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1. Introduction

This work is licensed under the Creative 1) fie1q theory, the description of the free partide for the wave function in quantum
Commons Attribution International

License (CC BY 4.0). physics obeys to Klein-Gordon equation [1]. In addition, it also appears in nonlinear
http://creativecommons.org/licenses/by/4.0/ optics and plasma physics.

In sum, the Klein-Gordon equation rises in physics in linear and non linear forms. In

this paper we examine the Klein-Gordon equation, using the Laplace-Adomian de-

composition method and He-Laplace method to get the exact solution. The Klein-

Gordon equation is described as:
Uy (1) =u, (xt)+au(xt)+ BN (u(x,t))+h(xt) (1)

where @, [ are constants (spin zero) charged field, h(X,t) is a source term and
N (u (X,t)) is a nonlinear function of U (X,t) .

2. Describing of Both Method
2.1. The Laplace Transform [2]

Let’s note the laplace transform by

U (x,s) =(u(x,t))=f(:°u(x,t)e’5‘dt )
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From (1), we have:

au(x,t)J :fwe’s‘ zt_udt _ S(u(x,t))—u(x,O)

ot 0
2
0 ua(ti(t)J =5 (u(x,t))-su(x,0)- u (a)t( 0
0 t ®
u(xt) e g2
X o ox dx
du(xt)) _du
x| dx?
2.2. Laplace-Adomian Decomposition Method (LADM) [3]-[6]
Suppose that we need to solve the following equation:
Uy (X 1) =, (X t)+au(xt)+ AN (u(x.t))=h(x,t) (4)
subject to initial conditions:
u(x,0)=f(x);u,(x,0)=g(x) (5)

E is a Banach space, where F:E — E is a linear or a nonlinear operator, he E
and u is the unknown function.

Let’s suppose that operator Fcan be decomposed under the following form:

F=L+R+N (6)

where L+ R is linear, NV nonlinear. Let’s suppose that L is inversible to the sense of
Adomian with L™ as inverse.
From above, by applying the Laplace transform to both sides of Equation (4), we

have:
[, (0] [, (D) - ()] AN ()= (00x) @)
From the Equation (7), it follows:
s (u(xt))—su(x,0)—u, (x,0)~[u, (x,t)—au(x,t)]+ﬂ[N (u (xt))] =(h(x1))(®)
and this equation gives
s? (u(x,1)) = su(x,0)+u, (x,0)+(n(x,1))+[ Uy (x,t) —au (x,t) |- B[ N (u(x.1))] (9)
So, from the above Equation (9), we can write:
(u(xt))= %u (x, 0)+Si2ut (x,0)+sl2(h(x,t)) +si2[uXX (xt)—au(xt)] —Sizﬂ[N (u(x.1))]10)
We have now U(xt):

u(xt)=L" (% f (x)}r/:1 [sizg (x)j+[1 (Siz/;(h(x,t))j
£ e (-] 22 S pe ()

(11)
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We research solution of (4) in the following series expansion form

+00

u(x,t)=>u,(xt) (12)
and we consider
Nu(x,t):iA1 (13)
n=0

where A, are the Adomian polynomials of Ugy,U,;,---,u, and it can be calculated by

n

formula given below.

1d" i
Lo NS A n=0123 (14)
n'dp { ; Lo

Using Equation (12) and Equation (13) in Equation (11) we have:

Su, () =£2(3100) 022 Fat |+ £ S (n(xr)|
+El[é£[§[WJ—agun(x,t)D—El(sizﬁﬁ(iA]n

n=0

(15)

From (15), we have the following Adomian algorithm:

by (x,t) = £ G f (x))+[1 (Sizg (x)j+£1 (Sizc(h(x,t))] ~K(xt)
unu(x,t):El[SizLHMJ—aun(x,t)D—[l(sizﬁﬁ(Aq)j,nZO

(16)
ox*
and we obtain the Adomian algorithm:

Uy (X,1) = K(x,t)

un+1(xvt):El[si2£|:[M]_au” (x,t)D—El(sizﬁﬁ(A\)j,n >0 17

ox?

