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Abstract 
Our aim in this paper is to prove the boundedness of commutators of Calderón-Zygmund operator 
with the Lipschitz function or BOM function on Herz-type Hardy space with variable exponent. 

 
Keywords 
Commutator, Variable Exponent, Herz-Taype Hardy Spaces, BMO, Calderón-Zygmund Operator 

 
 

1. Introduction 
In 2012, Hongbin Wang and Zongguang Liu [1] discussed boundedness Calderón-Zygmund operator on Herz- 
type Hardy space with variable exponent. M. Luzki [2] introduced the Herz space with variable exponent and 
proved the boundedness of some sublinear operator on these spaces. Li’na Ma, Shuhai Li and Huo Tang [3] 
proved the boundedness of commutators of a class of generalized Calderón-Zygmund operators on Labesgue 
space with variable exponent by Lipschitz function. Mitsuo Izuki [4] proved the boundedness of commutators 
on Herz spaces with variable exponent. Lijuan Wang and S. P. Tao [5] proved the boundedness of Littlewood- 
Paley operators and their commutators on Herz-Morrey space with variable exponent. In this paper we prove the 
boundedness of commutators of singular integrals with Lipschitz function or BMO function on Herz-type Hardy 
space with variable exponent. 

In this section, we will recall some definitions. 
Definition 1.1. Let T be a singular integral operator which is initially defined on the Schwartz space ( )nS  . 
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Its values are taken in the space of tempered distributions ( )nS ′   such that for x not in the support of f, 

( ) ( ) ( ), d ,nTf x K x y f y y= ∫                                (1.1) 

where f is in ( )n
cL∞  , the space of compactly bounded function. 

Let 0 , .Dδ< < ∞  Here the kernel k is function in ( )n  away from the diagonal x y=  and satisfies the 
standard estimate 

( ), ,n
DK x y x y

x y
≤ ≠

−
                                (1.2) 

and 

( ) ( ), , ,n

D x x
k x y k x y

x y x y

σ

σ+

′−
′− ≤

′− + −
                          (1.3) 

provided that { }1 max ,
2

x x x y x y′ ′− ≤ − −  

( ) ( ), , ,n

D x x
k x y k x y

x y x y

σ

σ+

′−
′− ≤

′− + −
                          (1.4) 

provided that { }1 max ,
2

y y x y x y′ ′− ≤ − −  such that is called standard kernel and the class of all kernels that  

satisfy (1.2), (1.3), (1.4) is denoted by ( ),SK Dσ . Let T be as in (1.1) with kernel ( ),SK Dσ . If T is bounded 
from Lp to Lp with 1 p< < ∞ , then we say that T is Calderón-Zygmund operator. 

Let Ω be a measurable set in n  with 0Ω > . We first defined Lebesgue spaces with variable exponent. 
Definition 1.2. [4] Let ( ) [ ): 1,p ⋅ Ω→ ∞  be a measurable function. The Lebesgue space with variable expo-

nent ( ) ( )pL ⋅ Ω  is defined by 

( ) ( )
( ) ( )

 is measurable : d  for some constant 0 .
p x

p f x
L f x η

η
⋅

Ω

   Ω = < ∞ >      
∫           (1.5) 

The space ( ) ( )p
LocL ⋅ Ω  is defined by 

( ) ( ) ( ) ( ){ }is measurable : for all compact .p p
LocL f f L K K⋅ ⋅Ω = ∈ ⊂ Ω  

The Lebesgue space ( ) ( )pL ⋅ Ω  is a Banach space with the norm defined by 

( ) ( )
( ) ( )

inf 0 : d 1 .p

p x

L

f x
f xη

η
⋅ Ω Ω

   = > ≤      
∫                        (1.6) 

We denote 

( ){ }essinf : ,p p x x− = ∈Ω  ( ){ }esssup :p p x x+ = ∈Ω . 

