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Abstract

We investigate the solution of an N-unit series system with finite number of vacations. By using
C,-semigroup theory of linear operators, we prove well-posedness and the existence of the unique
positive dynamic solution of the system.
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1. Introduction

The study of repairable systems is an important topic in reliability. The series system is one of the classical re-
pairable systems. Since the strong practical background of the series systems, many researchers have studied
them extensively under varying assumptions on the failures and repairs, see [1]-[4]. In [4], the authors studied an
N-unit series system with finite number of vacations and obtained some reliability expressions such as the Lap-
lace transform of the reliability, the mean time to the first failure, the availability and the failure frequency of the
system. In [4], the authors used the dynamic solution in calculating the availability and the reliability. But they
did not discuss the existence of the positive dynamic solution. Motivated by this, we study in this paper the
well-posedness and the existence of a unique positive dynamic solution of the system, by using Cy-semigroup
theory of linear operators. For background reading on semigroup theory we refer to [5] or [6]. The N-unit series
system with finite number of vacations can be described by the following equations (see [4]).

( (% + A) po(t) = -f()+w7'(w)p0M(t, w)dw

d 0 '
<a+@+#i(30>pi(t,y) =0,i=12,,n,

®175 5
<&+%+ r(w))pij t,w) = Aipoj (t, w),i =1,2,+-,n,j = 1,2, , M,

0 0 )
<a+%+A+r(w)>poj(t,w) =0,j=12,,M,
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with the boundary conditions

M
p; (t,0) = A4;py(t) + Zf r(w)py (t, w)dw ,i =1,2,-,n
j=170

pij (tl 0) = O,I— = 1,2,"',n,j = 1’2‘...'M'

(BC) { o (7
50 = i i ’ d ’
Po1(t,0) Zfo w (¢, y)dy

0

P (£,0) = f P ()P, 1 (6, w)dawr j = 2, M,
0

and the initial conditions

(po (O,w) =1,
p; (0,y)=0,i=12-,n,
(IC)# Py (0,w) =0,i =1,2,,n,j=12,,M,
prj O,w)=0,j=12,-,M,

where A=A +4, + + 1,

Here (t,y) € [0,00) X [0,0), (t, ) € [0,00) X [0,0); po (t)dx gives the probability that at time ¢ N units
are in working state and the repairman is idle; Analogously, p;(t,y)dy represents the probability that at time
t the repairman is repairing the failed uniti (i = 1,2,---,n), and the elapsed repair time lies in [y,y + dy);
po; (t,w)dx represents the probability that at time t N units are in working state, the repairman is in jth
vacation (j = 1,2,-:-,M) and the elapsed vacation time lies in [«w,w + dw);p;; (t, w)dw represents the
probability that at time t unit i (i =1,2,---,n) is waiting for repair, the repairman is in j* vacation
(j =1,2,---,M) and the elapsed vacation time lies in [wr,w + dw); ), is positive constant; r(«w) is the va-
cation rate function of the repairman; p;(y) is the repair rate function of unit i (i = 1,2,--+,n).

Throughout the paper we require the following assumption for the vacation rate function r(«) and the re-
pair rate functions w;(y)(i = 1,2,+:-,n).

General Assumption 1.1: The functions r(«w) and p;(y): [0, +0) — [0,4+o)(i = 1,2,---,n) are measura-
ble and bounded such that

r= lim r(w),u; = lim y;(y)(i=12,:,n),
w—+owo y—+0
Ho = min(r,ul,uz, '“!#n)'

2. Problem as an Abstract Cauchy Problem

In order to apply semigroup theory we transform in this section the system (RS), (BC) and (IC) into an ab-
stract Cauchy problem [5, Def. II. 6.1] on the Banach space (X, |l.[), where

X=Cx (L%,[O, +oo))% x (LL, [0, 4-00)) (2 +DxM

and

n n M M
ol = 1p0] + Y Moo + ). D Moully 0y + D o0rlls 0
i=1 j=1

i=1j=1

P = (o, 21 ), p2(¥), -+, P ), P11 (W), P12 (), -+,
Pim (W), p21 (W), pap (W), =+, poy (W), -+,
Pn1 (W), Prz (W), Pt (W), Do1 (W), pop (W), -+,
pom (w))" € X

