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Abstract

Our aim in this paper is to prove the boundedness of commutators of Calderén-Zygmund operator
with the Lipschitz function or BOM function on Herz-type Hardy space with variable exponent.
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1. Introduction

In 2012, Hongbin Wang and Zongguang Liu [1] discussed boundedness Calder6n-Zygmund operator on Herz-
type Hardy space with variable exponent. M. Luzki [2] introduced the Herz space with variable exponent and
proved the boundedness of some sublinear operator on these spaces. Li’na Ma, Shuhai Li and Huo Tang [3]
proved the boundedness of commutators of a class of generalized Calder6n-Zygmund operators on Labesgue
space with variable exponent by Lipschitz function. Mitsuo Izuki [4] proved the boundedness of commutators
on Herz spaces with variable exponent. Lijuan Wang and S. P. Tao [5] proved the boundedness of Littlewood-
Paley operators and their commutators on Herz-Morrey space with variable exponent. In this paper we prove the
boundedness of commutators of singular integrals with Lipschitz function or BMO function on Herz-type Hardy
space with variable exponent.

In this section, we will recall some definitions.

Definition 1.1. Let T be a singular integral operator which is initially defined on the Schwartz space S (R") .
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Its values are taken in the space of tempered distributions S'(R") such that for x not in the support of f,
Tf(x):IRnK(x,y)f(y)dy, (1.2)

where fisin L (]R” ) the space of compactly bounded function.
Let 0<8,D <. Here the kernel k is function in (R”) away from the diagonal x =y and satisfies the
standard estimate

D

|K(x,y)|s|x_y|n,x¢y (1.2)
and
|k(x, y)—k(x, y)|§ Dlx—x] —, (1.3)
x=y[+ x|
provided that |x— x| < %max {Ix=y[.Ix =y}
() -k (s —2X L 14)
x=yl+ x|

provided that |y —y'|< % max {|x —y|.|x- y’|} such that is called standard kernel and the class of all kernels that

satisfy (1.2), (1.3), (1.4) is denoted by SK (o, D). Let T be as in (1.1) with kernel SK (o, D). If T is bounded
from LPto LP with 1< p <o, then we say that T is Calder6n-Zygmund operator.
Let Q be a measurable setin R" with |Q| > 0. We first defined Lebesgue spaces with variable exponent.
Definition 1.2. [4] Let p() Q> [1,oo) be a measurable function. The Lebesgue space with variable expo-
nent L°0 (Q) is defined by

[10s)

p(x)
L’V (Q) = {f is measurable : jﬂ[' )|J dx < oo for some constant 7 > O}. (1.5)
n

The space L") (Q) is defined by

Loc

LPo (Q)= {f is measurable : f e L") (K) for all compact K = Q}.

Loc

The Lebesgue space L") (Q) is a Banach space with the norm defined by

f(x P
[ £l = inf {n>0:jﬂ(yJ dxﬁl} (1.6)

We denote
p_=essinf {p(x):xeQ}, p, =esssup{p(x):xeQ}.

Then P(Q) consists of all p(-) satisfying p_>1 and p, <oo.

Let M be the Hardy-Littlewood maximal operator. We denote 2B (€2) to be the set of all function p(-)e
P(Q) satisfying that M is bounded on Lp(')(Q).

Let B, ={xeR":[x<2'},C, =B \B, ;7 = 15, .k €Z.