Then ( )Ω  consists of all ( )p ⋅  satisfying 1p− >  and p+ < ∞ . 
Let M be the Hardy-Littlewood maximal operator. We denote ( )ΩB  to be the set of all function ( )p ⋅ ∈ 
( )Ω  satisfying that M is bounded on ( ) ( )pL ⋅ Ω . 
Let { } 1: 2 , \ , , .

k

n k
k k k k k BB x x C B B kχ χ−= ∈ ≤ = = ∈   

Proposition 1.1. See [1]. If ( ) ( )q ⋅ ∈ Ω  satisfies 

( ) ( ) ( ) , 1 2 ,
Log

Aq x q y x y
x y
−

− ≤ − ≤
−

                         (1.7) 

( ) ( ) ( ) , ,
Log

Aq x q y y x
e x

− ≤ ≥
+

                          (1.8) 
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then, we have ( ) ( )q ⋅ ∈ ΩB . 
Proposition 1.2. [6] Suppose that ( ) ( ) ( ) ( )1 2 1, , 0nq q n qγ

+
⋅ ⋅ ∈ < < , if ( ) ( )1 21 1n q qγ = ⋅ − ⋅  then 

( )( ) ( )( )12
2 ,q nq nk

k
B B LL

C γχ χ ⋅⋅
−≤ 

                            (1.9) 

for all balls { }: 2n k
kB x x= ∈ ≤  with k ∈ . 

Definition 1.3. [7] Let α ∈ , 10 p< ≤ ∞  and ( ) ( )nq ⋅ ∈  . The homogeneous Herz space with variable 
exponent ( ) ( ), p n

qKα
⋅

   is defined by 

( ) ( ) ( ) ( )
( ){ },

, : ,p n
q

qp n n
locq KK f L f α

α

⋅

⋅
⋅ = ∈ < ∞







                         (1.10) 

where 

( ) ( ) ( ) ( )
11

, 2 2

1

2 .p qn n
q

ppk p
kK L

k
f fα

α χ ⋅
⋅

∞

=−∞

 =  
 
∑                          (1.11) 

The non-homogeneous Herz space with variable exponent ( ) ( ), p n
qKα
⋅   is defined by 

( ) ( ) ( )
( ) ( ){ },

, ( ) : p n
q

p n q n
locq KK f L f α

α

⋅

⋅
⋅ = ∈ < ∞



                        (1.12) 

where 

( ) ( ) ( ) ( ),

1

2 .qp n n
q

ppk p
kK L

k
f fα

α χ ⋅
⋅

∞

=−∞

 =  
 
∑

 

                          (1.13) 

Definition 1.4. [1] Let α ∈ , 0 p< ≤ ∞  and ( ) ( )nq ⋅ ∈   and 1N n> + . Suppose that ( )NG f x  is 
maximal function of f. Homogeneous variable exponent Herz-tybe Hardy spaces ( ) ( ),P n

qHKα
⋅



  is defined by 

( ) ( ) ( ) ( ) ( ) ( ){ }, ,: ,p n n p n
Nq qHK f S G f x Kα α

⋅ ⋅′= ∈ ∈ 

                      (1.14) 

with norm 

( ) ( ) ( )
( ) ( ), , .p n p n

q q
NHK K

f G f xα α
⋅ ⋅

=








                            (1.15) 

Definition 1.5. [1] Let ( ) ( )2 , nn qδ α≤ < ∞ ⋅ ∈  , ( )20 1δ< < , and non negative integer [ ]2 .s nα δ≥ −   
A function g on n  is said to be a central ( )( ), qα ⋅ , if satisfies 

1) ( ) { }supp 0, :ng B r x x r⊂ = ∈ < ; 

2) ( )( ) ( )0,n n
qg B r

α−

⋅
≤



; 

3) ( ) d 0,ng x x x s= ≤∫ 




. 

What’s more, when ( ) ( )nq ⋅ ∈  , 

( ) ( ),

1

.p n
q

pp
jHK

j
f infα λ

⋅

∞

=−∞

 
≈  

 
∑





                           (1.16) 

Definition 1.6. [7] 1 0γ< ≤  the Lipschiz space is defined by 

( ) ( ) ( )
, ;

: sup .
n

n
Lip

x y x y

f x f y
Lip f f

x yγγ γ
∈ ≠

 − = = < ∞ 
−  

                   (1.17) 

Definition 1.7. For ( )1 n
locb L∈  , the bounded mean oscillation space ( )nBMO   is defined by 

( ) ( )
( )

:

1sup d .n
n

BBMO B
B balls

b b x b x
B∈

= −∫



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2. Main Result and Proof  
In order to prove result, we need recall some lemma. 

