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Abstract

In this paper exact solution for a homogenous incompressible, second grade fluid in a rotating
frame through porous media has been provided using hodograph-Legendre transformation
method. Results are summarised in the form of theorems. Two examples have been taken and
streamline patterns are shown for the solutions.
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1. Introduction

Many phenomena which are closer to our daily lives like atmospheric or oceanic circulations, hurricanes and
tornados, bath tub vorticities, stirring tea in a cup are all examples of rotating fluids. The theory of rotating flu-
ids has become very important because of its occurrence in many natural phenomena for its application in vari-
ous technological solutions which are directly governed by the action of Coriolis forces due to earth’s rotation.
Many studies have been made on the rotating fluid and several investigations have been carried out on various
types of flows both non-MHD and MHD in a rotating system. Jana and Dutta [1] studied “Couette flow” in a
rotating system. Vidyanidhu and Nigam [2] analyzed the “Poiseuille flow” in a rotating system. Soundalgekar
and Pop [3] and Gupta [4] studied injection/suction effects for the case of rotating horizontal porous plates.
Bagewadi and Siddabassapa [5] [6], Singh, Singh and Rambabu [7], Singh and Tripathi [8], Singh and Singh [9],
Thakur and Manoj Kumar [10] studied rotating MHD flow and found out exact solutions. Krishan Dev Singh
[11] studied unsteady MHD Poiseuille flow in a rotating system. M.A. Imran et al. [12] found out exact solu-
tions for the MHD second grade fluid in a porous medium using integral transformation technique. A.M. Rashid
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[13] studied unsteady MHD flow of a rotating fluid from stretching surface in porous medium and effects of ra-
diation and variable viscosity on it. Sayantan Sil and Manoj Kumar [14] studied rotating orthogonal plane MHD
flow through porous media using complex variable technique.

The role of non-Newtonian fluids has become very important these days due to modern technological and in-
dustrial applications. Increasing emergence of non-Newtonian fluids such as molten plastic pulp, emulsions, raw
materials in great varieties of industries like petroleum and chemical processes has stimulated a considerable
amount of interest in the study of behaviour of such fluids in motion. Also the flow of non-Newtonian fluids has
various technological applications including plastic manufacture, performance of lubricants, applications of
paints, processing of food and movement of biological fluids. In the studies of non-Newtonian fluids not only
the non-linearities increase considerably, in comparison to the non-linearities occurring in the inertia part of the
Navier-Stokes equations, but in certain cases the order of differential equation also increase. In case of a ho-
mogenous incompressible fluid of second grade, it is found that the governing equations are, in general, of third
order, as compared to the second order Navier-Stokes equations [15] [16]. For obtaining exact solutions trans-
formation techniques involving inverse or semi-inverse methods are used for reformulation of equations in
solvable form. Following Martin’s formulation [17] some researchers have used hodograph transformation [18]
in order to linearise the system of governing equations and got some exact solutions. This method has been
widely used and W.F. Ames [18] has given an excellent survey to this method together with applications to
various other fields. Hodograph transformation method is used in various fields of research such as gas dynam-
ics [19] [20], linear viscous fluids [21], non-Newtonian fluids [22] [23] and MHD Newtonian and non-Newto-
nian fluid flows [15] [24]. Chandna, Barron and Smith [21] applied hodograph transformation in steady plane
flow. Chandna and Garg [16] used this technique to study viscous incompressible orthogonal flow. Baron and
Chandna [25] used this method to study constantly inclined incompressible plane flows. Chandna, Barron and
Chew [26] used this method to study variably inclined incompressible MHD plane flow. Chandna and Nguyen
[15] used this approach to study non-Newtonian MHD transverse fluid flows. Siddiqui, Kaloni and Chandna [22]
used this method to study incompressible second grade fluid. Singh and Mishra [27] used this technique to study
steady plane MHD flows. Thakur and Mishra [28] applied this method to rotating hydromagnetic flows. Singh
and Tripathi [29] used hodograph transformation to find exact solutions for plane rotating MHD flow with or-
thogonal magnetic and velocity field. Siddiqui, Hayat, Siddiqui and Asghar [30] used this technique to study un-
steady plane viscous flow. Mishra and Mishra [31] used hodograph transformation in unsteady MHD transverse
flows. Sayantan Sil, Manoj Kumar and Thakur [32] applied hodograph transformation to MHD transverse fluid
flows through porous media. Recently Manoj Kumar [33] studied non-Newtonian fluid flows through porous
media applying hodograph transformation method.