Remark
In order overcome the short coming, we assume that K (X,t) can be divided into the
sum of two parts namely K, (X,t) and K (X,t). Therefore,we get:

K(x,t) =Ky (x,t)+ K (xt) (18)

Instead of the iteration procedure Equation (17) we suggest the following modifi-

cation

U (x,t) = Ko (x,1)

UX—X+1i M_aux_li
1( 't)_Kl( 't) £ [Szcl[ 8X2 J 0( ’t):l ‘C_( 2ﬁ£('%)j (19)

Upy (X, 1) =El[§cl[w1—aun (x,t)D—El(%ﬂﬁ(A\n)j,n >1

K2
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The solution through the modified Laplace decomposition method highly depends
upon the choice of K, (X,t) and K (X,t).
2.3. He-Laplace Method [7]

We consider a general nonlinear non homogeneous partial differential equation with

initial conditions of the form

Uy (X, 1) = Uy, (X, 1)+t (x,t)+ AN (u(x,t)) = h(x,t)
u(x,0)=f(x) (20)

u (x,0)=g(x)

N represents the general nonlinear differential operateur and h(x,t) is the source
term.

Taking the Laplace transform on both sides of (20), we obtain:
Llug (xt)] =L u, (xt)—au(xt)] +ﬂ£[N (u(x,t))} =L(h(xt)) (21)
o
s?(u(xt)) =su(%,0)+u, (%,0)+(h(xt))+[ U (x,t)—au(xt)]- B[ N (u(x1)) ] (22)
Applying the initial conditions given in (22), we have:
E(u(x,t)):%f(x)+sizg(x)+Si2£(h(x,t))+si2£[uxx(x,t)—au(x,t) _Sizﬁc[m(u(x,t))] (23)

Operating the inverse Laplace transform on both sides of (23), we have

u(x,t):cl(% f (x)j+/:1(sizg(x))+51£5i2£(h(x,t))j

(24)
+L7 (Sizc[uxx (x,t)—au(x,t)}j -Lt (Sizﬂﬁ[N (u(xt))n
Now, we apply the homotopy perturbation method
u(x,t)=2p“un(x,t) (25)
and the non linear term can be decomposed as
Nu(x,t)=3" p"H, (u) (26)
=
for some He’s polynomials H, (U) that are given by
Hn(u)=%§;n{ngiui}po,mo,l,z,s,m 27)

Sustituding Equation (25) and Equation (26) in Equation (24), we get

0

g p"u, (x,t)= L G f (X))+El (Sizg (x)j+E1 (Siz(h(x,t)))
+ p(i[{é{w_apn””(X't)n‘gﬂfl(sizﬁ[p"m(u)]j] (28)

n=0 axz
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Comparing the coefficients of like powers of p, we have the following approxima-

tions:

p° U, (X,t) = gl@ f (x)j+El(sizg(x)j+bl[si2£(h(x,t))j
ol oy, (x 1) =L (Sizgl:w_auo (x,t)D—ﬂEl (S%E[Ho(u)}j

(29)

S

p? :uz(x,t):El[%c{W—aul(x,t):l]—ﬂ[l(sizﬁ[Hl(u)]J

3. Illustrative Examples

To demonstrate the applicability of the above-presented method, we have applied it to
two linear and two non linear partial differential equations. These examples have been
chosen because they have been widely discussed in literature.

3.1. Example 1

Consider the following linear Klein-Gordon equation
Uy (X,t) = Uy (X,t)—u(x,t) =—cosxsint
u(x,0)=0 (30)
u, (x,0) =cosx

3.1.1. Application of the LADM
Applying the Laplace transform on both side of Equation (30) with the initial con-

ditions, we have:

L(u(xt)) =Sizcosx—[@]cosx+si2£[uXX (xt)+u(xt)] (31)

The inverse Laplace transform give us:

u(xt)=," [Sizjcosx—fl [@]cosx+tl (Sizﬁ(uxx (x,t)+u(x,t))j (32)

u(x,t)=sintcosx+[1(si2(uxx(x,t)+u(x,t))j (33)

We suppose that solution of (30) has the following form:
u(x,t)=> u,(xt) (34)
n=0

From (34) and (33). we have:

+00

Zun(x,t)=sintcosx+icl[éﬂ[W+un(x,t)j] (35)

n=0 n=0

1920
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This result garantee that the following Adomian algorithm is:

Uy (X,t) =sintcosx

unﬂ(x,t):El[sizﬁ{M+un(x,t)}],Vn20 (36)

ox?