Proposition 1.1. See [1]. If q(-)e P(Q) satisfies

ja(x)-a(y)|

-A
S—F— |X—Vy|£1/2, 1.7
“Logle ) I -

A
|Q(X)—q(y)|sm,|y|z|x|, (1.8)
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then, we have q(-) e B(Q).
Proposition 1.2. [6] Suppose that ¢, (+),q,(-) € P(R”),O <y<n/(q), .if y/n=1q()-1q,() then

||ZBI< ,_qz(-)(Rn) <c2v "ZB "L‘h(‘)(R") J (1.9

for all balls B, = {x eR":|X < 2"} with keZ.
Definition 1.3. [7] Let zeR, 0<p, <o and q() € P(R”) . The homogeneous Herz space with variable
exponent K" (R") is defined by

q()
K (R0)={ 1 e L (R):]

ke < oo}, (1.10)

where
1

||fK;;(1§z(Rn)={ 218 2l e }pl- (1.11)
K=o

The non-homogeneous Herz space with variable exponent K“('_)p (R”) is defined by

K (B)= {1 e 0 (R

cat(0) < 00} (1.12)

where

|t

1
a p
K;”('_;’(Rn) = {k 2k p " f¥ T ||Lq R")} ) (113)

Definition 1.4. [1] Let aeR, 0<p<ow and q(~)e7?(]R”) and N >n+1. Suppose that G f (x) is
maximal function of f. Homogeneous variable exponent Herz-tybe Hardy spaces HK&?? (R”) is defined by

HKP (RY)={f e S'(R"):Gy f (x) e Kg? (R)], (1.14)

with norm

|f]
Definition 1.5. [1] Let nd, <a <o,q(-)e P(R”) , (0<38,<1), and non negative integer s>[a—nd,]|.

Afunctiongon R" is said to be a central (,q(-)), if satisfies

1) suppgcB(O,r)z{XeR”:|x|<r};

o=l (

(1.15)

HKE " Ka(‘_;)(]R") )

2) "g”q(-)(R") =
3) [.0(x)x'dx=0](<s.
What’s more, when g(-)e P(R"),

" f|HKa p JR” ~inf { Z |/1 | } (1.16)

Definition 1.6. [7] 1<y <0 the Lipschiz space is defined by
. f(x)—f(y
Llpy(R”):{f ., = sup M<o@} (1.17)
4 X, yeR";x=y |X— y|

Definition 1.7. For be L}

loc

( ”) , the bounded mean oscillation space BMO(R”) is defined by

"b"BMO(R"): sup .[B|B||b bB|dX'

B:ballse JR"
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2. Main Result and Proof

In order to prove result, we need recall some lemma.

Lemma 2.1. ([3]) Let belip, (0<y <1), T be Calderén-Zygmund operator, g;(-),q,(:)< B(R” ) :

1 1 B Then,

ql(') 0, () n

||[b’T]|||_qz(~)(Rn) <C ||b|||ipy ” f "qu(')(]R") '
Lemma 2.2. ([8]) Let q(~)e7>(R”) it fel™(R") and gel™(R"), then
X) g(x |dX sh " f "Lq(')(]R") g"L"'(')(R“)

where s _1+i—i

q. q.
Lemma 2.3. ([2]) Let q(-)e B(R”) . Then for all ball Biin R",

|B|i1 ”ZB”Lq(')(Rn) 4 "Lq'(.)(Rn) <C.

Lemma 2.4. ([2]) Let q1(~) € B(R”) then for all measurable subsets S < B, and all ball Bin R"

"ZS”L“l(')(R" <C(|S|] ||;(S||L“1 <C[|S|j
7ol ey~ \[B] IIzBIILom Bl
where &;, o, areconstants with 0<J¢,,8, <1.

Lemma 2.5. ([4]) Let be BMO(R”) ,and i, j eZ with i< | then

1”b"BMO ]R“ —SUp " b- b lB”Lq R" _C"b”BMOR“

It

" B"L (R”)

B 1960 <C ( - i)"b"BMo(R“)

lBj Lq(')(]R”) )

Lemma 2.6. ([9]) Let q () € B(R“),b € BMO function and T be a Calderén-Zygmund operator. Then

o716, () <Clpl

f ”q(') (Rn )

BMO R"

.1)

2.2)

(2.3)

(2.4)

Theorem 2.1. Let q,(-), q2(~)eB(R”), belip,, 0<p<eo, 1/g(-)-1a,(-)=»/n and —ns,<a <ns,

