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Abstract

The method combining the function transformation with the auxiliary equation is presented and
the new infinite sequence complexion solutions of a class of nonlinear evolutionary equations are
constructed. Step one, according to two function transformations, a class of nonlinear evolutio-
nary equations is changed into two Kkinds of ordinary differential equations. Step two, using the
first integral of the ordinary differential equations, two first order nonlinear ordinary differential
equations are obtained. Step three, using function transformation, two first order nonlinear ordi-
nary differential equations are changed to the ordinary differential equation that could be inte-
grated. Step four, the new solutions, Backlund transformation and the nonlinear superposition
formula of solutions of the ordinary differential equation that could be integrated are applied to
construct the new infinite sequence complexion solutions of a class of nonlinear evolutionary eq-
uations. These solutions are consisting of two-soliton solutions, two-period solutions and solu-
tions composed of soliton solutions and period solutions.
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1. Introduction

In Refs. [1]-[5], some methods were applied to research the following two nonlinear coupling systems, and a
finite number of one soliton solutions were obtained.
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where h,I and m are constants; o and o are scalars.
o, —C’o, =ac—bo’ —bap’, (3)
Py —Cpy =(a—4e)p-bp’ —bpc? 4)

where a,b,c® and e are constants; p and o are scalars.
In Refs. [6]-[9], the new two-soliton solutions of the following a class of nonlinear evolutionary equations are
constructed.
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In this paper, the method combining the function transformation with the auxiliary equation is applied to
construct the new infinite sequence complexion solutions of a class of nonlinear evolutionary Equation (10) by
the following steps.

Step one, in Part 2.1, according to function transformation (11), a class of nonlinear evolutionary Equation
(10) is changed into two kinds of ordinary differential Equations (13), (14). And then with the help of the func-
tion transformation, ordinary differential Equations (13), (14) can be changed to ordinary differential Equations
(19), (20). And the first integrals (21), (22) of the two ordinary differential equations are obtained. In Part 2.2,
according to function transformation (12), a class of nonlinear evolutionary Equations (10) is changed into two
kinds of ordinary differential Equations (25), (26). And then with the help of the function transformation,
ordinary differential Equations (25), (26) can be changed to ordinary differential Equations (31), (32). And the
first integrals (33), (34) of the two ordinary differential equations are obtained.

Step two, substituting the first integrals (21), (22) separately into the first equation of ordinary differential
Equations (19), (20) yields two first order nonlinear ordinary differential Equations (23) and (24). Substituting
the first integrals (33), (34) separately into the first equation of ordinary differential Equations (31), (32) yields
two first order nonlinear ordinary differential Equations (35) and (36).

Step three, using function transformation, two first order nonlinear ordinary differential Equations (23) and
(24) (or (23) and (24)) can be changed to the ordinary differential equation that could be integrated [10]-[13].

Step four, the new solutions, Bécklund transformation and the nonlinear superposition formula of solutions of
the ordinary differential equation that could be integrated [10]-[12] are applied to construct the new infinite
sequence complexion solutions consisting of the Riemann & function, the Jacobi elliptic function, the hyper-
bolic function, the trigonometric function and the rational function of a class of nonlinear evolutionary equations
(10). These solutions are consisting of two-soliton solutions, two-period solutions and solutions composed of
soliton solutions and period solutions.
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Here a;,f (i=j=12,---7),7,,7,.6,,6, areconstants.
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2. The Method Combining the Function Transformation with the Auxiliary
Equation

Assume the solutions of a class of nonlinear evolutionary Equation (10) as

u(xt)= 2R (&)+Qu(m)]
(1)

V(X,t) =%[P1(§1)_Q1 (771):"

u(xt)= %[eXpU% (gz)dgz}FEXpUQz (m,)dm, ﬂ’
V(th) = %I:GXPUPZ (& )d‘:z] _eXp[IQz (1, )d772:|:|1

and w; are constants to be determined, and A £V,

(12)

where & =4, x+ut,n; =vXx+ot A, u,v,

uy# o, (1=12).

2.1. The First Kind of Function Transformation with the Two Kinds of Ordinary
Differential Equations

Substituting the first kind of function transformation (11) into a class of nonlinear evolutionary Equation (10)
yields the following conclusions.

