Journal of Applied Mathematics and Physics, 2016, 4, 1630-1642 ‘0:0 Scientific
Published Online August 2016 in SciRes. http://www.scirp.org/journal/jamp ’Qto’ §5§ﬁ2ﬁ’i29
http://dx.doi.org/10.4236/jamp.2016.48173 ¢

Forward (A) and Backward (V) Difference
Operators Basic Sets of Polynomials in C"
and Their Effectiveness in Reinhardt and
Hyperelliptic Domains

Saheed Abayomi Akinbode, Aderibigbe Sheudeen Anjorin
Lagos State University, OJO (LASU), Apapa, Nigeria
Email: akinbodes@goldmail.etsu.edu

Received 7 July 2016; accepted 26 August 2016; published 29 August 2016

Copyright © 2016 by authors and Scientific Research Publishing Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY).
http://creativecommons.org/licenses/by/4.0/

Abstract
We generate, from a given basic set of polynomials in several complex variables {Pm (z)}»m>0 , hew
basic sets of polynomials {Ism (Z)}mzo and {Qm (Z)}mzo generated by the application of the V and A

operators to the set {P (Z)}m20' All relevant properties relating to the effectiveness in Reinhardt

and hyperelliptic domains of these new sets are properly deduced. The case of classical orthogonal
polynomials is investigated in details and the results are given in a table. Notations are also pro-
vided at the end of a table.

Keywords

Effectiveness, Cannon Condition, Cannon Sum, Cannon Function, Reinhardt Domain, Hyperelliptic
Domain

1. Introduction

Recently, there has been an upsurge of interest in the investigations of the basic sets of polynomials [1]-[27].
The inspiration has been the need to understand the common properties satisfied by these polynomials, crucial to
gaining insights into the theory of polynomials. For instance, in numerical analysis, the knowledge of basic sets
of polynomials gives information about the region of convergence of the series of these polynomials in a given
domain. Namely, for a particular differential equation admitting a polynomial solution, one can deduce the range
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of convergence of the polynomials set. This is an advantage in numerical analysis which can be exploited to re-
duce the computational time. Besides, if the basic set of polynomials satisfies the Cannon condition, then their
fast convergence is guaranteed. The problem of derived and integrated sets of basic sets of polynomials in sev-
eral variables has been recently treated by A. EI-Sayed Ahmed and Kishka [1]. In their work, complex variables
in complete Reinhardt domains and hyperelliptical regions were considered for effectiveness of the basic set.
Also, recently the problem of effectiveness of the difference sets of one and several variables in disc D(R) and
polydisc HL(Ri) has been treated by A. Anjorin and M.N Hounkonnou [27].

In this paper, we investigate the effectiveness, in Reinhardt and hyperelliptic domains, of the set of polyno-
mials generated by the forward (A) and backward (V) difference operators on basic sets. These operators are
very important as they involve the discrete scheme used in numerical analysis. Furthermore, their composition
operators form the most of second order difference equations of Mathematical Physics, the solutions of which
are orthogonal polynomials [25] [26].

Let us first examine here some basic definitions and properties of basic sets, useful in the sequel.

Definition 1.1 Let z=(z,2,,---,z,) be an element of the space of several complex variables (". The
hyperelliptic region of radii r, >0,s¢el = {1,2,~~~,n} ), is denoted by E[r] and its closure by E[r] where

Ey={we@:w|<1}, B, ={we:|w|<1}

And

S

W= {W, Wy, W b W, =%;56 I

S

Definition 1.2 An open complete Reinhardt domain of radii p; >0,se | is denoted by F(p) and its closure
by F(p) , Where

r

Il
!

) ={zeq"|z|<p s€el},

(P1.P2:+Pn)
r

el
Il

) ={zeqm:|z|<p isell.

(P02 pn)

The unspecified domains D T(p and D(E(r are considered for both the Reinhardt and hyperelliptic
domains. These domains are of radii p; > p,, 1" >r,,se | . Making a contraction of this domain, we get the
domain D((p)+)= D((pl*,p;,-u,p;)) where p; stands for the right-limits of p!,sel :

D(f(p))ED((PY): D((Pf'/?;’""P,T))={Ze@”:|ZS|Sp::Se I}.