;a,p n ;a,p n
where 6,5, are aconstants, then [b,T] are bounded from HK ()(R ) to qu(l)(R )

sense, where each g; isa central (a,q( )) -atom with supp g; B Write

p | P
[l =] £ } -
We have
"([bT] f)lk kP2 (1) —k;wzkapl ([b'T] f)lk L5200 ()

[0, 71%)

LqZ(')(JR”)]

P X Ka k-2
com(an SC 22 m{z |,1].|“([b,T]gj ) %
qz(')( ) k=—o0 j=—oo
+C22kap1(kif|,1]|“ [b,T]g ;(k
]

. Ckizkapl [,20:;1% |”([b,T] 9;) %

=R+F +F

L%2( ( )]
LQz(')(Rn) J

Proof: we suffices to prove homogeneous case. Let f(x)e HK“()')(R”), f :ZTszljgj in the S’(R”)

(2.5)

(2.6)
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By virtue of Lemma 2.1, we can easily see that

F, < C"b”:i);l):/(R") :Z: |/Ij|pl‘

First we estimate F;. For each j<k -2 and we shall get

[0.7]g;< [L.[K( >(b<x>—b<y>>g,-<y>|dy
J‘ | gj(y)|

I—VI

x=y["|g; (
SC"b"Iipy(R”)J.]R | | |dy

dy

x=yI (2.7)
g, (¥)
<Ol o 'X_’yr', o
<C ||b||"py(Rn 2020 g, )
SC"b"Iipy(R Kooy "gJ"LUa ( )
“([b'T]gj)Zk KSZ(’??(R") SC"b"Iipﬂ(R e ”g ",_tu IB ( )|7(Bk qu(.)(]R")
Thus by Lemma 2.3, Lemma 2.4 and Proposition 1.2, we get
SC”b"Iipy(R k72 (2l ||g ||LQ1( “XB qu()( )|sz L‘h(.)(R”)
< Clohy ) 272 o g 2 e o

- C”b"hp 2”k2

2 (2.8)
I e e

When 1< p, <o and «a < d,n, by Holder’s inequality and (2.8), we calculations

0 k=2 P
F, < Ck; okap ( ; |,1J.|||[b,T] 9,2 quo(Rn)]
k-2
<c 52 5 i bl oy 27 |

P

oN—a zna&pl

<Clf o S| Slap 20 o £ 29)
Jk&zna]ﬂ

el e S 4 £

<C ||b|||ipy(Rn) 2ik)ogn-ja

]+

<C "b"Iipy(R”) j:z—oc|ij|

where 0< p, <1 by a<d,n, weget
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<c22kaﬁ[2|z|“ [b.T]9;) %

L92(- (R J

<C z 2kapl[ z |/1 |"b"np, J k)d,n- ja
2 p{kf 4|20 J“jpl

Jkézna J

<Clpl i| 7 (zz”w ]

k=j+2

N—
=

< C ”b”hp/

(2.10)

Ms ‘.‘ Ms
H MX

<O ) [

0

<C ”b”hpy 'Zw |/IJ |

Now we estimate F3. For each k > j+ 2, we shall get

[6.7]g|< [ [K (xy) <)—b<y>>g,-(y>|dy

[(b(x 9, (y)
<CJ' |x y| dy

yl g (y
<l o LJJM"V

o
<l o A2 oy

ey

(2.11)

SC"b"pr(Rn 2 ) |gi L1

(=)

SC"b"Iipy(R maker) |g |||_q1()

A,

L0

“([b'T]gj)Zk o2 ) SC"b"Iipﬁ(R ) |g ||L0a() V4Y

Using the Lemma 2.3 and Lemma 2.4 and Proposition 1.2, we obtain
-1
qu(')(]R")

R
(2.12)
,_u1(~}(Rn) J

X

L40(=n) L720(")

lB

<Clbl, ey 22 Zs,

L”d(')(R")