Case 1. When the coefficients of a class of nonlinear evolutionary equations satisfy the following conditions,
the complexion solutions exist.

When «; = (i=12,---7),6,=6, B =3a,, 5, =3y, a class of nonlinear evolutionary Equation (10) has
the complexion solutions, and the solutions are determined by the following nonlinear ordinary differential

equations.
R(5) ~IRI(E) 364K (RIE)) + R (&) e+ 6(40: + s + hpner ) (R(4)) ], )
dz’ 3[-3p 22 +(ﬂlﬂl + 278, + e, )R (&) |R (&)
aQ, (771) _ -35Q; (m)- 368.v1y, (Ql( )) +Qf (771)[_055 +6("1252 + ot +v1a)10(2)(Q1'(771))2J (14)
d’712 3|:_3ﬁ671‘/1 +<V1 0, V1,0 + ﬁlwlz)le ('71):| Q1(771)

Case 2. The first integral of the second order nonlinear ordinary differential equations.
By the function transformation, the nonlinear ordinary differential Equations (13) and (14) are changed into
the following two ordinary differential equations

R

dg, "

dY, _ SBR —auP + [ B(46, + Aus + e ) 360,41 ¥ (15)
dé 3[—3ﬂsylﬂf + ( But’ + A5, + Aluiaz) Pf] R ’

d

“Q_y,

ax, _~3PQ - asQl +[6(110, + Aot +vienn, ) Q1 - 36y, X! "
dn, 3[—3,86711/12 + (v1252 +va,0, + ﬁla)f)Qf}Ql .

And by the following transformation (17) and (18), the two ordinary differential Equations (15) and (16) can
be expressed by the form of (19) and (20).

A& =3[ -3l +(Busd + A6, + e, ) B | d, an
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dn, = 3|:—3;8671V12 + <V1252 tvia,o + ﬂla’f )Q12 ] dd;. (18)
dP,
= (=3B + (Bl + 228, + g )PP,
le 1 1)
o OBR - [6(216, + i+ Aguct, R ~36p 2, W .
1 1
d
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dx1 1 e
ax, _ _[_3[;3(314 ~ 0 Q? +[ 6(v26, + B +vie, ) QF ~ 36, | X }
dg; Q

By calculating, the following first integral of the ordinary differential Equations (19) and (20) are obtained
v 6¢,P° +M,P° + M,R* — 2, B, A2 P? _ 1)
6(-3f 4 +[ 8,20 + s (arhy+ ) |P?)
X2 = 6¢,Q7 + N,Q° + N,Q — 20, By QF B 22)
6(—3ﬁ671v12 + [521/12 +oy (o, + ﬂla)l):l Qf)

Substituting the first integral (21) and (22) severally into the first equation of the ordinary differential
Equations (19) and (20) yields the following two ordinary differential equations

2
(ﬁ] — 2 (60, + MPY + MR — 20, 57, 27P7), (23)
dr, 2
2
d 3
[d_?J - E(GCZle + Nlle + Nle4 _20‘5/77671V12Q12)’ (24)
1

where M, = 6/3352112 +6a, B34 14 + Gﬂlﬂgﬂf, M, = _9ﬂ3ﬁ67/1212 + 05552/112 +a,as 1 + aSﬁle’
N, =68,0,v +6a, By, + 68 B,07, N, =-9B,BrVi +aso,Vi + a,agvo + as o, ¢, and C, are arbitr-
ary constants.

2.2. The Second Kind of Function Transformation with the Two Kinds of Ordinary
Differential Equations

Substituting the second kind of function transformation (12) into a class of nonlinear evolutionary Equation (10)
yields the following conclusions.

Case 1. When the coefficients of a class of nonlinear evolutionary equations satisfy the following conditions,
the complexion solutions exist.