Thus, the function F(z) of the complex variables z,,s e |, which is regular in E(r) can be represented
by the power series

0 0

F(z)=Ya,2"= > a(nh,mz,...,mn)(21”‘1'2?21""221")’ 1)
m=0 (my.mz -y )
where m :(ml,mz,---,mn) represents the mutli indicies of non-negative integers for the function F(z). We
have [1]
M (F(z),[r]): M (F(z):(rl,rz,---,rn)):max F(z)| 2)

En

where r = (rl, My, rn) is the radius of the considered domain. Then for hyperelliptic domains E(F) [1]

1 {{m))""

on =il [
S

s=1

t being the radius of convergence in the domaizn, (m>=m1+m2+---+mn assuming 1<o, S(Jﬁ)<m> and
m,* =1, whenever m =0;sel.Since o, =—=;sel,we have (1)
r

S
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@ N
[T |a—|<> = lim(m) o[ OE .
r)" m r
O'ml?l[( s) n<1>[1—[(rs)j < > 15:!:5

=1

where also, using the above function F(z) of the complex variables z,s e |, which is regular in l:(p) and
can be represented by the power series above (1), then we obtain

M (F(2).(pn))

ol P

,m,>0;sel,
Pl €(Prys Pryr+++ Py ) aNd
M (F(z).(p))= max|F(z)|. 3)

Hence, we have for the series F(z)
S-S, (San ()] S S|

k= (k. Ky, K, ), m=(my,my, -, m, ,;zmvk:(rknj,maxr(p,)|F(z)|=l\/l(F(z),(p’)).Since P, can be taken

arbitrary nearto p,,s |, we conclude that

1
T n me—(m @ 1
||m<m>—>ao {|am|Hp£ s~ >)} < o ,
s=1

[ 1~

s=1

With lim =limsup and ((m))>m,.
Definition 1.3 A set of polynomials {Pm (2)} _, ={R(2),R(2),-+} , s said to be basic when every poly-

nomial in the complex variables z;;sel can be uniquely expressed as a finite linear combination of the ele-
ments of the basic set {P (z

m

Thus, according to [4], the set {P (z)}, will be basic if and only if there exists a unique row-finite-matrix

m

P such that PP =PP =11, where P = (P ») isa matrix of coefficients of the set {P, (z)}
h=(h,h,,---,h,) are multi indices of nonegative integers, P is the matrix of operators decTuced from the as-
sociated set of the set {P, (z)|  and 1L is the infinite unit matrix of the basic set {P, (z)| _ . the inverse of

m m

whichis {P,(z)} .Wehave
P (2)= 2 Run?'2" = SRR (2) = 2P0 (2)B (1) = 2 P @
Thus, for the function F(z)igiven in (1),we get F(z)=>"  7nuPn(z) where
7Z'myhZz:_oﬁmvhahzzr_oﬁm'hmiﬁmykZ(:]j, ht=h(h-1)(h-2)---3-2-1. The series Y " z,.P (2)

is an associated basic series of F(z). Let N, =N.,N,,---,N, be the number of non zero coefficients P
in the representation (4).
Definition 1.4 A basic set satisfying the condition

fMa

im m _
I|m<m>~>oc N =1 (5)

Is called a Cannon basic set. If
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Then the set is called a general basic set.

Now, let D, =D, . . .. De the degree of polynomials of the highest degree in the representation (4).
That is to say D,=D,, ., . is the degree of the polynomial B, (z); the D, <D, ¥n,<m :sel and
since the element of basic set are linearly independent [6], then N, <1+ 2+--~+(Dm +1) <AD, ,where 4 is

a constant. Therefore the condition (5) for a basic set to be a Cannon set implies the following condition [6]

1
lim{my-D™ =1. (6)

For any function F(z) of several complex variables there is formally an associated basic series
Z::OPh (z) When the associated basic series converges uniformly to F(z) in some domain, in other words
as in classical terminology of Whittaker (see [5]) the basic set of polynomials are classified according to the
classes of functions represented by their associated basic series and also to the domain in which they are
represented. To study the convergence property of such basic sets of polynomials in complete Reinhardt do-
mains and in hyperelliptic regions, we consider the following notations for Cannon sum

u(P(2).(0)) =TT S P M (R (2).(0)) 0

s=1 h=0

For Reinhardt domains [24],
ol 1(6)" 2 [Pus M (P (2).(1) = (R, (2).(1)) ®
For hyperelliptic regions [1].

