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Abstract

Nonlinear super integrable couplings of a super integrable hierarchy based upon an enlarged ma-
trix Lie super algebra were constructed. And its super Hamiltonian structures were established by
using super trace identity. As its reduction, special cases of this nonlinear super integrable coupl-
ing were obtained.
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1. Introduction

With the development of soliton theory, super integrable systems associated with Lie super algebra have aroused
growing attentions by many mathematicians and physicists. It was known that super integrable systems con-
tained the odd variables, which would provide more prolific fields for mathematical researchers and physical
ones. Several super integrable systems including super AKNS hierarchy, super KdV hierarchy, super KP hie-
rarchy, etc., have been studied in [1]-[4]. There are some interesting results on the super integrable systems,
such as Darboux transformation in [5], super Hamiltonian structures in [6] [7], binary nonlinearization [8] and
reciprocal transformation [9] and so on.

The research of integrable couplings of the well known integrable hierarchy has received considerable atten-
tion [10]-[12]. A few approaches to construct linear integrable couplings of the classical soliton equation are
presented by permutation, enlarging spectral problem, using matrix Lie algebra [13] constructing new loop Lie
algebra and creating semi-direct sums of Lie algebra. Recently, You [14] presented a scheme for constructing
the nonlinear super integrable couplings for the super integrable hierarchy. Zhang [15] once constructed an in-
tegrable hierarchy and discussed Lax representation, Darboux transformation for its constrained flows. Shi [16]
constructed the super extension of this hierarchy.

In this paper, we hope to construct nonlinear super integrable couplings of this super integrable hierarchy
which was constructed in [16] through enlarging matrix Lie super algebra. We take the Lie algebra B(0,1) as
an example to illustrate the approach for extending Lie super algebras. Based on the enlarged Lie super algebra
gl(6,2), we work out nonlinear super integrable Hamiltonian couplings of this super integrable hierarchy. Fi-
nally, we will reduce the nonlinear super integrable couplings to some special cases.
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2. Enlargement of Lie Super Algebra B(0, 1)
Consider the Lie super algebra B(0, 1). Its basis is

010 010 100 00 1 000
E,=/1 0 0 ,E,=|-1 0 O|,E,={0 -1 0|,E,=|0 0 O[E =0 0 1| 1)
000 0 00 000 0 -10 100

where E, E, E, are evenelementand E,,E; are odd elements. Their non-zero (anti) commutation relations
are

[Eu Ez] = _2E3’[E1v E3] = —ZEZ,[EI, E4] = ES’[EI’ Es] = E41[E21 E3] = —2E1,[E2, E4] = _Es,[Ez! E5] =E,,

[Esv E4] = E41[E3’ Es] = _Esl[E4’ E4] :_(E1 + Ez)n[E4’ Es] = [ES’ E4] = E3![E5’ Es] = E1 - Ez- @
Let us enlarge the Lie super algebra B(0, 1) to the Lie super algebra gl(6, 2) with a basis
01000 0 1 0 00O 1 0 0 0 O 00010
10000 -1 0 0 00O 0 -10 00 00100
eg=/0 001 0|e,={0 0 O 1 Of,,=|0 O 1 O Ofe={0 0 0 1 Of,
00100 0 0100 0 0 0 -10 00100
0 00O0TO 0 0 00O 0 0 0 0O 000O00O 3
00 0 10 001 00O 0 0 001 00 0 00O ®
00 -100 000 -10 0 0 00O 00 0 01
ee={0 0 0 1 O|e=/0 01 0O Ofe=/0 0 0 O Of,g={0 0O 0 0 O}
00 -100 000 -10 0 0 00O 00 0 00O
00 0 00O 000 00O 0 -1 010 10 -100

where e, e,,e;,€,,e,6 areeven,and e, e, areodd.
The generator of Lie super algebra gl(6, 2), e (1<i<8) satisfy the following (anti) commutation relations:

[e,.€,]=—2e;,[e, 6] =28, [e;, 6] = —2¢;,[e, 6] = —2e5,[e;, &, 1 = €5, [€;, e ] = &, [€,, €3] = —2ey, [€,, €,] = 2¢;,
[e, 6.1 =—2e,,[e,,e;]=—¢5.[e,, 6] =¢;.[€;,€,] = 2¢5,[e;, 6] = 2¢,, [€;, €, ] = &;, [, 5] = —&3, [€, & ] = —2¢;,
[e,.65]=—2¢5,[65,65]1 = —2¢,,[e;. 6,1 =&, —€, + &, + &5, [6;, 6] =[e5, 8,1 =€; — €, [, ] =€ —€, —, +&;,
[e.e]=[e, e ]1=1[e; e 1=[es.€;1=[ey. 61 =[e5, 8,1 =[e5, 6] =[€5.€;] =[€5. €] =0.

(4)
Define a loop super algebra corresponding to the Lie super algebra gl(6, 2), denote by
91(6,2)=gl1(6,2)®C[ 1" ]={gA" € €gl(6,2),i=12,8;m=0,+1L52,---, (5)
The corresponding (anti)commutative relations are given as
[e1",e;4"]1=[e,;]A™", Ve, e € 9I(6,2). (6)
3. Nonlinear Super Integrable Couplings of a Super Integrable Hierarchy
If Let us start from an enlarged spectral problem associated with gl(6, 2),
¢, =U (U, 2)¢,U =e,(1) + 0e,(0) + re; (0) + u,e; (0) + u,e; (0) + e, (0) + &5 (0)
r A+q u, u, a
A-q -r -u -u B
0 0 ' ’ ()
= ru, A+q+u, 0|
0 0 A-q-u -r-u, O
p -a -p a 0
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where q,r,u;,u, areeven potentials, but «, are odd ones.
In order to obtain super integrable couplings of super integrable hierarchy, we solve the adjoint representation

of (7),

with

Vx Z[U,V],

V = Ae, (0) + Be, (0) + Ce,(0) + Ee, (0) + Fe, (0) + Ge, (0) + pe, (0) + 5, (0)

C A+B G E+F P
A-B -C E-F -G o

=l 0 0 C+6G A+B+E+F 0.
0 0 A-B+E-F -A-E 0
o -p = el 0

where A/B,C,E,F and G are commuting fields, and p,5 are anti-commuting fields.
Substituting

A=Y AA"B=YBA"C=YC,A"E=YE",

m>0 m>0 m>0 m>0
F=YFA"G=>GA"p=YpA"6=>64"
m>0 m>0 m>0 m=0

into previous equation gives the following recursive formulas

A =2rB, —2qC,, —ap,, + S5,

Bnx =2rA, - 2C,, —ap, — S5,

Cox = 20A, = 2B, + Bp,, + ady,,

E.x=2u,B, —2uC  +2rF +2u,F -2qG, —-2u,G, +ap, — B9,
Fox = 2U,A, +2rg, +2u,E, - 2G, , +ap, + Bo,,

G, =2uA, +20E, +2u,E -2F ., - Bp, —ad,,

Py ==BA, = BB, —aCy +1p, +06, + 6.,

Onx =—aA, +aB, + BC, —Ap, + Py — 6,

From previous equations, we can successively deduce

A =1B,=Cy=F, =G, = p, =, =0,E, =& =const, A =0,B, =q,C, =1,E, =0,F, = £q+U, +&Uj,

Gy =er+u,+eu,,p =a,6,=f, A :lqz _lrz -af,B, :_%rx’cz :_%qvaz :%ng _%Erz

2 2
+@+¢&)(qu, —ru, +%ul2 —%uf)ﬂzﬂ, F,= —%grX —%UZX —%guzX,G2 = —%gqX —%le =5 el
0, =B.0,=a,, :%qxr—%qrx —aa, + BB, B, :%qxx +%q3 —%qr2 —qaﬁ+%aax +%ﬂﬁx,
C, :%rXX +%q2r—%r3 - rocﬁ—%oeﬁX +%axﬂ, E, =%gqxr —%gqrX +(1+ g)(%rul +%u1xu2
=5 Uy =5 Ty +%qxu2 —%qu2x)+aax - BB, Fs =%gqXX +%gq3 —%gqr2 +(1+ g)(%ulxx
—qru, —ru,u, —%rzu1 +%qu12 +%q2ul —%uluz2 —%quf +%uf)+qaﬂ—%aax —%ﬂﬁx,
G, = %grXX +%gq2r —%gr3 +(1+ g)(%uzXX +qru, +qu,u, —%rug —%rzu2 Jr%qzu2 +%ufu2