When o, =, (i=12,---7),6,=6, B =3a,, 5, =3y, a class of nonlinear evolutionary Equation (10) has
the complexion solutions, and the solutions are determined by the following nonlinear ordinary differential
equations.

d*P, (§2) _ 36, + [27,3671/122%2 (52 ) + asJeXp[szz (‘fz)d‘fzJ _(3:31ﬂ22 +34, 1,0, + 3}‘2252) P (52) ’ (25)

dg; 3(~226, + 3643 exp[ 2[Py (£,)dE, |- Asner, - B2

dZQ2 (772) _ 3B, + [27ﬁ671V22Q22 (772 ) + QSJEXP[Z_[QZ (Uz)dﬂz:| - (3ﬂ1w22 +3v,0,a, + 3V2252)Q22 (772) (26)
d7722 3(_‘/2252 + 3ﬁe71‘/22 eXp[zsz (772)d772] —Q0Vy — ;Bla’zz) l

The ordinary differential Equations (25) and (26) can be expressed by the following forms.
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dy.

d_z =2PR)Y,,

dp, 3P+ asY, —(3us + 300, +345, 21 Sy AsY, ) Py @7)
ds, B 3(_22252 +3B501 A5 Yo = Aoty _ﬂlll'lzz) .

9, _ 2Q,X,,

d,

dQ, 3, +as X, — (31510)22 +3v,0,0, +3v;8, = 27 13 X, )Q22 (@8)
@__ 3(—‘/2252 +3B 1 ViX, — a0V, —ﬁla)zz) .

And by the following transformation (29) and (30), the two ordinary differential Equations (27), (28) can be
expressed by the form of (31), (32).

ds, :3(_/12252 +301125 Y, — Aoty _ﬁlluzz)drz’ (29)
dn, :3(_‘/2252 +3f51v: X, — 20,1, _:Bla’zz)dgz- (30)
dy.
d_2 =6P)Y, (_12252 +3B,114Y, — Aty — Pibty )!
72
dP. (1)
o= ~ (38, + s, ~ (3448 + 3,y + 3438, - 21 B 22V, )Y |.
2
dxz—eQx(— 28, + 3By, VEX, — - pa*
E =6Q, X, (20, + 30511, X, — v, — f10) ),
d0, (32)
d;z =~ [38, + @ X, ~ (30 +3v,0,, + 338, - 21 B3, )& |
2
Case 2. The first integral of the second order nonlinear ordinary differential equations.
By calculating, the following first integral of the ordinary differential Equations (31), (32) are obtained.
P2 = 6, — 20,115 Yz + MY, + MY, (33)
2 1
6[_3ﬁ671ﬂ'22Y2 + 52%2 + 4, (aziz + B, )J Y,
Q2= 6c, — 205,71, X5 + N X5 + N, X, (34)

—.
6[—3,86;/11/22X2 +0,v5 +w, (ayv, + P, )J X,

Substituting the first integral (33) and (34) severally into the first equation of the ordinary differential
Equations (31) and (32) yields the following two nonlinear ordinary differential equations

2
[ji] = 6] 2as 7, 42X, + MY, + MY, +6cyY, |, (35)
7
2
(jézj = 6] 2 ,71v3 X3 + N X7 + N, X3 +6¢,X, |, (36)
2

where M, =-98,57.2; +as (é‘zﬂvz2 + oty + ity )v M, =64, [52ﬂ"22 + 11y (0p 2y + Btty ):|1

N, =-98,BV: +as (521/22 +a,v,w, + ﬂla)f), N, =64, [521/22 +, (e, + B, )], c, and C, are arbitrary

constants.

3. The New Infinite Sequence Complexion Solutions of a Class of Nonlinear
Evolutionary Equations

In some cases, according to the ordinary differential Equations (23) and (24) (or (35) and (36)), the new infinite
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sequence complexion solutions of a class of nonlinear evolutionary Equation (10) are constructed.

3.1. The New Infinite Sequence Complexion Solutions Consisting of the Hyperbolic
Function, the Trigonometric Function and the Rational Function

When ¢, =c, =05, #0, by the following superposition formula, the new infinite sequence complexion
solutions consisting of the hyperbolic function, the trigonometric function and the rational function of a class of
nonlinear evolutionary Equation (10) are obtained.

() =3[ (R), (£)#(@), (m)] (m=1.2:-)

1

Vo (6 8) = 2[(R),(8)=(Q), (m)] (n=1.2.--),

48, =3[ 38 AL + (Bl + 416, + e )R Jd,

dn, = 3[—3ﬂ6711/12 +(v28, +via,e; + oo )Qf]dgl,

where (P) (&) and (Q,) (7,) are determined by the following superposition formula [10]-[13].