To define the system operator (4, D(A)) we introduce a “maximal operator” (4,,,D(4,,)) on X given as
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An
-A 0 0 0 0 0 0 0 0 0 0 0 0 0 0 [
0 Dy O 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 D, 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 D, 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 Dy 0 0 0 0 0 0 0 0 A4 0 0
0 0 0 0 0 Dy, 0 0 0 0 0 0 0 0 A 0
0 0 0 0 0 0 Dy 0 0 0 0 0 0 0 0 M
0 0 0 0 0 0 0 D,y 0 0 0 0 0 A, 0 0
_ 0 0 0 0 0 0 0 0 Dy 0 0 0 0 0 A, 0
0 0 0 0 0 0 0 0 0 Doy 0 0 0 0 0 A,
0 0 0 0 0 0 0 0 0 0 Dyq 0 0 Ay 0 0
0 0 0 0 0 0 0 0 0 0 0 Dy 0 0 An 0
0 0 0 0 0 0 0 0 0 0 0 0 Doy 0 0 An
0 0 0 0 0 0 0 0 0 0 0 0 0 Dy 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 Dy 0
0 0 0 - 0 0 0 0 0 0 0 0 0 0 0 0 <+ Doy
where
® d
ou:f = ou(f) =f r(w)f (w)dw, D; =—d—y—#i(y),i =12,-,n,
0
D @ rw)i= 12, mj=12,,M, D d+A+()] (=1,2,,M
ij =___rwll= )y 1“'1n1 =14, )y i= |5 r\w ) =1,z:"",
ij dw ] 0j dw J)

Applying an abstract approach as in [7] we can model the boundary conditions (BC) with operators. For this
purpose we consider the “boundary space” 9X := C***+DM and then define “boundary operators” L and ®

as follows.
Po Do
p1(¥) p1(y) Py Eg%
p2 .(Y) P2 gy) P2 :
P P Pn ((%))
P11 (w) P11 (wr) P11 ©
P12 g/W) P12 (w) 2’12E
Pim .(w) m M‘(W) le((g))
P21 (w) P (W) P21 o
L: D(4,) - ax, | P22 (@) | | P2(w) | _ PzzE
Pam :(w) Pam :(W) pZME(O)
pnltw) pnltw) pnlggg
Pn2 (w) D2 (w) Pnzs
Pnm (w ) Pum (w) Pnm ((8))
Po1 (w) Po1 (w) Po1 o
Poz QAr) Doz (w) pozE
Pom (W) Pom (w) Pom (0)
and
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p1(0) Po
1 AL 0 0 0 ¢u on o 0 0 0 0 0 0 0 0 N
szo) L 0 0 0 0 o0 0 ¢n on O 0 0 0 0 0 0\l 2
Pa(0) &% 0 0 = 0 0 0 - 0 0 0 = 0 - Qu P v @ 0 0 = 0[] p
p11(0) 0 0 0 =« 0 0 0 - 0 0 0 = 0 = 0 0 =~ 0 0 0 = 0p ()
R N L R A A I
p1m(0) 0 0 0 - 0 0 0 - 0 0 0 « 0 = 0 0 - 0 0 0 - 0 .
pim(w)
21(0) 000 0 = 0 0 0 = 0 0 0 = 0 = 0 0 = 0 0 0 - 0ff M 3
0 0 00 -~ 0 0 0 =« 0 0 0 =« 0 =« 0 0 =« 0 0 0 - 0
B T I R R P () |
0 00 0 - 0 0 0 =« 0 0 0 =« 0 =« 0 0 =« 0 0 0 = 0 :
R T I SR R S R I R Paw ()
Pn1(0) 00 0 - 0 0 0 =« 0 0 0 =« 0 =« 0 0 =« 0 0 0 = 0 :
pnl(w)
0 000 -~ 0 0 0 =« 0 0 0 =« 0 =« 0 0 =« 0 0 0 = 0
L I o oLl oL Pra ()
Pt (0) 00 0 -~ 0 0 0 « 0 0 0 =« 0 =« 0 0 =« 0 0 0 - 0 :
o1 (0) 0 ¢, ¢ - @, 0 0 =« 0 0 0 = 0 = 0 0 =« 0 0 0 - 0 ’:’;”14((%)
0 00 0 = 0 0 0 =« 0 0 0 =« 0 =« 0 0 =« 0 @y 0 = 0
Pozz( ) 01 ......... Poz (w)
0 0 0 0 -~ 0 0 0 = 0 0 0 =« 0 =« 0 0 =« 0 0 0 - 0 :
pom (0) Pom (w)