<Clbll, (a2 2 ||91||Loa<r>(Rn) |, "L“l(')(R") [|B,- [
By

V4
j "L‘h(')(m") e

<C ||b||“py(Rn) olk-i)an-ja

- C "b"hp 2”12 "

i LQI(‘)(R")

When 1< p, <o and «a >-4d,n, by Holder’s inequality and (2.12), we have
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F, < ckgzw (ézpjm([bﬁ] 9;)

L“Z(')(R")J

Py
<0322 5 4l oy |

n+a)] p1 o nea) 2L
SC"b"I?;y( 2 ( Z |ﬂ, |p1 [k i)(au JX[J_Z 2[(k i)(ay )JZJ (2.13)
sl k J)(§1n+a) p1
<Chll ) 3 1 [z ) J

<C bl s j;J/lj "

When 1<p, <1 by a>-nd,, we have

F, scé 2“’”{ 4T, T 9,) 2

j=k+2

n . } .
LqZ(')(JR")] = Ck;mzkapl ( _:Zk;ZV’J' |||b|||ip7(]Rn) vl ]
© o |
£C||b|||?;l)y(nz< )3 ( > 1A ol(k=i)(@n+a) Plj<c||b||“p &) z |ﬁ | (_sz[(kj)((slnm)]pl] 2.14)

k=—o0\_j=k+2

<Clbl o) 3 i

Combining (2.10)-(2.14), we get
o, ¢

<clfi

HRGH(")”

g<p)2(Rn
Theorem 2.2. Let q(-)eB(R"), beBMO(R"), 0<p<w,and —ns, <a <ns, where 5,5, >0 area

constants, then [b,T] are bounded from HK&?;’ (R”) to K'q”‘(i)p (R”).
Proof: we suffices to prove homogeneous case. Let f(x)e HK;‘(’_)') (R”), f =ZT}W/1191 in the S’(]R”)
sense, where each g; isa central (a,q(~))—atom with supp g; < B;. Write

||f|HKD‘pR“ |nf{2|/l| }

We have

"([b'T] t) 2

Ka p Z 2kap

([b.T]1) 2

1500 (&")

L0(&) ]
LI0(R ( )J

p
ka
+C Z okap (I%V |“ (Ib.7] (_)(RHJ

=R+F+F

By inequality (2.5)we have

([, T16) 2

0 k-2
:a,p(Rn)sczzm(z loTs)
a() k=—o0 =

k+

+c22k“9(2

1
j=k-1

Ao, T19;) 2

Firstly we estimate F, by Lemma 2.6 we can see
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F,<C "b"2MO(R") J_;O |/1J'|p

Now we consider the estimates of F;. Note that for each xe A, yeA;, and j<k-2, by generalized
Holder’s inequality and Lemma 2.2, we have

(y))gj(y)|

[x yl
L“'(‘)(R"):l

|[b'T]9j|SLJ.IK(X,y)(b(X)—b(y))g( y|dy=<c, et dy

<C2 nk

U |g dy+IAj‘ij_b(y)‘|gj

.||Lq(_)(Rn) “b(x) b

T (ij —b);(j

j ”Lq'(')(m")

Thus by Lemma 2.5 we get

” b T )Ik L0(r (
P B B A Y )
2.16
<Cz nk gJ" l:k J |b||BMO |;(k|||_cl "ZJ'"LG’ +||b||BMO "Zk"L‘*(')(R”)”ZJ'”LQ’(-)(Rn)
k J 2 i "LQ() ” "BMO |Zk"L“' ||ZJ'|||_Q’(~ )
Thus by Lemma 2.3, Lemma 2.4 and noting that | ; || < ";(B "L() ) we get
<C(k= )2 * |9, o el [| e |
IBJ- Lq’(') R
< Ol 22 [0 | T @17
|lBk Lq’(')(R")
<C (k - j)"b"BMO(R") 2Hntare
When 1< p<oo and a<d,n, by Holder’s inequality and (2.17), we calculations
o0 k-2 p
20 527 Sl Tlovslo |
S oken| QB . (1K)nS— jar ’
<0 527 554 bl 27
k=2 P k-2 p' =
— —j)[-ndy+al- — N —j)[-ndp+al- P
<O 5 S22 .