2. Basic Sets of Polynomials in C" Generated by V and A Operators

Now, we define the forward difference operator A acting on the monomial z™ such that

J(A)=A"Z"
A"=(E+(-1)) = g(m E"*(~1)“ by binomial expansion.
where E is the shift operator and 1L-the identity operator. Then
AP, (2) :é[{(‘)(_n)k E™*P, (z):kzno(:j(_n)k P, (z+n-k).

So, considering the monomial z"

Hence

Since a=n-k,

Hence
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azr zzzz( [ HE IO

k=0 j=0t=0 s=0

where ¢ = [m B JJ and z" ZS ng by definition. Similarly, we define the backward difference operator
S

V acting on the monomial z™ such that
J(V)=V"z"v=1-E". 9)

Equivalently, in terms of lag operator L defined as LF(z)=f(z—1), we get V=1-L. Remark that the
advantage which comes from defining polynomials in the lag operator stems from the fact that they are isomor-
phic to the set of ordinary algebraic polynomials. Thus, we can rely upon what we know about ordinary poly-
nomials to treat problems concerning lag-operator polynomials. So,

v —(n-g?) :i(Ej(—E*)k :i[rk]j(—n)k = (10)

k=0 k=0

The Cannon functions for the basic sets of polynomils in complete Reinhardt domain and in hyperelliptical
regions [1], are defined as follows, respectively:

— L

#(P(2).(p)) = Timime {11 (P (2), ()}

Q(P(2),(r)) = limm- {Q(P, (2),(r))} .

Concerning the effectiveness of the basic set {Pm (z)}m>0 in complete Reinhardt domain we have the fol-
lowing results: B
Theorem 2.1 A necessary and sufficient condition [7] for a Cannon set {P (z)}rn>0 to be:

1 effectivein T, isthat u(P(z),(p))=]]_ A:;

2.effective in D(T,)) isthat x(P(z),(p"))=TTrsp:-

Theorem 2.2 The necessary and sufficient condition for the Cannon basic set {P (z)}m>0 of polynomials of

m

several complex variables to be effective [1] in the closed hyperelliptic E(r) is that Q(P(z),(r))=1_[2:1rS
where r=(r,1,,-,r1,).

The Cannon basic set { m } of polynomials of several complex variables will be effective in D(E( ))
if and only if Q( ( )) H _, I - Seealso [1]. We also get for a given polynomial set {Qm (z)}mZO :

-3 e @ven e -3 1 e -w,

k=0
So, considering the monomial z",
n(n m m-jn m(n m i -
V”zm:Z[k)(—]l)k(z—k) :ZZZ[IJ[ _jxg’(—]l)J “kiz.
k=0

Let’s prove the following statement:
Theorem 2.3 The set of polynomials {P (z)}

m

Avre basic.
Proof: To prove the first part of this theorem, it is sufficient to to show that the initial sets of polynomials
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{Pn(2)},., and {Q,(2)} . from which {Pu(2)f , and {Q. (2)} , are generated, are linearly indepen-
dent. Suppose there exists a linear relation of the form' "

m

> .cP,i(z)=0,c,#0 (11)

i=0

For at leastone i, iel.Then

(B (0 ) Zepus ()] =0

Hence, it follows that > " ¢;P, (z)=0. This means that {P,(z)} _ » would not be linearly independent.
Then the set would not be basm Consequently (11) is |mp055|ble Since 1,7z%,2%,---,2" are polynomials, each
of them can be represented in the form 2" 272' ( ). Hence, we write

m, =0, 1:;”% k( )
m,=1 z :Zk:ﬂlykPk (z)
m=2, z :;nz,kPk (z)

m,=n, z"=>7r P(2)
k
with z=(2,,2,,--+,2,),k =(k;, k;, -, k).

In general, given any polynomial P, (z) = Z_m ¢z' and using

()= 35 [ Zm )|

i=0 j=0

G (moPy(z)+)

i oPy (2)+cm P (z)+

M3

0

I
4

Il
1= B

o Po (2); m=(m,m,,---,m,);z2=(2,2,,-,2,).