ATV (®)
B2 (), (3)

(o Mo TN R 2 MR )W) () (M T VM- AL J ) )

' 2] Lo+ Mo (W), (2)+ No (W), ()]
(W), (7)=—-Ri tanh(ﬁrl) (-R = A =3, 8,142 <0),

= g[_gl&ﬁe?ﬁﬂf + O A + 00ty + s il ] G = %[6@52]12 + 60, By + 68, B ]

@37)

(R, (=)

(m:]_,z,...),

Bl

()= 2Ly + My (), (7)Mo () () -

M), (z)= \/Riztan(\/Rile) (_Ri = A = Bafnk > 0),

3 3
By = [ OB S + s il + e+ as i |.Cy =2 84,0,7 + 60, iun + 6ot |

2L (V) () (Mo M- 41N J (W) ()

2] Ly + Mo (V) (7)+ Ny (W), ()
(Vl)o (Tl) = _Ti (_Ri =A= _3asﬂe7lﬂ12 = 0):

1

3 3
B, = [ SBAnA +as0,2] + ot + st |, = [ 68,0, + BBy + 8, |

V). (% (M=12,),

(40)
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A+ (V )(4“1)
\/B -2,/C, (V,
(_MO$VM0_4L0N0)R2+2(L0_N0R2)( )n1(§1)+( 0+VM§_4L0N0)(V2);(§1)

(Q),(4)

(n=1,2,-~-),

V), (6)= o
[L°+M (V2),4 () + No(Vz)nl(é'l)J (41)
(VZ)O(Q):_ R, tanh(\/—é,l) ( R, = __3a5ﬂ671‘/12<0)1
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3
B, = E[—9ﬂ3ﬁ671v12 + a0,V + a0V, + Ot ﬁla)f] [6ﬁ35 V2 + 6, fv,0, + 6 5, B,0f ]

oy >< ) o
\/B _2\/> (n_1,2, ),
2L0(V2)H(§1)+(M0:LVM2—4L0N )(VZ);(Q)

2 Lo+ Mo (Vo) (6)+ No (V)i ()] (@3)

(_RZ =A= _30‘5:3671"12 = 0),

(Q),(¢1)

(VZ)n(gl)z

(Vz)o(é’l):—

%[_gﬁaﬂe%"f +0s0,V] + gy + 0‘5:3150121 G, = 2[6/77352"12 +6a, v o0 + 6ﬁ1ﬁ3w12:|-

In (38)-(43), L,,M, and N, are arbitrary constants not all equal to zero.

Case 1. The hyperbolic function type new infinite sequence complexion two-soliton solutions of a class of
nonlinear evolutionary Equation (10).

Substituting the solution determined by the superposition formula (38), (41) into (37) yields the hyperbolic
function type new infinite sequence complexion two-soliton solutions.

Case 2. The new infinite sequence complexion solutions consisting of the hyperbolic function and the
trigonometric function of a class of nonlinear evolutionary Equation (10).

Substituting the solution determined by the superposition formula (38), (42) into (37) yields the new infinite
sequence complexion solutions composed of soliton solutions and the period solutions.

Case 3. The new infinite sequence complexion solutions consisting of the hyperbolic function and the rational
function of a class of nonlinear evolutionary Equation (10).

Substituting the solution determined by the superposition formula (38) and (43) into (37) yields the new
infinite sequence complexion solutions consisting of the hyperbolic function and the rational function.

Case 4. The trigonometric function type new infinite sequence two-period solutions of a class of nonlinear
evolutionary Equation (10).

Substituting the solution determined by the superposition formula (39), (42) into (37) yields the trigonometric
function type new infinite sequence two-period solutions.

L
1

B, =
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Case 5. The new infinite sequence complexion solutions consisting of the trigonometric function and the
rational function of a class of nonlinear evolutionary Equation (10).

Substituting the solution determined by the superposition formula (39), (43) into (37) yields the new infinite
sequence complexion solutions consisting of the trigonometric function and the rational function.

Case 6. The rational function type new infinite sequence solutions of a class of nonlinear evolutionary
Equation (10).

Substituting the solution determined by the superposition formula (40) and (43) into (37) yields the rational
function type new infinite sequence solutions.

When c;=c, =0, with the help of the ordinary differential Equations (35) and (36), the new infinite
sequence complexion two-soliton and two-periods solutions consisting of the hyperbolic function, the trigono-
metric function and the rational function of a class of nonlinear evolutionary Equation (10) can also be obtained
(not given here).