where:;;: f — @ = [ r(w)fy (w)dw i =12,-,n,j=12,,M

0 f > () = f W) Oy, i =12,
0

©oj: [ @ Zf r(w)foj1(w)dw,j =2, ,n,
0

The system operator (4,D(4)) on X is then defined as
Ap = A,p,D(A) = {p € D(A4,,)| Lp = ®p}.
With these definitions the above equations (R), (BC) and (IC) are equivalent to the abstract Cauchy problem

{% = Ap(®), te[0,),

(ACP)
p(0) = (1,0,--,0)T € X.

3. Characteristic Equation

In this section we characterize o(A) by the spectrum of a scalar (2 x 2)-matrix, i.e., or we obtain a characte-
ristic equation which relates a(A4) to the spectrum of an operator on the boundary space dX. For this purpose,
we apply techniques and results from [7]. We start from the operator (A,, D(4,)) defined by

D(AO) = {P € D(Am)l Lp = 0}: Agp = Ay
The elements in ker(y — 4,,) can be expressed as follows.
Lemma 3.1: For y € p(4,), we have
p € ker(y — Ap) 1)
<p = Po, 1), 02(0), P V), P11 (W), D1z (W), -+, iy (W), Doy (W), P (W), -+, Py (W), -+,

i Pn1 (W), Pp2 (W), -+ Doy (W).Pm(w),poz(w)'""pOM(W))T €X
wit

C @ w
Po=y T | e T T O dur () = e T O,
0

P(¥) = e RO L p () = g e o s,

pu(w) = C11€_yw_f‘;vr(s)ds + Alﬂe‘?’w—fyr(s}ds (1—e )
A )
pp(w) = Clze—yw—f(;”r(s)ds —+ ;tlﬁe—yw—fgvr(s)ds 1- e_AW)
A -
v A1Com w
w) = ¢y e YWl r(s)ds + o 1w =Jo (s (1 _ g—Aw ’
pim (w) M — ( )

pZI(w)Cme—yw—fS”r(s)ds + Az%e—yw—fgur(s)ds (1 _ e—Aw)
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w A C, w
Daz (W) = cype Vo T(S)ds _I_%e—yw—fo r)ds (] _ g=Awy ...

Pam (w) — CZMe—Yw—fS”r(s)ds + M%e—yw—fg”r(s)ds (1 _ e—AW)’

s 4 A—"AC‘“ TN T () gmhwy,

Pn1 (W) = Cnle_yw

Paa (W) = Crpe "R TOE 4 Incuz vl (s (1 _ gmhwy ..

Doy = CnMe—]/W—f(;vr(s)ds + ’ln%e—yw—fg”r(s)ds 1- e—AW)’

—yw—Aw—f(;”r(s)ds —yw—Aw—f(;vT(S)dS
)

, Poz(wr) = cpze

e —yw —Aw—f(;” r(s)ds

po1(w) = co1e
pom(w) = ¢o
Using [8, Lemma 1.2], the domain D(4,,) of the maximal operator A,, decomposes as
D(4,,) = D(4y)Pkerify — A4,,).
Moreover, since L is surjective, Llyeriy—-a,): (¥ —Am) — 0X is invertible for each y € p(4,), see [8,
Lemma 1.2]. We denote its inverse by

-1
Dy: = (leeriiﬁiy—Am)) 10X - ker(y - Am)
and call it “Dirichlet operator”.

We can give the explicit form of D, as follows.
Lemma 3.2: For each y € p(4,), the operator D
0 0 0O - 0 0