Consequently,we obtain:

Uy (X,t) =sintcos x
(37)
u,(x,t)=0,vn>1
So that the solution of (30) is given by
u(x,t)=§un(x,t)=u0(x,t):sintcosx (38)

n=0

which is the exact solution of problem.

3.1.2. Application of the He-Laplace Method
Applying the Laplace transform on both side of Equation (30) with the initial con-

ditions, we obtain:

E(u(x,t)):sizcosx—[ )]cosx+si2£[uxx(x,t)+u(x,t)] (39)

sz(sz+1

By applying inverse Laplace transform, we have:

u(xt)=," (siz]cosx—tl [%)Jcosx+ﬁl (Sizﬁ(uXX (x,t)+u(x,t))j (40)

s?(s*+1
u(x,t):sintcosx+[l[3i2(uxx(x,t)+u(x,t))) (41)

Now applying the homotopy perturbation method, we have:

e

> p"u, (x,t) =sintcos x + an::)L“l [Sizﬁ{p" (;X_Zz(un (x1))+u, (Xt)jD (42)

n=0

Comparing the coefficient of like powers of p, we have

p° 1, (X,t) =sintcosx

plzul(x,t>=fl[?‘{(% “““”*“"“’”HJ

(1) -2 ] St 0 e | (4

p :un<x,t)¥fl L [ai;(“““*))*”“(x’t)m

which gives us

KD
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p° Uy (X, t) =sintcosx 4)
p":u, (x,t)=0,vn>1
So that, the solution U (X,t) is given by:
u(x,t) = Iirq(i p"u, (x,t)j =U, (x,t)=sintcosx (45)
p=- n=0
3.2. Exemple 2
Consider the following nonlinear Klein-Gordon equation
Uy (X, t) = U (X,1)+ N (u(x,t)) = 2x+t*
u(x,0)=0 (46)

u (x,0)=2
where N (u)=[u, (xt)]".

3.2.1. Laplace-Adomian Method
Using the Laplace transform, we have

szc(u(x,t))—su(x,o)—M=3x+ﬁ+L[M]—L[[6L‘(X’t)U (47)

ot s s

S

2 2 24 1 [d%u(xt 1 au(xt)T
E(U(X,t))ZS—2+S—3X+S—7+S—2£(%)——2£[|:((3—X):| ] (48)

by applying inverse Laplace transformation to Equation (48), we hace

u(xt)=2t+xt? +%te +L° [éz(%]} -L* (éﬁ{[%:t)TD (49)

Supposing that the solution of (46) has the following form:

+00

u(x,t)=> u,(xt) (50)

n=0

and

Nu(x,t)=> A (51)
n=0

Taking (50) and (51) in to (49), we obtain:

i‘oun (x,t)=2t+xt® +3—10t6 +:ZOZ[[1 [éﬁ[%]]—fi [Sizﬁ(ph)j] (52)

n=0

According to the standard Adomian algorithm (52), we need to chose

1
U (X,t) =2t + xt* + —t°. Here, we choose by convenience U,(X,t)=2t+xt?. So, we
30

have the following Adomian algorithm

K2
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Up (X, t)=xt? +2t

ul(x,t):%t6+,€1{

"’NlH
)
VR

o))
N
o)) £
X [~
N>
-
N—
Ne——
~—~
|
2
TN
U’,\,lH
D
—~
>
SN—"
N—

(53)
o%u, (xt
N ) R )
X
then garantee that:
U (X, t)=xt? +2t
Ay =N (U (x,t))=t*
(54)
U, (1) RN NUNN
30 30
A =0,vn>1=u,=0,Vn>1
So the exact solution of (46) is
u(xt)=xt’+2t (55)
3.2.2. He-Laplace Method
Using the Laplace transform, we have:
2 2 24 1 (du(xt)) 1 .[[ou(xt)T
Lu(x,t))==S+=x+—+SL| —2|-SL||——= 56
(u(x) S ( ox* s? ox 56)

Now, we apply the inverse Laplace transformation to Equation (46), we have:

u(xt)=2t+xt’ +%te + L1 [éz(%]} -Ct (éﬁ{[%:t)TD (57)

Applying the homotopy perturbation method, we have:

> p"u, (x,t) =2t +xt? +%t6 + p"”f{fl (éﬁ(MJJ_El(éE(H”(U)))j (58)

n=0 8x2

where H, (u) are He’s polynomials. The first few components of He’s polynomials

Ho(u):EWJ2 =t
Hl(u):Z[GUOa():(,t)j(aUIgt)j:O (59)
O

Comparing the coefficients of the like powers of p, we have:

are given by

p° :uo(x,t)=2t+xt2+%t6 (60)