Lemma 2.1. ([3]) Let ( )0 1b lipγ γ∈ < < , T be Calderón-Zygmund operator, ( ) ( ) ( )1 2, nq q⋅ ⋅ ∈  ,  

( ) ( )1 2

1 1
q q n

β
− =

⋅ ⋅
 Then, 

[ ] ( ) ( ) ( ) ( )12, .q nq n lip LL
b T C b f

γ
⋅⋅ ≤




                           (2.1) 

Lemma 2.2. ([8]) Let ( ) ( )nq ⋅ ∈  ; if ( ) ( )q nf L ⋅∈   and ( ) ( )q ng L ′ ⋅∈  , then 
( ) ( ) ( )( ) ( )( )d q qn nn q L Lf x g x x r f g ′⋅ ⋅≤∫

 
                        (2.2) 

where 1 11 .qr q q− +

= + −  

Lemma 2.3. ([2]) Let ( ) ( )nq ⋅ ∈  . Then for all ball B in n , 

( ) ( ) ( ) ( )
1 .q qn nB BL LB Cχ χ ′⋅ ⋅
− ≤

 

                             (2.3) 

Lemma 2.4. ([2]) Let ( ) ( )1
nq ⋅ ∈   then for all measurable subsets S B⊂ , and all ball B in n  
( ) ( )
( ) ( )

( ) ( )
( ) ( )

1 2
1 1

1 1

,
q qn n

q qn n

S SL L

B BL L

S S
C C

B B

δ δχ χ

χ χ

′⋅ ⋅

′⋅ ⋅

   
≤ ≤      

   

 

 

                      (2.4) 

where 1δ , 2δ  are constants with 1 20 , 1.δ δ< <  
Lemma 2.5. ([4]) Let ( )nb BMO∈  , and ,i j∈  with i j<  then 

( ) ( )( )
( ) ( )( ) ( )

1 1supn nq n
q n

B BBMO BMOLB B L

C b b b C bχ
χ ⋅

⋅

− ≤ − ≤




   

( ) ( ) ( ) ( ) ( ) ( ) ( )
.nq qn ni j jB B BBMOL L

b b C j i bχ χ
⋅ ⋅

− ≤ −


 

 

Lemma 2.6. ([9]) Let ( ) ( ) ,nq b BMO⋅ ∈ ∈  function and T be a Calderón-Zygmund operator. Then 

[ ] ( ) ( ) ( ) ( ) ( ), .n
n n

BMO qq
b T f C b f

⋅⋅
≤    

Theorem 2.1. Let ( )1q ⋅ , ( ) ( )2
nq ⋅ ∈  , b Lipγ∈ , 10 p< < ∞ , ( ) ( )1 21 1q q nγ⋅ − ⋅ =  and 1 2n nδ α δ− < <   

where 1 2,δ δ  are a constants, then [ ],b T  are bounded from ( ) ( )1

, p n
qHKα

⋅
   to ( ) ( )2

, p n
qKα

⋅
  . 

Proof: we suffices to prove homogeneous case. Let ( ) ( ) ( ), p n
qf x HKα
⋅∈   , j jjf gλ∞

=−∞
= ∑  in the ( )nS ′   

sense, where each jg  is a central ( )( ), qα ⋅ -atom with supp j jg B⊂ . Write 

( ) ( )
11

, 1
1

1

.p n
q

pp
jHK

j
f infα λ

⋅

∞

=−∞

 
≈  

 
∑

   

We have 

[ ]( )
( ) ( ) [ ]( ) ( )( )

1
, 2 2

2

, 2 ,p qn n
q

k p
k kK Lk

b T f b T fα
αχ χ ⋅

⋅

∞

=−∞

= ∑


 

                    (2.5) 