~<

has the form

0 0 0 0 e 0 0o - 0 0 0 - d

0 0 « 0 dy 0 - 0 0 0 .- 0 . 0 0 - 0 hggy O - 0

0 0 0 0 dyp - 0 0 0 - 0 . 0 0 - 0 0 hy, - O

0 0 0 0 0 diy 0 0 0 0 0 0 0 0 hom

0 0 0 0 0 0 dy O 0 0 0 0 hyy O 0
D [0 0 0 0 0 0 0 dy 0 0 0 0 0 hy 0
Yy = J

0 0 0 0 0 0 0 o0 doy 0 0 0 0 0 hom

0 0 0 0 0 0 0 o0 0 dyy O 0 hyy O 0

0 0 0 0 0 0 0 0 0 0 d,, 0 0 hy 0

0 0 0 0 0 0 0 0 0 0 0 dy 0 0 hom

0 0 0 0 0 0 0 0 0 0 0 0 dy 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 d; 0

where
1 © _ _ _(w
= yw —Aw—[y" r(s)ds
dy Y Jo T(w)e dw,

dy= el m@ds =19 .. p
dj = e—VW—fS”T(S)dS’i =1,2,,nj=12-,M,

A w
h(]j — X116—}/4,¢r—f0 r(s)ds (1 _ e—Aw)’j =12, ,M
do;

For y € p(4,), the operator ®D, can be represented by the (n + n X M + M) X (n + n X M + M)-matrix

— e—yw—Aw—f:rr(s)ds'j =12, M.
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oD,
0 0 0 An+1 Atz 0 Aintm 0 0 0
0 0 0 0 0o - 0 WniM+1 Dp+M+2 7 Q2n+M+M
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
AninM+1,1  An4nM+12  °° An4nM+1n 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 A1 n+nM+1 A pinm+2 1 p+nM +M—1 A1 pnM+M
0 0 0 a2n+nM +1 @Ln4nM+2 A2 n4+nM+M-1 A2 n+nM+M
Ann+(n-DM+1  Ann+(n-DM+2 " Apn+nm An n+nM+1 Ann+nM+2 " An n+nM +M—1 An n+nM+M
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 An4nM +2n+nM +1 0 0 0
0 0 0 0 0 t QninM+Mn+nM+M 0
where

Antnm+1,1 = fgwlll(}’)e_yy_f"yﬂl(t)dtdy » Ay +1,2 = fgwllz(J’)e_yy_f"yMzmdtd%'“’
ApynM+1,0 = fow#n(Y)e_yy_foyM"(t)dtd% Aips1 = fowr(w)e_yw_f;fr(s)dsdw.

Quprr = Jy T T TOB gy = [ (e 7R TOB gy,

Qonimss = fy TR IO duray iy = [ (w)e T O
Qon+M+M = fooor(w)e_yw_fg”r(s)ds dw,-, nn+(-1)M+1 = fowr(w)e_yw_f‘;vr(s)ds dw,
Uyt (n-1)M+2 = fowr(w)e_yw_f‘;vr(s)ds dw Ay psnm = fowr(w)e_yw_f‘;”r(s)ds dw,
a1 = 2 [P () €770 I TOB (1 — e M)y,

o ptnM +1 = %fowr(w) e T (1 — oMY o,

An [ W d 3
nninM+1 = Tfo r(w) e "l 1O (1 — emAwy gy
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Ap+nM+2n+nM+1 = fow r(w) e_yw_Aw_f(;”T(s)dS duwr,

AU ninM+2 = %fowr(w) e rw—ly r()ds (1 — e~ M) dur,

A2 n4nM+2 = %foocr(w) e rw—ly r()ds (1 - e ) dw, -,
AnninM+2 = %"foocr(w) e rw=ly ()ds (1 — e~™)duw,
QM +3n4nm+2 = Jy 7 (0) e Al T@ds gy

A ntnM+M-1 = %fowr(w) e rw=ly T()ds 1 - e ™) duw,
Q2 n+nM+M-1 = %Zfowr(w) e 1w =ly 1()ds (1 — e M) dur, -,
Ann4nM +M—-1 = %foocr(w) e rw=ly r()ds (1 — e~ dur,
An4nM +Mn+nM+M+1 = foocr(w) oV w—Aw—[i" r(s)ds duw,

A © w A * w
U ninM+M = e f T(W) e—yw—Aw—fo 7(s)ds dw + _lf T(W) e—ym—fo r(s)ds (1- e—Aw)dw’
y+AJ, Ay
1 0 w A ® w
AgpimM+M = —ZJ- r(w) e—yw—Aw—fO r(s)dsdw + _ZJ- r(w) e—yw—fo r(s)ds (1- e—Aw)dw'
y+AJ Ay

A ®© w A @ w
i = n f T'(/LU’) e—yw—Aw—fo r(s)ds dw + _nf T(W) e—yw—fo r(s)ds (1 _ e_Aw)d’lU’,
y+AJ Ay

The Following result, which can be found in [9], plays important role for us to prove the well-posedness of
the system.
Lemma 3.3 (The characteristic equation): If y € p(4,) and there exists y, € C such that 1 € o(®D_y, ),
then
Y €o(A) & 1 €o(DD,).

