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Abstract

In this paper, we study the boundedness of the fractional integral with variable kernel. Under
some assumptions, we prove that such kind of operators is bounded from the variable exponent
Herz-Morrey spaces to the variable exponent Herz-Morrey spaces.
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1. Introduction

Let O<pu<n, Qel”(R")xL($"*)(r=1) is homogenous of degree zero on R", S™' denotes the unit

sphere in R". If
i) Forany x,zeR",onehas Q(x,1z)=Q(x,2);
1

Q(x2)[ do(2)) <=0

i) Q| wony rfent :=sup( ot
" "L (R (5™ o gn .[s
The fractional integral operator with variable kernel T, , is defined by

Touf (%) :J‘Rnw f(y)dy,
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When u =1, the above integral takes the Cauchy principal value. At this time x=0, T, , is much more
close related to the elliptic partial equations of the second order with variable coefficients. Now we need the
further assumption for Q(x,z). It satisfies

[, Q(x7)do(2)=0,vxeR",

For r>1, we say Kernel function Q(x,z) satisfiesthe L'-Dini condition if Q meets the conditions i), ii)
and

J'1Md5 <
° 5
where o, (5) denotes the integral modulus of continuity of order r of Q defined by

w,(8)=sup (LM

xeR" | p|<s

(=

Q(x, pz')-Q(X, z’)|r do-(z’))r

where p isthe arotationin R"
|l = sup |pz' 7]
7'es"t

when Q=1, T, isthe fraction integral operator

fy
O

The corresponding fractional maximal operator with variable kernel is defined by

Mg, f(x)= sup nﬂj‘x e

We can easily find that when Q =1, M, u isjustthe fractional maximal operator

1
Mo, £ (x)=sup—f [T

Especially, in the case u=0, the fractional maximal operator reduces the Hardy-Litelewood maximal
operator.

Many classical results about the fractional integral operator with variable kernel have been achieved [1]-[4].
In 1971, Muckenhoupt and Wheeden [5] had proved the operator T,, was bounded from L to L%.In 1991,
Kovacik and Rékosnik [6] introduced variable exponent Lebesgue and Sobolev spaces as a new method for
dealing with nonlinear Dirichet boundary value problem. Then, variable problem and differential equation with
variable exponent are intensively developed. In last years, more and more researchers have been interested in the
theory of the variable exponent function space and its applications. The class of Herz-Morrey spaces with
variable exponent is initially defined by the author [7], and the boundedness of vector-valued sub-linear operator
and fractional integral on Herz-Morrey spaces with variable exponent was introduced by authors [7] and [8]. We
also note that Herz-Morrey spaces with variable exponent are generalization of Morrey-Herz spaces [9] and
Herz spaces with variable exponent [10]. Recently, Wang Zijian and Zhu Yueping [11] proved the boundedness
of multilinear fractional integral operators on Herz-Morrey spaces with variable exponent.

The main purpose of this paper is to establish the boundedness of the fractional integral with variable kernel

from MKQ/;(.)(RH) to MK;‘Z‘@(_)(R”). Throughout this paper |E| denotes the Lebesgue measure, .

(X, x— y)|dy.

y)|dy.

means the characteristic function of a measurable set S = R". C always means a positive constant independent
of the main parameters and may change from one occurrence to another.

2. Definition of Function Spaces with Variable Exponent

In this section we define Lebesgue spaces and Herz-Morrey spaces with variable exponent.
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Let E be a measurable setin R" with |E|>0. We first defined Lebesgue spaces with variable exponent.
Definition 2.1. Let p(-):E — [1,oo) be a measurable function. The Lebesgue space with variable exponent
L’ (E) is defined by

f p(x)
LPO) (E) = { f is measurable: IE {MJ dx < oo for some constant 7 > 0}
n

The space L) (E) is defined by

Loc

LV (E) = {f is measurable : f L") (K) for all compact K < E}

loc

The Lebesgue spaces L") (E) isa Banach spaces with the norm defined by

: £ ()"
[ Fl56e,) = inf {’7 >0: [ (|7(7—)|J dx < 1}

We denote
p_=essinf{p(x):xeE}, p, =esssup{p(x):xeE}.

Then P(E) consistsofall p(-) satisfying p_>1 and p, <.

Let M be the Hardy-Littlewood maximal operator. We denote 9B(E) to be the set of all function
p(-)eP(E) satisfying the M is bounded on L0 (E).

Let B, ={XER” :|x|$2k},Ck =B \Biy 1 = Zp KEZ

Definition 2.2. Let @ €R,0<q<,p(-)e P(R") and 0<1<co. The Herz- Morrey spaces with variable
A

exponent MKg'p(‘)(R”) is defined by

MK (R?)