(k=3[ n52+a]g

<Cfougey £ a2

k=—o0

(k=J)[-ns; +a]£
<Clolpuoge) X 4[ (k_z,-f pel

<ClblRegey 2 4
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when 0<p, <1 by a<d,n, we get

L0(&") j

p
(<= ) Bl 2”]

sz“p2|a| (k- j)2tieziels (2.19)

nex 2| £larlo)s

H
N 8

=~

8

scizk“ [

<C|lol;

BMO

SC"b"‘gMO(R“)k;JﬁJ‘| ,.:Z,w (k — j)2tibroede
<CloBoper 2 A1
(®") =

Finally we consider the estimates of F;. Note that for each xe A, yeA;, and k> j+2, by generalized
Holder’s inequality and Lemma 2.2. we have

[0.77g|< [, [K (%) (b(x)=b(y))g; (v)|dy

g;(y)

<cf, (6()-b(y

- dy
Ix—yl

(2.20)
<c2™ ” |g dy+jAJ|ka —b(y)||gj(y)|dy
<c2" gjllmw(Rn)Db(X)—bsk kst 12 =) La«.)(R"J
Thus by Proposition 1.2, and Lemma 2.5, we get
“([b,T]gj);(k 190 (1)
<Cc2™ gj||Lq( M(b—bak)xk Lq(>(Rn)||zj||Lqr(.)(mn)+“(ka ~b) Lq()(RH)IIZkIIch)(Rn)}
(2.21)

<c2™

9; "LQ( [ |b||BMO ”Zk ||L”(')(R”) ||ZJ ”LQ'(-)(Rn) +( i- k)”b”BMO(JR") "Xk ”Lq(')(JR“) ||Zl "m'b)(Rn)}

<C(j-k)2™

il (o) " "BMO ||Zk||w<->(nz<")"Zi"Lq'(»(Rn)

Thus by Lemma 2.3, Lemma 2.4 and noting that | ; "Ls(')(]R") < ||;(Bi ||LS(')(]RH) we get

e e Lo (B s e |

X, L90(Rr
j"Lq(')(R") 7

) (2.22)
] Lq(')(]R")
(-0l 2

B:
BMO

<C(j-k)2

V4:Y XB

(3 =K)[fllguo(sn) 272

When 1< p<ow and a>-4n, by Holder’s inequality and (2.22),we calculations
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o © p
: Ck;wzmp (j—l;z |/IJ' |||[b’T] gj;(k ”Lq(-)(Rn)J
i o R
<e 32 3 (i bl 27" |
k=—c0 j=k+2

p

o (iK)[-nsp+al® © (iK)na) )P
<C||b||BMOR" [»Zk:z|lj|p2 2 2}<(Z(J-k)92 2 zj
=0 \_j=k+ i

K2 (2.23)
g (i)[-noz el
scwmqufzv$2 )
=—0 \ j=k+2
iz2 -ndy+al p
<Clplyegey 1 £27 )
<C ”b"BMO R" ;Jlj |p
when 0<p<1 by a>-dn, weget
© © p
<c32( 3 ll(e110) 5
k=-o0 j=k+2
00 00 . .7_{2 p
<C Z 2k ( Z |li|||b||BMO(R") Z(kij)nbl : j
k=—c0 j=k+2
- - _ p
< C||b||2Mo(Rn) Z_;o[ :Z |/1j|2(1k)[n51a]] (2.24)
= [-nd—a]p
<Clblue) 3l [ £2 0

<C ”bugmo(m”) j;ij |p

combining (2.14)-(2.24) the prove is completed.
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