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Abstract

By the function transformation and the first integral of the ordinary differential equations, the
problem of solving the solutions of the double sine-Gordon equation and the treble sine-Gordon
equation is researched, and the new solutions are obtained. First, the problem of solving the solu-
tions of the double sine-Gordon equation and the treble sine-Gordon equation is changed to the
problem of solving the solutions of the nonlinear ordinary differential equation. Second, with the
help of the Bicklund transformation and the nonlinear superposition formula of solutions of the
first kind of elliptic equation and the Riccati equation, the new infinite sequence soliton-like solu-
tions of two kinds of sine-Gordon equations are constructed.
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1. Introduction

Refs. [1]-[3] studied the problem of solving the solutions of the double sine-Gordon equation, and a finite
number of new solutions consisting of Jacobi elliptic function, hyperbolic function and trigonometric function
are obtained.

u,, = p|sin(u)+24sin(2u)]. (1)

where p and A are constants.
Refs. [4] [5] obtained the new solutions consisting of Jacobi elliptic function, hyperbolic function and
trigonometric function of the treble sine-Gordon equation.
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u, —u, :asin(u)+%ﬂsin(%uj+§ysin(§uj. )

where «,f and y are constants.

In this paper, by the function transformation and the first integral of the ordinary differential equations, the
problem of solving the solutions of the double sine-Gordon equation and the treble sine-Gordon equation is
changed to the problem of solving the solutions of the nonlinear ordinary differential equation. Based on these,
with the help of the Bécklund transformation and the nonlinear superposition formula of solutions of the first
kind of elliptic equation and the Riccati equation, the new infinite sequence soliton-like solutions of two kinds
of sine-Gordon equations are constructed, which are consisting of Riemann @ function, Jacobi elliptic
function, hyperbolic function, trigonometric function and rational function.

2. Some Kinds of New Conclusions of Nonlinear Ordinary Differential Equation

The relative conclusions of the Bécklund transformation of some kinds of ordinary differential equations
introduced as follows are very important in constructing the new solutions of the two kinds of sine-Gordon
equations.
2
dz(& , 2
£—d(§ )J =('(&)) =d+az* (&) +bz* (&) + = (&). A3)

Theorem 2.1 When d =0, there is the fitting Bécklund transformation (4) between the ordinary differential
Equation (3) and the Riccati Equation (5).

2l Y2 (&)-a
z (5)—m» 4)
d‘zif ) (&)= (£)-a )

According to the relative conclusions of the Riccati Equation [6] and the fitting Béacklund transformation (4),
the solutions of the ordinary differential Equation (3) (d = 0) are obtained.

Theorem 2.2 There is the following fitting Backlund transformation between the ordinary differential Equa-
tion (3) and the first kind of elliptic Equation (6).

Then we put forward the fitting Bécklund transformation between the ordinary differential Equation (3) and
the first kind of elliptic Equation (6) in some cases.

(dyd—?j () = A+ B )+ O (9) ©

1 [BR_\/ZBCR”J 1

Case 1. When d=—— =—6CR -6+2BCRQO + BQO) ,
2P o /¢ 4Q( 0+ 5Q)

/ / 2

p=NCP[2CV2R 4o+ V2O .o P +(2CR-22BCOR + BO), 4=-L(CR-BO) there is
2Jor L VB JR 4BRQ 0

the following Bicklund transformation between the ordinary differential Equation (3) and the first kind of

elliptic Equation (6).

BPRC +~/BR [(—CP2 (2R +22BCRQ + BQ)); ~CP\20y (&) |¥(¢)

()= sz/E[BJrZCyZ(f)J ' M

3
] [BR+\/2BCR ] 1

Case 2. When d =—— =—6CR + 6,/2BCRQO + BO| ,
2P \/@ a 4Q( 0 Q)
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bh=—

(2\/2C3R +4CJBRO + \/ECBQ) C—Pz(ch +2,2BCOR + BQ)
4BRO? ’

«/BRQ

A= ——(CR - BQ) there is the following Bécklund transformation between the ordinary differential Equation
QZ

(3) and the first kind of elliptic Equation (6).