KD
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Py (x,t)=L" [éc(%}]—ﬁ(%c(m (u))J = —%tﬁ (61)

pru, (x,t)=L" [S%L(MD—E{%,C(HM@))J =0,vn=2  (62)

oX

So that, the exact solution U (X,t) is given by:

u(x,t)= L'EI@ p"u, (x,t)j

=Up (X, t)+u, (X, 1) +Uy (X, )+ Uy (X, 1)+

(63)
2 1 6 1 6
=2t+xt°+—t"——t"+0+0+---
30 30
=2t+xt?
4. Applications
4.1. Problem 1
Consider the following linear Klein-Gordon equation
Qlu(xt)  dlu(xt N
u(z< ) = u(>2< ) +3u(x,t)—3sinxsint
ot OX (64)
u(x,0)=0

U (x,0) =sinx

Application of the LADM
Using the Laplace transform, we have

s*(u(xt))—su(x,0)— au St(O) = (azéi)z(’t) +3u (x,t)] —3sin x(sint) (65)

<

L(u(xt)) =%u(x, 0)+§M—3(%j(ﬁjsin x+Si2£[62L;i)2('t) +3u(x,t)] (66)

ot s
By appling the inverse Laplace transform, we have:

1 ou(x,0)
2

oo (£ 200 o
(67)

U(x.t)=(sinx) £ (—zj—(3sin x)El{Sz (Sﬁ +1)]+gl [sizﬁ(azfai)z(’t) 3u(x,t)]J

K
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u(x,t)=3sintsinx - 2tsmx+L”1(52(M 3u(x,t)JJ (68)

b 2
From above equation, we have the following modified Adomian allgorithm:

Uy (X,t) =sintsin x

2
U, (x,t) = 2sintsin x - 2tsin x+,/:1(si2£[al:%(x't)+3uo(x,t)n

KD
+%%, Scientific Research Publishing

X’ (69)
1 (&%, (xt)
Uml(x,t):[ [S_ZE(T +3u ( ) ,vn>1
Equation (69) give us:
d%u, (x,t
u, (x,t) = 2sintsin x — 2tsin x+£71[i2£[%+3u0 (Xt)jj
S X
=2sintsin x — 2tsin x+El(i2£(23intsinx)j (70)
S
= 2sintsin x — 2tsin x +(2sin x)[l(izﬁ(sint))
S
= 2sintsin x —2tsin X + 2tsin X — 2sin xsint =0
Thus
Uy (x,t) =sinxsint 71)
u,(x,t)=0,vn>1
and the exact solution of Equation (64) is
u(x,t)=sinxsint (72)
4.2. Problem 2
Consider the following nonlinear Klein-Gordon equation
d2u(x,t) A%u(xt
(2 ) u( ) +U(xt)—u?(x,t)+xt + xt?
ot ox?
u(x,0)=1 (73)
au(x 0)
OX
Application of the LADM
Using the Laplace transform from (73), we have:
s 1+5¢? 2 5
L(u(x,t))= X+ X
( ( )) 2 _1[52(52 _1)J 83<52 _1)
(74)
1 d%u(xt) 1 )
+ L - Llu®(x,t
s?-1 [ ox? st -1 [ ( )J
Now, we apply the inverse Laplace transform, we have:
1925
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u(x,t):El(szs_lj+f{szl(;sil)]x+E{#2_1)Jx2

(75)
1 d*u(x.t) ( 1 j
+L7 L L —=—L|u?(xt
{sz—l ( ox? s?-1 [ ( )]
Thus
g e’
u(x,t):1+xt+etx—2xt—e"x+etx2+e’tx2—t2x2—2x2+?+7—1
(76)
1 d%u(x,t) ( 1 j
+L7 L LY ——L|u?(xt
{52—1 ( ox? s?-1 [ ( )J
Denoting that the solution of (73) has the following form:
u(x,t)=> u,(xt) (77)
n=0
u?(x,t)=> A (78)
n=0
Taking (77) and (78) into (76), we have:
400 et e—t
Zun(x,t)=1+xt+e‘x—2xt—e“x+etx2+e“x2—t2x2—2x2+5+7—1
n=0
(79)

¥ g[ﬁ(szl_lc(azug)&x’t)ﬁ - Elﬁ(szl_l(ph )n

and we obtain the following Adomian algorithm:
Up (X, 1) =1+ xt

t
_ _ e e
u (x,t)=e'x—2xt—e'x+e'x’ +e txz—t2x2—2x2+?+7—1

+E{Szl_lﬁ[azugg,t)n_ﬁ(521_1£(ph)) (80)

uml(x,t):/fl( 1 15(52‘“(X’t)]J—El(Lc(ﬂ)j,Vn >1

52— ox?