My~ My

3
Il

=My
Hence the representation is unique. So, the set {I5m (Z)}m>0 is a basic set. Changing A to V leads to the same
conclusion. We obtain the following result. -
Theorem 2.4 The Cannon set {I5m (Z)} of polynomials in several complex variables z.;;sel is Effec-
m>0
tive :
in the closed complete Reinhardt domain 1"% and in the closed Reinhardt region D(T"

Proof: In a complete Reinhardt domain for the forward difference operator A, the Cannon sum of the mo-
nomial z™ is given by

Then
M (Pon (2).(p)) = max [P (2)| < NoM (P (2).(+))

where N is a constant. Therefore,
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which implies that

Then the Cannon function

y(ls(z),(p)) =[]p;sel.
s=1
Similarly, for the backward difference operator V, the Cannon sum

) [1(0)"™ 3[Qn, M (Qu, (2).(0)
1(Qu(2).(0)) = e
EZZ(J[ 'jg(—l) T

k=0 j=0 J
Then
) q(ps)m) ms(Kmy(Qm( )(p)))
#(Qm(z)’(p))S s_m—j nm e (nym o
S35 (1) Jew
s=0k=0j=0 ]
where K., =[V"|=constant as V isbounded for the Reinhardt domain is complete. Thus,
_ - 1
#(Q(2).(p)) = limimy-se s (Qy (2), () )
<limio)-r1(Qu (2), () <[ .
But
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Hence, we deduce that x(Q,,(2).(p))=[1.,~:-
Theorem 2.5 If the Cannon basic set {P (z)}>0 (resp. {Qm (z)})o) of polynomials of the several complex

m

variables z,,se | for which the condition (5) is satisfied, is effective in E( ) then the (A) and (V)-set

{I5m (Z)}mZO (resp. {Qm (z)}mzo) of polynomials associated with the set {P, (z)}mZO (resp. {Qm(z)}mzo) will

be effectivein E,,. )
The Cannon sum Q(P(z),(r)) of the forward difference operator A of the set {Pm(z)} in E, will
have the form

M (P (2), (1) =max B, (2 < TR

1
h
o

sz (e

<

where K; is a constant. Then

Q(}[Z]'[f])ﬁiiiw[rﬁj tj g*(_hl;kﬁ,‘wkm

k=0j=01=0

i
LN
>
Il
o

where

K, =

nm j n m J . N -
s> () R
koioio \K LT )Lt

So, by similar argument as in the case of Reinhardt domain we obtain

(B(2). (1) =T« (2, (2).(1)

1
= liM(m)osee (K, I T(r, )<m>ms a)<m> =]1r.
s=1 s=1

where a:2h|l3m,h|, since the Cannon function is such that [1] Q(ﬁ(z),(r))z]_[;lrs. Similarly, for the
backward difference operator

B o T S04 M (G0 (21.1)
O(Qn(2).(r)=—5 i(:](mjg(_lwk K

J
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Such that the Cannon function writes as

But

3. Examples

Let us illustrate the effectiveness in Reinhardt and hyperelliptic domains, taking some examples. First, suppose
that the set of polynomials {P, (z)} _  is given by

m

R(z)=1
Pm(z):z”‘+2mz for m>1.
Then
2" =P, (z)-2""
M, (p _3‘82|P )= pr 2" sel
M, (P, (2).(p)) = sup|R, (z)| = 2™
f<p
Hence
1R (2).(0)) = 20 +2:27 =3[Ry M (R, (2).(0)
which implies

for p,<2; y(P( ) (p)):oo
Now con5|der the new polynomial from the polynomial defined above:

n

wor —Z[E](—ﬂ)k(zm—k)"‘

Hence by Theorem 2.4,
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where
M (P (2).(p)) = max [P (2)| < NoM (P (2).(+))

where N, isa constant. Hence,

which implies
,LI(P(Z) (p))z(Kly(ﬁm(z) (p)))ﬁ 0 asm-— o
where
N () (Ps)<>
Ky = a7
Es (e
and
(B (2).(0)) = [P M (Pus (2). ()
Hence

,u(P(Z),(p))zoo. Then y(f’(z),(p))zoo.