1 9, 1, 1 1 1 1 1, 1,
+=ru ——W)+raf+=af, ——a.p.p;=a,+—ra+=0,f+=qa—-—r‘a+ra, +qp5,

1 1 1 1
53 :ﬂxx _qua_zrxﬂ"_zqzﬂ_ErZﬂ_qax _rﬂx'

(®)

©)

(10)

1)
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Equations (11) can be written as

-2 Bm+l - I:m+1 -2 Bm - I:m
2C 1 +G, 2C, +G,
-B,,-F B -F
m+1 m+1 m m
+ 4L , (12)
Cm+1 + Gm+1 Cm + Gm
§m+l 5m
~Pmu ~Pnm
where
Al -1 1. -1 -1 -1 -1 -1 -1 1 Al 1 -1
2007 2007q+50 20,87 + 200 U, + 20,0, 20,07 + 200U, + 2u,8'y, —50-w S f-wta
%6 -2r0'r  -2ro'q —2ro™u, — 2u,07'r — 2u,0 ™'y, -2ro™y, - 2u,07'q - 2u,0 ™'y, ro'p- %ﬁ' %a +r0"a (13)
L= 0 0 2907'r +2007'u, + 20,07 + 2u,07'y, %a +2007'y, +2007'q + 2u,07'q + 2u,07'y, 0 0
0 0 %6 —2ro'r=2ro7u, —2u,0'r—2u,0u,  —2ro7'q - 2ro 'y, — 2u,07'q — 2u,0'y, 0 0
—p-2p07r a-2p0"q L+2p07r —a+2p07q pop-q r—0+po'a
—a+2a0'r  B+2007q a—2007'r —-p—-2a0q r-0-ad'f q-ad’'a

Then, let us consider the spectral problem (7) with the following auxiliary problem

G, A +B; G; E,+F P
; A, —B,; -C; E, +F -G, 0,
g =V0=3| 0 0 C, +G; A +B;+E;+F 0 [i"g, (14)
L 0 A-B+E-F -C, -G, 0
g P -9 Pj 0
From the compatible condition ¢, =4, ,, according to (7) and (14), we get the zero curvature equation
U, -V +[U,v®]=o0. (15)
which gives a nonlinear Lax super integrable hierarchy
q _2Cn+1
r —2B, 4
T el B et (16)
"o u, A
a Onuy
B . P

The super integrable hierarchy (16) is a nonlinear super integrable couplings for the integrable hierarchy in
[16]

q _2Cn+1

~ r —2B

Ut, = = i . (17)
a 5n+1
ﬁ t pn+l

4. Super Hamiltonian Structure

A direct calculation reads
Str(U,,V) =4A+2E,Str(U,,V) =-4B - 2F,Str(U,,V) = 4C + 2G,
Str(Uul,V) =-2B- 2F,Str(Uu2 V)=2C+2G,Str(U,,,V) =26,Str(U ,,V) = -2p.

(18)
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Substituting above results into the super trace identity [7]

9 st Yy Jax= 27 L arse[ My ), (19)
éu oA oA ou
and comparing the coefficients of A" on both side of (19)
—4B, - 2F,
4C, +2G,
) ., 0 ,,|-2B,-2F,
Ej(4AH1+2En+1)o|x_z T 2C. 4 26, ,n>0. (20)
20,
_2,0n
From the initial values in (11), we obtain » =0 . Thus we have
-2B, - F,
2C, +G,
-B,-F
A T ) (21)
ou C,+G, n+1
S,
~Phn
It then follows that the nonlinear super integrable couplings (16) possess the following super Hamiltonian
form
oH
u =K (uy=J—=". 22
th n( ) é‘u ( )
where
0 2 0 2 0 O
2 0 -2 0 0 O
0 2 0 40 0
=12 0 4 0 0 0 (23)
0 0 0 0 1 O

0 0 0 0 0 -1

is a super Hamiltonian operator and H_ (n>0) are Hamiltonian functions.