Calculation ul(x,t)
Ay =N (Up) =uj (x,t) =1+ 2xt + x’t?
-t
u (x,t)=e'x—2xt—e'x+e'x’ +e7'x* —t?x* - 2x? +%+e7—1

1 1 aZ 1 1 242
+L (sz—lc[W(HXt)D_E (Sz 1.c(1+2xt+xt )) (81)

=e'x—xe' —2xt +2tx—xe ' + xe' +e'x? —e'x® +e7'x? —e7'x?
1 1 1 ., 1 _

—22X 42X+ e - et se T e X —tPX7 +1-1
2 2 2 2

=0

K2
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Thus

Uy (X,t) =1+ xt
A =0, Vvnx>1 (82)
u,(x,t)=0,vn>1

So that, the solution U (X,t) is given by:
u(X,t)=uy (X, t)+uy (X,t) +u, (x,t)+---

(83)
=1+xt+0+0+---=1+xt
which is the exact solution of the problem.
4.3. Problem 3
Consider the following nonlinear Klein-Gordon equation
lu(xt) o%u(xt) ) .
= —u(x,t)—u°(xt)+x“cos°t
6t2 aXZ ( ) ( )
u(x,0)=x (84)
0
u(x,0) _ 0
ot
Application of the LADM

Using the Laplace transform, we have:

£u(x)= szs+1x+[s(s2 jzl)Jr(:z +4)JX2 ' (Szl+1) E{a L(;f()z(t)J_ szlJrlﬁ[uz (x)] @)

The inverse Laplace transformation is applied to Equation (85) we get
242
u(xt)=x" L)+XZL“1 L
(x) (sz+1 (5(52+1)(52+4)
1 d%u(x,t) ( 1 j
ct L ~ LY S—L|u*(xt
" [(sz+1) [ ox° ﬂ s2+1 [v* (x1)]

2

(86)

1, 1
= XCOSt+—X"——=X
2 6

e e et

As before, we defines the solution U (X, t) by the series

oS 2t — % x? cost

+00

u(x,t)=> u,(xt) (87)

n=0
and u,, can be defined by an infinite series

u(xt) & o, (xt)

-5

ox? e NG

(88)

The nonlinear term N (u) =U’ is decomposed in term of Adomian polynomials

KD
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N(u(x,t))zi;:‘(;ﬁy1 (89)

Substituting (87), (88) and (89) into both sides of Equation (86) we obtain

400

Du, (xt)= xcost+%x2 —%xz cosZt—%x2 cost

et setiem)

n=0 SZ +1) n=0 SZ +1

The recursive relation is defined by

U (X,t) = xcost

Ll Leosattye i1 Oy (x.t) )| 1( 1 j
ul(X,t)—Zx 5 X cos2t =" cost+ L {(SZH)E( o LY —5—L(A) on

0 (1) = El[(szlﬂ)ﬁ(@zu(;i;(,t)JJ_gl(szlﬂﬁ(,ﬁ])}w >1

(91) give us

A, =u? = x*cos’t

u (x,t) _ 1 Ly cosat—L e cost
2 6 3

+/:1{ﬁc(;—;(xcost)n_cl(szlﬂc(mj (92)

le le le cosZt+1x2 cosZt—lx2 cost+£x2 cost
2 2 6 6 3 3
=0
Thus
Uy (X,t) = xcost
=x%cos’t
& (93)
u,(xt)=0,vn>1
A =0,vn>1
and the exact solution of Equation (84) is
u(xt)=xcost (94)

5. Conclusion

Through these examplles, we showed again the usefulness of Laplace-Adomian De-
composition method and the He-Laplace method, in the search of an approximate so-
lution of Klein-Gordon equation holds for the accepted forms of strong interaction of

antiparticles in modern physics.
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