VBCR| R+ Qy* (&)
2(¢)= ! ] T ®)
PJBCR +[¢(—CP2 (2cR-2,2BCRO + BO) | +20CPy () | 7(£)
7(45+29J§)BR (20+51J§)B (151+265x/§)BP
Case 3. When d =- —, a=-— =, b= 5
4(11+6«/§) P 4(11+6\5) 28(11+6J§) R
(530+15142) BP? BR
= 3 , C=0, A=— there is the following Bécklund transformation between the
196(11+62) R?
ordinary differential Equation (3) and the first kind of elliptic Equation (6).
7R| R+ Oy*
2 fr0R (3] (RO <0). ©)
7PR+2(3+x/§)\/—RP2Qy(§)+(1—2\/§)PQy2(5)
( 45+29J§)BR (—20+51J5)B (151—265ﬁ)BP
Case 4. When d = , a= —, b= 5
(11 6[) 4(11—6«/5) 28(11—6x/§) R

(530-151v2) BP* BR
c= C=0, A=—— there is the following Bécklund transformation between the

2 s
196(11-6v2) R*
ordinary differential Equation (3) and the first kind of elliptic Equation (6).
, TR[ R+ (£)]

’ (5):7PRJ_rZ(—3+x/§)\/—RP2Qy(§)+(1+2\/§)PQy2(§) (kO<0) 1o

Here P,Q and R are arbitrary constants not equal to zero. A4,B and C are determined by the first kind of
elliptic Equation (6).

Theorem 2.3 If y(§ ) is the solution that are not the constants of the first kind of elliptic Equation (6), then
the following )7(5 ) is also the solution of the first kind of elliptic Equation (6).

o A[—BMOi (BZ—4AC)M§—2CM0y2(§)]
(7)) = . (11)
c[zAMO :(J—,BMO + (B —44C) M7 )y2 (5)}

(7)) =%[—B+2Cy2 (&)F24Cy ()] (B*-44C=0). (12)

AL+ BLy* (&) FiW B[A+By (5)] (C=0,B<0). (13)

BW + iL\/B[A + B (&)]

) - ALy (&)
y(&)=% T L2+BH2 v(&)FHL4+ B (&)

(C=0). (14)
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Here M,,L,W and H are arbitrary constants that are not all zero.

Theorem 2.4 The first kind of elliptic Equation (6) has the following some kinds of solutions.

Case 1. The Riemann ¢ function new solutions [7] of the first kind of elliptic equation

When A=6; (0) 0; (0),B= 0; (0)- 0, (0),C= -0; (0)922 (0), the first kind of elliptic Equation (6) has the
following solution.

0(¢)

; 15

e "

When 4 =6; (0)6; (0),B =—(6; (0)+65 (0)),C =6 (0)6; (0), the first kind of elliptic Equation (6) has

the following solution.

6,(£)

; 16

970 "

When 4=6;(0)6;(0),B=6(0)+6;(0),C=6;(0)6; (0), the first kind of elliptic Equation (6) has the
following solution.

y(&)= : (17)

£ oo * g . . .
where H( *](z,r):zn_wexpl:(nJrgj(nir(n +§j+2[z+2]ﬂ, [ *j is a bivector, n is a constant.
& £

And, 6,(z) :H[i](z;z’),ﬁz(2)2(9[(1))(2;‘[),93(Z)ZQ(gj(z;T),@(z) zam(m).

Case 2. The Jacobi elliptic function new solutions of the first kind of elliptic equation

According to the periodicity of the Jacobi elliptic function, some kinds of new solutions of the first kind of
elliptic equation are obtained, some new solutions [6] [8] [9] are listed here.

When A4=1,B=-1-k*,C =k?, the first kind of elliptic Equation (6) has the following solutions.

y(&)=sn(&,k), (18)
k), - k)<é< k eZ,
1 £<(4p+1)K(k),
y(&)=<sn(&k), (4p+1)K(k)<E<(4p+3)K(k), (20)
-1, (4p+3)K(k)S§ pe’z.
1, £<(dp+3)K (k).
y(§)= sn(§,k), (4p+3)K(k)£§£(4p+5)K(k), (21
1, (4p+5)K(k)S§ peZ.
When A=1-k* B=2k>—-1,C =—k”, the first kind of elliptic Equation (6) has the following solutions.
y(&)=cn(& k), (22)
k), (4p+2 k)<E<(4p+6 k e’Z,
1, §S4pK(k),
y(&)=1en(& k), 4pK(k)<E<(4p+2)K(k), (24)
-1, §2(4p+2)K(k) pe’.
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-1, E<(4p+2)K(k),
y(&)=1en (& k), (4p+2)K(k)<E<(4p+4)K(k),
1, §2(4p+4)K(k) pe’l.