£ (R = L (R VO o <]

=—

) L g
[l o =02 3 2l |
a.p() LeZ K

Remark 2.1. (See [6]) Comparing the Homogeneous Herz-Morrey Spaces with variable exponent with the
homogeneous Herz spaces with variable exponent, where Kff(’.)p (R”) is defined by

" Yp
Koo (R) = {f & Ll (RMO): [l ager) = {kz 2| f 2 ||fa<~>(Rn)} < w}

Obviously, Kg’('_)p (R”)z MK;‘;’(_) (R“)

3. Properties of Variable Exponent

In this section we state some properties of variable exponent belonging to the class %(R“) and
Qel”(R")xL (™).
Proposition 3.1. (See [12]) If p(:)e P(R”) satisfies

|P(X)—P(Y)|3Wf_y|)

PP = 5o

Jx—yj<12

=i

then, we have p(-)eB(R").
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Proposition 3.2. (see [13]) Suppose that p,(-)e %(R”), Qe L”(R”)x L (S“’l). Let 0<ys( n) , and
),
i i 1 1 _# Pl (R
define the variable exponent p,(-) by: ——-— =<".Then we have that forall f el (R )
P(x) P (x) 1
"Twa LP20)(g") = ” f ”Lpl(')(R”)

Now, we need recall some lemmas
Lemma 3.1. (See [14]) Given p(-):R" —[1,00) have that for all function f and g,

ool T O 9 (%)]0x < C 0

Lemma 3.2. (See [15]) Suppose that O<u<n, r>1, Qel” (]R”)x Lr(S"‘l) satisfies the L' -Dini
condition. If there existsan 0<a <1/2 suchthat |y|<a,R then

00 er)

J.R<\x\<2R

|Q(X,X—y)_§2(x,x)|r dx}r gCRG_nW) (M+ /R @, (5)d5j

oy W R

Lemma 3.3. (See [16]) Suppose that x e R", the variable function ¢(x) is defined by %:1+
p(x) q
then for all measurable function f and g, we have

" f (X) Y (X)"LP(')(R“) =C "g (X)"U(R")

Lemma 3.4. (See [17]) Suppose that p(-) e %(R") and 0<p <p'<w.
1) Forany cubeand |Q|<2", allthe zeQ, then: ||}(Q "LP“ ~ |Q|]/p(X)

f (X)"La«)(Rn)

2) For any cube and |Q|>1, then ||ZQ||LP(') z|Q|]/p°“ where

p, =lim,,., p(x)

Lemma 3.5. (See [18]) If p() € %(R”), then there exist constant C >0 such that for all balls B in R"
and all measurable subset S <R

|25 hsoren) (|s|]‘y |5 b o) [|s|j51
— ' <C|1—~ |, ————<C| —
Foloopey L) Teelloogey B
such that ¢,0; is constants satisfying 0<J,9, <1

Lemma 3.6. (See [14]) If p() € *B(R”) , there exist a constant C >0 such that for any balls B in R". we
have

1
E"ZB "Lp(')(R") IB”L"'(')(R“) <C

4. Main Theorem and Its Proof

In this section we prove the boundedness of fractional integral with variable kernel on variable exponent Herz-
Morrey spaces under some conditions.
Theorem A. Suppose that 0 < <n,0< <l A<a<nd +p,0<0q <0, <. Let

Qe Ll (R")xL'(8"*)(r > p; ), and the integral modulus of continuity a, (5) satisfies
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< oo

10, (5)
.[0 SHp dé

Andlet p,(-)eB(R") satisfy 0<u<

and define the variable exponent p, (x) by
P),

A , then we have

||TQ~#f||MKg;‘p2()( <C|t], kot (8
Forall fe MK;:g(_)(R”).

w @/
Proof If feMK';’él(_)(R”) arbitrarily, we apply inequality {Zaj} SjZ:;a}’“/qz 0;,0,,--=0

j=1
@/
92
LP2() (Rn ) }

Qﬂ Ik”L"Z )}

o g, o =302 | 22

qzvpz(-)( LeZ

|TQ u Z k

<sup2” ”ql{ Z 2k T,

LeZ

If we denote

Then we have

"TQ# f ";ngvfpz(_)(ﬂ%") < sup 2 Z 21% ( Z “TQ “ zk

L2 (g0 )j
Lpz()( )\J

Ll
+sup2 e Z Zkaql( )y “TQ/J )2 (720 )j
j=k-1

<sup2 v Z okaty ( z “Tﬂu Zk

LeZ

LeZ
=U, +U,.