3.2. The New Infinite Sequence Complexion Solutions Consisting of the Riemann Function,
the Jacobi Elliptic Function, the Hyperbolic Function, the Trigonometric Function and
the Rational Function

With the help of the relative conclusions of the second kind of elliptic equation [11]-[13], by analyzing, the
infinite sequence solutions of the ordinary differential Equations (35) and (36) are obtained. Then substituting
these solutions into function transformation (44) yields the new infinite sequence complexion solutions con-
sisting of the Riemann @ function, the Jacobi elliptic function, the hyperbolic function, the trigonometric func-
tion and the rational function of a class of nonlinear evolutionary Equation (10) in some kinds of cases. These
solutions are consisting of two-soliton solutions, two-period solutions and solutions composed of soliton solu-
tions and period solutions (not given concretely here).

U (x,t):%[EXpU(Pz)m (gz)dgz]"‘eXp[J.(Qz)n(Uz)dnzﬂ (mn=12),

1
vmn(x,t):E[exp[j(pz)m(gz)dgz]-exp[j(qz)n(qz)dqz]] (mn=12,), )
dg, = 3(_1"2252 +36571 25, — Aoty _ﬂyuzz)dfp
dn, = 3(_"2252 +30571v; X, — 2,05V, _ﬂlwf)dgz-

Case 1. When y, =0,a,5 #0,c,c, =0, the new infinite sequence complexion solutions consisting of the
Riemann @ function, the Jacobi elliptic function, the hyperbolic function, the trigonometric function and the
rational function of a class of nonlinear evolutionary Equation (10) are obtained.

Case 2. When g, =0,a,y, #0,c,c, =0, the new infinite sequence complexion solutions consisting of the
Riemann @ function, the Jacobi elliptic function, the hyperbolic function, the trigonometric function and the
rational function of a class of nonlinear evolutionary Equation (10) are obtained.

Case 3. When o, =0, B, #0,c,c, =0, the new infinite sequence complexion solutions consisting of the
Riemann @ function, the Jacobi elliptic function, the hyperbolic function, the trigonometric function and the
rational function of a class of nonlinear evolutionary Equation (10) are obtained.

4. Conclusions

In Refs. [1]-[5], a finite number of one function type one soliton new solutions consisting of the Jacobi elliptic
function, the hyperbolic function, the trigonometric function and the rational function of the nonlinear evolu-
tionary Equations (1)-(4) were constructed. In Refs. [6]-[9], a finite number of complexion function type two-
soliton new solutions consisting of the Jacobi elliptic function, the hyperbolic function, the trigonometric func-
tion and the rational function of the nonlinear evolutionary Equation (5) were constructed.

In this paper, the method combining the function transformation with the auxiliary equation is presented, and
the problem of solving the solutions of a class of nonlinear evolutionary Equation (10) concluding the nonlinear
evolutionary Equations (1)-(9) is considered; the new infinite sequence complexion solutions consisting of the
Riemann € function, the Jacobi elliptic function, the hyperbolic function, the trigonometric function and the
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rational function are obtained. These solutions are consisting of two-soliton solutions, two-period solutions and
solutions composed of soliton solutions and period solutions.

When the coefficients of nonlinear evolutionary Equations (1) are a,=g,=h—-1=-1, a,=p,=m=1,
then they satisfy the condition o; =3 (i=12,---7),6, =6, B; =3a,, f, =3y, that the new infinite sequence
complexion solutions exist. So, according to the method given in the Part 3, the new infinite sequence com-
plexion two-soliton and two-periods and so on solutions of nonlinear evolutionary Equation (1) are constructed.

When the coefficients of a class of nonlinear evolutionary Equation (10) are

1 . -
O=6=ay=p=a,=as=p,=f=0, az=ﬂ2=a3=ﬂ3=7/1=72=1:a6=ﬂe=€:a7=ﬂ7=3’ it satisfies

the condition that the new infinite sequence complexion solutions exist. Then according to the conclusions given
in Part 3 in the paper, the new infinite sequence complexion two-soliton solutions, two-period solutions and
solutions composed of soliton solutions and period solutions of nonlinear evolutionary Equation (5) are con-
structed.
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