When A=-1+k>,B=2—k* C=-1, the first kind of elliptic Equation (6) has the following solutions.
y(§)=dn(& k),

dn(é,k), 2pK(k)S§S(2p+2)K(k) pEeZ,

)=

others.

dn(f,k), (2p+1)K(k)S & S(2p+3)K(k) pe’Z,

y(é) - {\ll—kz, others.

-k, E<(2p+1)K (k).
(

z 1 1 1
()= J3 et -
'[O J1-k*sin® ¢ '[0 \/(l—xz)(l—kzxz)
Case 3. The other new solutions of the first kind of elliptic equation
When B?> —4A4C =0, the first kind of elliptic Equation (6) has the following solutions.

y(¢)= ﬁ[nexp(@mﬂ (B<0,C>0).

hc[1-ew (V28]

where K dx,0<k <1. Zis the integer assemblage.

tan(%mj (B>0,C>0),

3. The New Infinite Sequence Solutions of Two Kinds of Sine-Gordon Equations

3.1. The New Infinite Sequence Solutions of the Treble Sine-Gordon Equations

(25)

(26)

27

(28)

(29)

(30)

€3]

(32)

Substituting the functional transformation u(x,¢)=u (&)= 6arctan (v(& )) ,E=ux+wt (where u and o

are undetermined constants) into the Equation (2) yields the following ordinary differential equation
1
V(&)= (a+4B+9)v(E)+2(a-157)v (&)
9~ )[14v* (&) [

+Ha=ap+97)v () -18(s" =0 )[v(£)+ v ()] (v (&) |

(33)

By the functional transformation, the ordinary differential Equation (33) is changed to the ordinary

differential Equations (34)

800
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dv

— =Y,
dg

v 1 a+4B+99)v(E)+2(a - v
P e LRI RN o9

+(a=4B+97)v* (£)-18(p -0 )[v(£)+v' (£)]7* .

Then by the functional transformation (35), the ordinary differential Equations (34) is changed to the ordinary
differential Equations (36)

g =94 -7 )(1++* )dz, 9
& —o(ur o) (1)1,
‘;_); 1+1v [(0!+4ﬂ+97)v+2(05 157)v’ +(a —4p+97)v’ (9

—18(,u —a)z)(v+v3)Y2].

We can obtain the first integral of the ordinary differential Equations (36) as follows
1

yz=g(ﬂz_QZ)(1+V2)@(1_3V2)2+a(1+v2)2+(1+v2)[_4ﬁv2+9c0(y2_w2)(1+v2)2ﬂ, (7

where C, is an arbitrary constant.
Substituting the first integral (37) into the first equation of the ordinary differential Equations (36) yields the
following ordinary differential equation

2
(%) =L, + Ly + Ly + Ly + L. (38)

where LO=9(y2—a)z)[a+y+9C0(y2—a)2)J, Ll=9(,uz—a)2)[3a—4ﬂ—57/+36C0( a)z)]
L2=9(,u2—a)z)[3a—8ﬂ+3)/+54co(,u2—a)z)],L3:9(y2—w2)[a—4ﬂ+9(7+4co( wz)ﬂ

L, =81C, (1> ~ ) .

With the help of the relative conclusions of some kinds of ordinary differential equations introduced in Part 2,
the new infinite sequence solutions of the treble sine-Gordon equations are constructed

3.1.1. To Construct the New Infinite Sequence Solutions When C, = 0
When C, =0, the ordinary differential Equations (38) is changed to the following the ordinary differential
equation.

2
(S—VJ =L+ LV + L'+ L (39)
T
Where L10—9<2,u (cx+7/) L11:9(,u2—w2)(3a—4ﬁ—5;/), L12=9(,u2—a)2)(3a—8/3+3;/),

Ly =9(u (a—4B+9y).