5. Reductions

Taking « = =0, (16) reduces to a nonlinear integrable couplings of the integrable hierarchy in [15].
When n=2 in (16), we obtain the nonlinear super integrable couplings of the second order super integrable
equations

G, = —%rxx —g’r+r’+2raf+apf, —a,p,

1
R, =5 0o~ 0" +0r° +2q0f - aa, ~ BB,

Uy, = —%grXX —eQ°r+er’ + (3+1)(—%szx —2qru, —2qu,u, +3ru’
+3r°u, —ru? —u’u, —q°u, +ul) - 2raf - apf, +a,p, (24)
1 3 2 1 3
Uy, = —quxx —&q° +&qr- + (e +1)(—Eulxx +2qru, + 2ru,u, —3qu,
+r2u, +qu? +uus —3q°u, -u) - 2qafB +aa, + BB,
1 1 1 1
atz = ﬂxx _qua_zrxﬂ_‘_ngﬂ_irzﬂ_qax - rﬂx'

‘a+ra,+qp,.

1 1 1 1
ﬂtZ = Ay +§rxa+5qxﬂ+5qza_zr



S.X. Tao

Let £=0 in (24), we have

Q, = —%rxx —g’r+r’+2raf +ap, —a, B,

, =‘%qxx G’ +0r’ + 24af —aa, ~ Bp,,

1
Uy, === Uy — 201U, — 2qUyU, + 3rul +3r°u, —ru} —uu, —q’u, + U3 - 2raf —af, +a,f,
: 25)
3 2 2 2 2 3
Uy, = —Eum +2qru, + 2ru,u, —3qu; +r<u, +quy +uu; —3q°u, —u; —29ap + aa, + BB,

1 1 1 1
atz :ﬂxx —qua—zrxﬁ‘i‘ngﬂ—zrzﬂ—qax _rﬂx’

1 1 1, 1,
=, +—ro+— +—Ja——ra+roa, + .
ﬂtz XX 2)( 2qXﬂ 2q 2 X qﬁX

Especially, taking a = =0 in (24), we can obtain the nonlinear integrable couplings of the second order
integrable equations

1
qlz =_Erxx_q2r+r3’ (26)

1
f, = _qux _q3 +qr2!

1 1
Uy, = =5 &hy —eq’r+er®+(e +1)(—§szx —2qru, — 2qu,u, +3rul +3r°u, —ru’ —u’u, —qu, +us).

Uy, = —%gqXX —eq® +eqri+(e +1)(—%ulXX +2qru, +2ru,u, —3qu’ + ru, +qus +u,u’ —3g°u, -u?).

If setting ¢ =-1,u, =—q,u, =—r in(24), we obtain the second order super integrable equations of (17)
1 2 3
q,, :—ErXX —-q°r+r’+2raf +ap, —a,p,

1
f, == 0w~ 0’ 0" + 2008 0, - B,

@7)
1 11, 1,
atz:ﬁxx_iqxa_irxﬁ+§q ﬁ_zr ﬁ_qax_rﬁx'
1 1 1 1
ﬁtz:axx+Erxa+5qxﬂ+5q2a—5rza+rax+q/3x.

6. Conclusion

In this paper, we introduced an approach for constructing nonlinear integrable couplings of super integrable hie-
rarchy. Zhang [17] once employed two kinds of explicit Lie algebra F and G to obtain the nonlinear integr-
able couplings of the GJ hierarchy and Yang hierarchy, respectively. It is easy to see that Lie algebra F given
in [17] is isomorphic to the Lie algebra span {el,ez,eg,e4,e5,e6} in gl(6, 2). So we can obtain nonlinear integr-
able couplings of super GJ and Yang hierarchy easily. The method in this paper can be applied to other super
integrable systems for constructing their super integrable couplings.
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