[ ]( )
( ) ( ) [ ]( ) ( )( )

[ ]( ) ( )( )

[ ]( ) ( )( )

1
1 1

, 2 2
2

1

1
2

1

1
2

2

1

1

1

1 2 3

, 2 ,

2 ,

2 ,

p n q n
q

q n

q n

p
kp k p

k j j kK Lk j

p
k

k p
j j k Lk j k

p
k p

j j k Lk j k

b T f C b T g

C b T g

C b T g

F F F

α
α

α

α

χ λ χ

λ χ

λ χ

⋅
⋅

⋅

⋅

∞ −

=−∞ =−∞

∞ +

=−∞ = −

∞ ∞

=−∞ = +

 
≤  

 

 
+  

 

 
+  

 
= + +

∑ ∑

∑ ∑

∑ ∑











             (2.6) 
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By virtue of Lemma 2.1, we can easily see that 

( )
11

2 .n

pp
jlip

j
F C b

γ
λ

∞

=−∞

≤ ∑


 

First we estimate F1. For each 2j k≤ −  and we shall get 

[ ] ( ) ( ) ( )( ) ( )
( ) ( )( ) ( )

( )
( )

( )
( )

( )
( )( )

( )

( )
( )( )

( )( ) ( )( )

1

1 1

2

2

, , d

d

d

d

2

2

n

n

n n

n n

n n

n q n q nj

j j

j
n

j
nlip

j
nlip

k n
jlip L

k n
j Blip L L

b T g K x y b x b y g y y

b x b y g y
C y

x y

x y g y
C b y

x y

g y
C b y

x y

C b g

C b g

γ

γ

γ

γ

γ

γ

γ

γ χ⋅ ′ ⋅

−

− − −

− − −

≤ −

−
≤

−

−
≤

−

≤
−

≤

≤

∫

∫

∫

∫

















 



                   (2.7) 

[ ]( )
( ) ( ) ( )

( )( )
( )( ) ( )( ) ( )( ), 1 22 1

2

2, 2n q qn np n q nj k
q

k n
j k j B Blip L LK L

b T g C b gα β

γχ χ χ⋅ ⋅′ ⋅
⋅

− − −≤










 

Thus by Lemma 2.3, Lemma 2.4 and Proposition 1.2, we get 

( )
( )( )

( )( ) ( )( ) ( )( )

( )
( )

( )( ) ( )( ) ( )( )

( ) ( )( )
( )( )
( )( )

( )
( )

1 11

1 11

1

1

1

2

2

12

2 2

2 2

2 2

2

n q qn nq nj k

n q qn nq nj k

q nj

n q n

q nk

n

k nk
j B Blip L LL

n nk k k
j B k Blip L LL

B Lnk nk
jlip L

B L

j k n j
lip

C b g

C b g B

C b g

C b

γ

γ

γ

γ

γγ

γ γ γ

δ α

χ χ

χ χ

χ

χ

⋅ ⋅′ ⋅

⋅ ′ ⋅′ ⋅

′ ⋅

⋅

′ ⋅

− − −−

−− − + −

−

− −

≤

 ≤  
 

 
 

≤  
 
 

≤

























             (2.8) 

When 11 p< < ∞  and 2nα δ< , by Hölder’s inequality and (2.8), we calculations 

[ ] ( )( )

( )
( )

( )
( )( ) ( )( )

( )

1

1
2

1

21

1
1 1 12 211

1

2

1

2

2 2
2 2

2 ,

2 2

2 2

q n

n

n

n

p
k

k p
j j k L

k j

p
k

j k n jk p
j lip

k j

p
p pk k pj k n j k npp

jlip
k j j

p
lip

j

F C b T g

C b

C b

C b

γ

γ

γ

α

δ αα

δ α δ α

λ χ

λ

λ

⋅

∞ −

=−∞ =−∞

∞ −
− −

=−∞ =−∞

′ ′∞ − −− − − −      

=−∞ =−∞ =−∞

=−

 
≤  

 

 
≤  

 

   
≤ ×      

   

≤

∑ ∑

∑ ∑

∑ ∑ ∑









( )( )