Case 1. The new infinite sequence smooth-type soliton-like solutions

When the coefficients of the ordinary differential Equation (39) L, =d,L, =a,L, =b and L, =c satisfy
the case 2. of theorem 2.2, with the help of the following superposition formula, the new infinite sequence
smooth-type soliton-like solutions of the treble sine-Gordon equations are obtained, which are consisting of
Riemann 6 function, Jacobi elliptic function and hyperbolic function.
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u, (x,t)=u, (&)= 6arctan (v, (£)) (n=0,1,2,---),
de=9(4’ -0’ )(1++] )dr,
v (2)= M[R +0y’ (r)]

PyBCR + {1(—CP2 (2cr-2{2BCRQ + BO))} ++20CP, (r)] 7, (7) (40)

>

A[—BMO *(B* —44C) M —2CM, 7, (T)}

Joast, o, s 0]

where y, (z-) is determined by the first kind of elliptic Equation (6). 4, B and C are the coefficients of the first

(5 (7)) =

:1,2,...)_

kind of elliptic Equation (6), and A4 = —é(CR - BQ) . P, O and R are arbitrary constants that are not all zero.

If the y, (z’) of the superposition Formula (40) are taken as the Solutions (15)-(17) of the first kind of
elliptic Equation (6), then the Riemann 6 function type new infinite sequence solutions of the treble
sine-Gordon equations are obtained.

If the y, (z’) of the superposition Formula (40) are taken as the Solutions (18)-(30) of the first kind of
elliptic Equation (6), then the Jacobi elliptic function type new infinite sequence smooth-type soliton-like and
tight-soliton solutions of the treble sine-Gordon equations are obtained.

If k=1 in the Jacobi elliptic function type solutions of the treble sine-Gordon equations, then the hyperbolic
function type new infinite sequence solutions are obtained.

Case 2. The new infinite sequence peak-type soliton solutions

When L, =d,L,=a,L,=b and L, =c satisfy the Case 2. of the Theorem 2.2, with the help of the
following superposition formula, the new infinite sequence peak soliton-like solutions of the treble sine-Gordon
equations are obtained, which are consisting of hyperbolic function and trigonometric function.

u, (x,t)=u, (§)=6arctan(vn (5)) (n=0,1,2,--),
df=9(,u2 —a)z)(1+vf)dr,

()= VBCR[R+0y; (7)]
PJBCR +| %(-CP* (2CR -22BCRQ +BQ)); +20CPy, () |y, (z)

; (41)

(3, () = %[—B #2007, () F2VC (7)) (B*-44C=0,n=12,-).

where y, (z-) is determined by the first kind of elliptic Equation (6). 4, B and C are the coefficients of the first

- . R .
kind of elliptic Equation (15), and 4= _E(CR - BQ) . P, O and R are arbitrary constants that are not all zero.
If the y, (r) of the superposition Formula (41) is taken as the Solution (31), then the trigonometric function
type new infinite sequence solutions of the treble sine-Gordon equations are obtained.

If the y, (r) of the superposition Formula (41) is taken as the Solution (32), then the hyperbolic function
type new infinite sequence solutions of the treble sine-Gordon equations are obtained.

3.1.2. To Construct the New Infinite Sequence Solutions When C, =0,y =—-a
The ordinary differential Equations (38) is changed to the following the ordinary differential equation when

C=0,y=-a.

2
(ﬂj =L,V + L,v* + L. (42)

dr
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where L, =9(u - )(8a=4p),L,, =—72(1’ -0 ) B, L, =9(1" - & ) (4B - 8a).
Equation (42) is changed to the Riccati Equation (44) with the help of the following functional transformation

B —36(2a—/3)(,t42—a)2)+H2(1) .
12[6/}(;12 )+ - (2a+ B) (1 —a)z)H(r)}

dH (7)

Vi (r)=

(43)

=-36(2a - p) (1’ -0 )+ H’ (7). (44)

By the following superposition formula, the new infinite sequence soliton-like solutions of the treble
sine-Gordon equations are obtained, which are consisting of hyperbolic function, trigonometric function and
rational function.

u, (x,t)=u, (&)= 6arctan(vn (§)) (n=0,1,2,---),
de=9(4’ -’ )(1+] )dz,
PR -36(2a - B) (4’ - @’ )+ H; (r)
12[6,3(;;2 — 0P )+ \-(2a+ B) (1 - )H, (1)}’
H(7)= —-a [—rHH (r)+(p+r)H,,(7)-pH,, (z'):|
~rH, ,(t)H,,(t)+H, () -pH,, () +(p+r)H, ., (7)]

where p and r are arbitrary constants that are not all zero. a =36(2a —ﬂ)(uz -’ ) And H,(7),H,(r) and
H,(z) are the solutions of the Riccati Equation (44).

