice that both hands in (4.11) are well defined because

(4.11)

2284 0‘ » Scientific Research Publishing



S.Ohno et al.

of E(p)<w and E,(p)<w.

Since «” = 72'( rve Ei) is the second fundamental form of each leaf Lin (M,qg)

and

M=

{Ve, (do(E.))-do (VL E, )

el -seelo ) (S |

Th ((0) =

)
Il
iR

(4.12)

M-

I
[N

a a=1

the right hand side of (4.11) coincides with

I, <rb ((p)+d¢((gvga E, n,rb (¢)>vg, (4.13)

(4.11) is equivalent to that

Ju{do (<) w (@), =, (5 (0). ()5 + <d¢(@vga Ea] }Tb (¢)>vg- (4.14)

If ¢ :( M, g) - (M g ') is an isometric immersion, then it holds that
<d o, (TXM ),Tb (go)> =0, which implies that both the left hand side and the second term
of the right hand side of (4.14) vanish, that is, IM <Z'b ((0) ' Ty (qo)>vg =0. Therefore

7,(¢)=0.
We obtain Theorem 2.6.

5. Principal G-Bundles

In this section, we show the following theorem which is quite new and the more detail
[34] will appear elsewhere.

Theorem 5.1 Let 7:(P,g)—(M,h) be a principal G-bundle over a Riemannian
manifold (M , h) whose Ricci tensor is negative definite. Then, if « :( P, g) - (M , h)
is biharmonic, then it is harmonic.

Let us consider a principal G-bundle = :(P, g) - (M , h) whose the total space Pis
compact. Assume that the projection 7:(P,g)—>(M,h) is biharmonic, which is by
definition, J (T(ﬂ')) =0, where 7(7) isthe tension field of 7 which is defined by

e foh g
t(7)= 2. {Vei .8 -7, (Vei e )}, (5.1)

the Jacobi operator Jis defined by
N=W-R(V) (Ver(z’N)), (5.2)

A is the rough Laplacian defined by

— p
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AV =— gei geiV _6 g_eiV y (53)
i:l{ ( ) Ya }
and
R(V)=R"(V,7.e)7.e, (5.4)
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where {e, }'ip:1 is a locally defined orthonormal frame field on (P,g).
The tangent space P, (ueP) is canonically decomposed into the orthogonal di-
rect sum of the vertical subspace G, = {AJ*| Ae g} and the horizontal subspace H,:

P, =G, ®H, . Then, we have
7, (7[) = Kr(ﬂ)—éRh (T(ﬂ'),ﬂ'*ei )7r*ei
:Kf(ﬂ')—iRh(T(ﬂ'), e )8 —ZR ( (7) 2P ) 7 A

t(n)- 3 R" (T(ﬂ).ﬁ*ei )”*ei'

i=1

[
B |

where p=dimP,m=dimM k =dimG, respectively. Then, we obtain

O:J. <J (T(?Z')),T(ﬂ')>vg
(7T e —miw e c(x)

=, (Vo) Ve (s = [ 2R (<)) mowr (e

Therefore, we obtain

IM <V1(ﬁ),§r(ﬁ)>vg = IM§<R" (z(7).7.8)m.8, Z'(ﬂ)>Vg
= IMi:Kh (T(ﬂ),ﬂ*ei) (5.5)

where we denote by K" (uv) (uveT,M), the sectional curvature of (M,h)
through two plane of T,M givenby uveT,M,and Ric(X) is the Ricci curvature
f (M , h) along X €T,M . The left hand side of (5.5) is non-negative, and then, the
both hand sides of (5.5) must vanish if the Ricci curvature of (M , h) is non-positive.
Therefore, we obtain
{§xr(ﬂ) =0 (VX eX(P)), ie,r(x) is parallel, and -
RiCh<T(7T))=O. .

Let us consider a 1-form « on M defined by

a(Y)(7(x))=(r(7)(X).Y, ), (Y € X(M),xeP). (5.7)
Then, for every Y,Z eae( ) we have

(Vza)(V)= ~a(VY)
V)~((=).veY) (5.8)
:(vzr(n),v>+<f(ﬂ),vgv>_<f(ﬂ),vgv>

=0,

which implies that ¢ is parallel 1-form on (M,h). Since we assume that the Ricci

2286 0‘ » Scientific Research Publishing
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tensor of (M , h) is negative definite, « must vanish (so called Bochner’s theorem, cf.
[40], p. 55). Therefore, z'(;z') =0, Ze, the projection of the principal G-bundle
p 4 :(P, g) . ( N, h) is harmonic. We obtain Theorem 5.1.
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