Below, we first estimate U, using size condition of f;. Minkowski inequality when j<k -1, we get

o) \YPl)
LP2(: ( ) =(.[ck TQ,#(fJ')p dX)

Q(x,x-y)
"=y

“TQ u 7( k

‘Tﬂ:# ( fi )‘ “Jr

f; (y)dy

Then we have

Q(x,x—y)_Q(x,x)|z
=y

dy

Lpz(-)(Rﬂ)

“TQ u Z k

LP2(: ( ) :.[ijj(y)

Since r > p, we define the variable exponent ! = l+ L by Lemma 3.3 and we get

P, (X) rp, (X)
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Q(x,x—y)_Q(x,x)|
=y |

P20 ()

< Q(x,x-y) ~ Q(x,x)

P

|X_ y|n_ﬂ |X|n_” L’(R”)
Q(x,x-y) Q(x,x)
< - R
PRI o S
According to Lemma 3.4 and the formula L L 1 , then we have

P, (x) P(x) T

-1 u . .
) |B[r n. Combining Lemma 3.2, note that 2! < 207997 e get

VA4S V4:Y

L2 ~ L

oy sl ol pirain

T e lie 2

< CRG’““‘] (ij 4 olip J‘l o, (9) ng

0 é‘Hﬁ

<Rl ™t (1+ [ @ (0 )daJ

0 SHA

_ Cz(k l)(ﬁnwjz(kk)ﬂ

It follows that
o (1) ] e - )_csz”*“*k)ﬂ Jo Fi (V)] zs, o
Using Lemma 3.1, Lemma 3.5 and Lemma 3.6, we obtain
o (1) 2 i )<C2?k”+’kﬁ" illneo o) e ||ZBk||Lm<>
<C2" ] o i a0 )kan Zo o)
<2ty ”ZZL .

< Cz(J*k)ﬁZ(i*k)”ﬂ f

J||Lm<x>(Rn)

< pli-k)pena)

i ||Lp1(')(R”)

Hence we have

k-2 . o b
U sCsupz s Y (2 2ugrHn) fJme)(w))
j=—x

k=-o0

k-2 . K
<Csup2 - Z Y 2eiplinae) " f; " PO
LeZ k=-00\_j=-o0 - (R )
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Remark that o <nd, + . We consider the two cases 1< g, <o and 0<g, <1.If 0<q, <1, then we use
the Holder inequality and obtain

k-2 Co\@/d
scupr 3 (Z e U R

LeZ k=—o0 \_j=—oo

Loz i Lpl(')(Rn)

-2 L _ ‘
=]+

<Csup2 e Z 241 ||f ||

LeZ
o 1 v
If 0<q, <1, a<nd +p, weget

U, <Csup2 - Z 22“*12’ o g I8

Lez K=—00 j=—00

<C oL N7 oaia || f | 2(1'—‘<)(ﬂ+”¢51-0‘)q1
w2 £ 20l 3

Lpl( R")

<Csup2 lZZ 279 |8
<C " f "MK‘“ )

Next we estimate U, , by using Proposition 3.2 we have

U, <Csup2 - Z 2“%( > “TQH ) %

LeZ

LP20)(R ( )]

LeZ k=—o0

" G
ccupz i 30 $ 111,

j=k—
<CSUp2 Lﬂqlz(zzajzkj ||f|| Jql

LeZ j=k-1

Scsupz—uql ZL: ( z 2a]2k j)a "f ||Lpl Rn ](h

LeZ k=—o0 \_j=k-1

+cSup2”“lz£22“'2k' ||f|| qu

LeZ —o0 \_j=k+2

=J,+J,

First we estimate of J,, then we have

G
J<Csup2”°‘12 22‘“2“' e
4 L")

k=—o0\_j

<Csup2 i Z 2%k ||f ||L,,1() )

k=—0

<C"f"MKM )

va()
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To estimate of J,, when A <« , we have

LeZ

Ll
CSUp2 LA%Z(ZZMZKJ P ]Rn]
j=k+2

<Csup ZL: o(k-L)ay Z olk-i)a-2) i e "f "Lm( . Jql

LeZ K=—wo
1 \%
L © ) ) o
<Csup 12!t 37 2ty { pITA LA K R")}ql
LeZ k=-w j=k+2 n=—o0

SCsupZL‘,Z(K‘L)‘ql ZZkJMj ||f|MKM <C||f||MKM )

LeZ k=-o j=k+

Complete prove Theorem A.
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