(45)

(n=4,5,---).

3.1.3. To Construct the New Infinite Sequence Solutions When C,=0,¢=45-9y
When C,=0,a=48-9y, the ordinary differential Equations (38) is changed to the following the ordinary
differential equation.

dv :
[Ej =L, + Ly + Lpv*. (46)

where L =36(,u2 _a)l)(ﬁ—Zy),L32 :36(/12 _0)2)(2ﬁ—87),L33 236(/12 —0)2)(,3—6;/)_
u, (X,t)=un(§) =6arctan(vn (5)) (n :0,1,2,...),
d¢=9(4’ -0’)(1+4] )dr,

2 y [—BMO + \/m _2CM V2, (7)} (47)

:1,2,...)_

v

2 (7)= (n
J

C[2AMO $($BM0 +(B* -44C)M; )vn{l (7)

where A4=Ly,B=Ly,,C=Ly; M, is an arbitrary constants that is not zero. v,(z) is determined by the
first kind of elliptic Equation (46).
3.2. The New Infinite Sequence Solutions of the Double Sine-Gordon Equations

Substituting the functional transformation u(x,t)=u(&)=2arctan(v(¢)),&é = ux+awt (where 4 and o
are undetermined constants) into Equation (1) yields the following ordinary differential equation

V(&) =m[(p+4pi)v(§)+(p—4pﬂ)v3 (§)+2uwv((§)(v’(§))2]' (48)

By the functional transformation, the ordinary differential Equation (48) is changed to the following two
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ordinary differential equations

dy I . , (49)
gzm[(p+4pﬂ)v+(p—4pl)v +2ya)vY :'
dv
E:,ua)(lJrvz)Y,
dy 3 2
d_:(P+4pﬂ)v+(p—4p/1)v +2umvY?, (50)
T
dé = ,ua)(1+v2)dr.
The two ordinary differential equations have the following first integral
Y2=$[p[—l+(—l+4ﬂ)vﬂ+Co,ua)(l+v2)2] (51)

where C is an integral constant.
Substituting the first integral into the first equation of the ordinary differential Equations (49) and (50)
severally yields the following two ordinary differential equation

2
L YoR L. 23 NG R (52)
dé HO U@ HO

dv ? 8 6 4 2

i =KV +KVv' +K,v'+ Ky + K, (53)

where K, =Cypl0’, K, =(-p+4pA)uw+4Cu’e’, K, =(-3+81)puw+6C 1’e’,
K= (—3 + 4A)p,u(0+ 4C0,uza)2 , K, =—puo+C,p’e’

When C, =0, the ordinary differential Equations (53) is changed to the following the ordinary differential
equation.

2
d
(—VJ =KV K+ K+ K, (54)
dr
where K, =(-p+4pA)uw, K, =(-3+81) puw,K,, =(-3+41) puw,K,, = —puow.

By the method to construct the new infinite sequence solutions of the treble sine-Gordon equation, we can
also obtain the new infinite sequence solutions of the double sine-Gordon equation (not given here).

4. Conclusion

By the auxiliary equation method, many kinds of smooth type soliton, tense type soliton and peak soliton and so
on new solutions of the nonlinear evolution equations have been obtained [1]-[14]. In this paper, by the function
transformation and the first integral of the ordinary differential equations, the new infinite sequence soliton-like
solutions consisting of the Riemann & function, Jacobi elliptic function, hyperbolic function, trigonometric
function and rational function of the double sine-Gordon equation and the treble sine-Gordon equation are ob-
tained. These solutions conclude many kinds of smooth type soliton, tense type soliton and peak soliton and so
on new solutions. Refs. [1]-[5] didn’t obtain the new tense type soliton and peak soliton solutions of the double
sine-Gordon equation and the treble sine-Gordon equation.
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