( )

1
21

11

2

2
2

n

pj k np
j

k j

pp
jlip

j
C b

γ

δ α
λ

λ

∞ ∞ − −  

∞ = +

∞

=−∞

 
  
 

≤

∑ ∑

∑


             (2.9) 

where 10 1p< ≤  by 2nα δ< , we get 
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[ ]( ) ( )( )

( )
( )

( )
( )

( )
( )( )

( )

1

1
2

1

21

1
1 21

11 2 1

2

1

2

2

2

2 ,

2 2

2 2

2

q n

n

n

n

n

p
k

k p
j j k Lk j

p
k

j k n jk p
j lip

k j

p
kp j k n jk p

jlip
k j

k pp j k n p
jlip

k j

p
lip

F C b T g

C b

C b

C b

C b

γ

γ

γ

γ

α

δ αα

δ αα

δ α

λ χ

λ

λ

λ

⋅

∞ −

=−∞ =−∞

∞ −
− −

=−∞ =−∞

∞ −
− −

=−∞ =−∞

∞ −
− −

=−∞ =−∞

 
≤  

 

 
≤  

 

 
≤  

 
 

≤  
 

≤

∑ ∑

∑ ∑

∑ ∑

∑ ∑











( )( )

( )

11 2 1

11

2
2

n

p j k n p
j

j k j

pp
jlip

j
C b

γ

δ αλ

λ

∞ ∞
− −

=−∞ = +

∞

=−∞

 
 
 

≤

∑ ∑

∑


                    (2.10) 

Now we estimate F3. For each 2k j≥ + , we shall get 

[ ] ( ) ( ) ( )( ) ( )

( ) ( )( ) ( )

( )
( )

( )
( )

( )
( )( )

( )

( )
( )( )

( ) ( ) ( ) ( )

1

1 1

2

2

, , d

d

d

d

2

2

n

n

n n

n n

n n

n q n q nj

j j

j
n

j
nlip R

j
nlip

k n
jlip L

j n
j Blip L L

b T g K x y b x b y g y y

b x b y g y
C y

x y

x y g y
C b y

x y

g y
C b y

x y

C b g

C b g

γ

γ

γ

γ

γ

γ

γ

γ χ⋅ ′ ⋅

−

− − −

− − −

≤ −

−
≤

−

−
≤

−

≤
−

≤

≤

∫

∫

∫

∫




















                 (2.11) 

[ ]( )
( ) ( ) ( )

( )( )
( )( ) ( )( ) ( )( ), 1 22 1

2

2, 2n q qn np n q nj k
q

j n
j k j B Blip L LK L

b T g C b gα β

γχ χ χ⋅ ⋅′ ⋅
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Using the Lemma 2.3 and Lemma 2.4 and Proposition 1.2, we obtain 
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When 11 p< < ∞  and 1nα δ> − , by Hölder’s inequality and (2.12), we have 
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When 11 1p< ≤  by 1nα δ> − , we have 
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Combining (2.10)-(2.14), we get 
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By inequality (2.5)we have 
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Firstly we estimate F2 by Lemma 2.6 we can see 
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Now we consider the estimates of F1. Note that for each kx A∈ , jy A∈ , and 2j k≤ − , by generalized 
Hölder’s inequality and Lemma 2.2, we have 
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Thus by Lemma 2.5 we get 
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Thus by Lemma 2.3, Lemma 2.4 and noting that ( )( ) ( )( )s n s nii BL L
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When 1 p< < ∞  and 2nα δ< , by Hölder’s inequality and (2.17), we calculations 
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when 10 1p< ≤  by 2nα δ< , we get 
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Finally we consider the estimates of F3. Note that for each kx A∈ , jy A∈ , and 2k j≥ + , by generalized 
Hölder’s inequality and Lemma 2.2. we have 
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Thus by Proposition 1.2, and Lemma 2.5, we get 
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When 1 p< < ∞  and 1nα δ> − , by Hölder’s inequality and (2.22),we calculations 
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when 0 1p< ≤  by 1nα δ> − , we get 
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combining (2.14)-(2.24) the prove is completed. 
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