4. Well-Posedness of the System

Our main goal in this section is to prove the well-posedness of the system. We first prove that the operator A
generates a positive contraction C,-semigroup (T(t)) For this purpose we will check that operator A fulfills
all the conditions in the Phillips’ theorem, see [6, Thm. C-I1 1.2]. The following lemma shows the surjectivity of
y—A for y > 0.

Lemma4.l:If y €R,y > 0,then y € p(4).

Proof: Let y € R,y > 0. Then all the entries of®D, are positive and using only elementary calculations one
can show that both column sums are strictly less than 1. Hence, ||®D,|| <1 and thus 1 € o(®D,). Using
Lemma 3.3 we conclude that y € p(4).

Lemma4.2: A:D(A) — R(A) c X isaclosed linear operator and D(A) isdensein X.

If X' denotes the dual space of X, then X' = C x (L}[0, 0))" x (L%, [0, o))" M +M+1

It is obvious that X" is a Banach space endowed with the norm

n n M M
lall =10l + Y Naillgro.n + Y > 1951l 101y + D N07 0
i=1 j=1

i=1j=1
q= (0,1, 20, 4, (¥), q11 (W), g12 (W), -+, a1y (W), @21 (W), G2z (W), =+, o (W), -+ 3

Gn1 (W), @z (W), -+ Gy (W), Goy (W), Qoo (W), -+, qoy (W) € X'
Lemma 4.3: The operator (4,D(A)) is dispersive.

P = @0, 01 (V) P23, 2 (1), P11 (W), P12 (W), -+, pry (W), D21 (W), Pz (W), -+, Doy (W), -+,
Dn1 (W), D2 (W), -+ Dy (W), Po1 (W), Doz (), -+, Do (w))" € X

where

Proof: For

we define
q4= (90,01, ¢2(3), "+, @ V), 11 (W), q12 (W), -+, 1y (W), @21 (W), Gz (W), -+, oy (wr), -+,
Gt (W), G (W), - Guag (W), Go1 (W), oz (W), -+, qop (W)™ € X'

where
qo = |Ipl|sgni(po), a;(®) = |Ipl|sgni(pi(»)), i =12,-,n,
qij (w) = ||p||sgn+ (pl] (W)), i= 1;2:"':n:j = 1:2:'“:M:



A. Osman, A. Haji

qoj (w) = ||p||sgn+ (poj (w)),j =12,-,M,
and

1 ifpy >0, 1 ifpi(y) >0,
Sgn+(po)={0 ifpgSO’Sgn+(pi(y))={0 ifp () < 0,0 = L2

1 ifp;(w) >0, _
%m®w®_%”mWKQFMW%PHWM

1 if po(w) >0,
s8N+ (pﬂf (w)) = {0 if po; (w) <0,) = L2, M.

Noting the boundary condition, it is not difficult to see that (Ap,q) < 0. By [6, p.49] we obtain that
(A,D(A)) isadispersive operator.

From Lemma 4.1- 4.3 we see that all the conditions in Phillips' theorem (see [6, Thm. C-11 1.2]) are fulfilled
and thus we obtain the following result.

Theorem 4.4: The operator (4, D(A)) generates a positive contraction C,-semi-group (T(t))po.

From Theorem 4.4 and [5, Cor.11.6.9] we can characterize the well-posedness of The system (R), (BC) and
(I1C) as follows.

Theorem 4.5: The system (R), (BC) and (IC)is well-posed.

Combining Theorem 4.5 with [5, Prop.11.6.2] we can state our main result.

Theorem 4.6: The system (R), (BC) and (IC) has a unique positive dynamic solution

p(t) = (pO(t)'pl(t'Y)' pZ(t'Y)l”'lpn(t'y)lpll (t,W), P12 (t'w):'“v
Pim (&, W), o1 (8, W), Doz (8, W), -+, pom (8, W), -+,
P (6,0, Do (6,10, -+ Py (8, w), Poy (8, ), Poz (8, W), -+, pou (t, w))T € X
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