Similarly, for the operator V, we have

u(3(2),(p)) s —

Since

Then
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Table 1. Region of effectiveness: (1) Disc /I(R) H _R; i (2) Hyperelliptic A(R) H:J ; Reinhardt domain

S

(R) = H j:1p§ :
Polynomials (P, ) A'P, [z] V'P,[z]
Monomials
Do a2l (= - »
Zm j=0 t=0 s=0 nC mC kJ Zs
nck mc, ]C'( )jlzs Zk ozjoz é, )
Chebyshev (first kind)
P’" (Z) Z m/ZZK 025 UZTOZM Ui chﬂlmiz)‘CJnCKﬂCS WZZk 02702# m,
=200CL (2 ) ()t (nk) "z X1C,"C, " x (1) Z¢
Chebyshev (second kind)
[m/2] Mm-24tne~ m-2p~ Mo [m/2] M-24 e~ meu
Z[mm(_l)ﬂ m’;zC (ZZ)'"J;A Zk oz l CK 2‘ Cu ‘CN z ! Zk on =0 C C )
u=0 “ Xﬂ32m 2u (_ ) (n_k)l ZS m ZACJ]A (71) 2m 2u Zs
Hermite
ZJ 0Z:[m/z] ‘m:k 7, z;n;k IZJ Uzm 2 [m/Z "C )J + '"’ZkC[Z'"’Zkk!(m—Zk)!

1) ky(22)" (m - 2K)!

k=0

x"C,"*C, (-1)' 2" *KY(m-2k)!x(n—j) Z* xj'Z*

Implication: The new sets are nowhere effective since the parents sets are nowhere effective. By changing

(m)/2
[1.,A™"™ in Reinhart domain to amnzfl[rs]m%ms, where o, =inf,_ 1t1 ]{—<[ ) 7+ We obtain the
; , o
s=1 S

same condition of effectiveness as in Reinhart domain for both operators A and V in the hyperelliptic domain.
The following notations are relevant to the table below.

2(u-s)m-2s5—t—j 2u—2s\(m—-2s—t—j
y e S [ t ]( ] (12)
t=0 g=0 q
p 2Au-0)m-2q-] iy m2ua(m-2u—q
=3 SIS Ly ( j (13)
g=0 s=0 v=0 $=0
m-2u-s(m—21—5S
- ( H ] (14)
q=0 q
m-2k—t-sm -2k —t—s
- [ J (15)
s=0 S

Finally, for the classical orthogonal polynomials, the explicit results of computation are given in a Table 1
below.

Thus, in this paper, we have provided new sets of polynomials in C, generated by V and A operators, which
satisfy all properties of basic sets related to their effectiveness in specified regions such as in hyperelliptic and
Reinhardt domains. Namely, the new basic sets are effective in complete Reinhardt domain as well as in closed
Reinhardt domain. Furthermore, we have proved that if the Cannon basic set {P (z)} » is effective in hyper-

- m

elliptic domain, then the new set {Pm (z)}m>0 is also effective in the hiperelliptic domain.
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Appendix
Key Notations

1) u(P,,[2].[p]) =Cannon sum of the new A-set in Reinhardt domain.

2) ,u((jmyh [z]. [p]) = Cannon sum of the new V-set in Reinhardt domain.

3) u(P,n[2].[r]) =Cannon sum of the new A-set in Hyperelliptic domain.
4) y(@m,h [z][r]) = Cannon sum of the new V-set in Hyperelliptic domain.
5) u(P[z],[]) = Cannon function of the new A-set in Reinhardt domain.
6) y(Q[Z][p]) = Cannon function of the new V-set in Reinhardt domain.
7) #(P,n[2].[r]) = Cannon sum of the new A-set in Hyperelliptic domain.
8) #(Qm,h [z][r]) = Cannon sum of the new V-set in Hyperelliptic domain.

9) M(F(2),[r])=max; [F(z).
10) M(F(z),[p’]):maxf[p,]|F(z)|.
11) M (P,,[2].[r]) = max|B[z]| < N,M (P, [2].[r])

G

m
where N is a constant. Q,, :Q((h

B is a coefficient corresponding to polynomials set {Qm(z)}mzo,

m
Py = P[[h D is a coefficient corresponding to polynomial set {P, (z)} _.We should note that Q,, # P,

or Qm,h = I:)m,h "
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