Flow of fluid through porous medium is of interest to a wide range of engineers and and scientists, in addition
to economists who recognise the importance of ground water flows and variety of tertiary oil recovery processes.
There are numbers of practical applications of fluid flow through porous medium, including filtration flow in
packed column, permeation of water or oil within matrix of porous rock etc. Many researchers have studied the
flow of various fluids through porous media. Ram and Mishra [34] have studied unsteady MHD flow through a
porous medium in a circular pipe under action of constant pressure gradient. Singh and Singh [8] discussed the
problem of steady plane MHD flow through porous media. Thakur and Singh [35] studied steady plane variably
inclined MHD flows through porous media applying magnetograph transformations. Thakur, Manoj Kumar and
Mahan [36] studied steady MHD orthogonal plane fluid flows through porous media. Also Bhatt and Shirley [37]
applied hodograph transformation method in plane viscous flow in porous media.

2. Basic Equations

The basic equations governing the motion of homogenous, incompressible, second-grade fluid in a rotating
frame through porous media are

V-V =0, €]
oV n
p[aﬂv~V)V+ZQxV+Qx(er)J=V~T+pf—EV, #))

and the constitutive equation for the Cauchy stress T,

T=—pl +nA + 4 A, + a, A, ®)
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where V = velocity field vector, p = dynamic pressure function, p = the constant fluid field density, Q=

angular velocity vector, r = radius vector, 7 =coefficient of dynamic viscosity, k = permeability of the me-
diumand ¢, «, are the normal stress moduli. —pl denotes the deterninate spherical stress, | = isotropic tensor,
so that —pl becomes

_pl —

o O ©T

0 0

p 0].
0 p
The Rivlin-Ericksen tensors A; and A, are defined as

A=VV+(VW), A=A+(VW) A+A(VV), 4)

where a dot over A; denotes the material time derivative.
If we substitute (3) in (2) and make use of (4) we get

-Vp'+nVV + o {vzvt +V2(VxV)xV +V(V VAV +%|Al|zﬂ
®)

k ot

where V? denotes the Laplacian, V, denotes the partial derivative of V with respect to time,

(o +a,)V- A +pf -y = p|:av (V~V)V+ZQXV+Qx(Q><r)},

|A1|2 =tr AA’,and p'= p—%p|ﬂx r|2, here p’ is the reduced pressure, %p|Q>< r|2 being the centrifugal

contribution of pressure.
In the case of steady plane flow in a rotating frame through porous media when body forces are absent, (1)
and (5) reduce to
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Equations (6)-(8) form three partial differential equations for three unknowns u, v, p’.
Let us define the two-dimensional vorticity function a)(x, y) and a generalized energy function h(x, y) as:

ov adu
oY) =55 (9)
1 2 2 1 2 , 1 2
h(x, y):qu —al(uV u+vw v)—z(3a1+2a2)|A1| +p +Ep|Q><r| , (10)

where ¢° =u®+Vv?, V? :62/6X2 +82/ay2 and

2 2 2
|A[ :4(6—UJ ca| ) g u
OX oy oy ox
Employing (9) and (10) in (7) and (8) we obtain the following system of equations:

ou  ov -
—+—=0, (continuity)
oy

OX

@: pva)—na—w—alvvza)—lu +2povQ, (linear momentum)

OX oy k

@:—puw+na—w+a1uvza)—ﬁv—2pu9, (linear momentum)

oy ox k
NN _, (vorticity) (11)
oX oy

The above system of four partial differential equations in four unknown functions u, v, @ and h as functions
of (x, y) govern steady plane flows of an incompressible second-grade fluid through porous media. Once a solu-
tion of these equations are found, the pressure function is determined from the expression for h(x, y) given in
(10).

3. Equations in Hodograph Plane

Letting the function u = u(x, y) and v=v(x, y) to be such that, in the region of flow, the Jacobian

J(x,y):a—uﬂ—a—uﬂio,pkw (12)
OX oy 0oy OX
we may consider x and y as functions of u and v. By means of x=x(u,v),y=y(u,v), we derive the following

relations:

13)
N_ g N K
ox au' dy du
We also obtain the relations
o _29y) _0(9y)
ox  o(x, o(u,v)’
(xy) " ouy) 14)

o9 _ 9(9.x) _ . 9(x9)

a  o(xy) Ja(u,v)'
where g =g(x y)=g(x(u,v), y(u,v)) =g(u,v) isany continuously differentiable function and

, ):F(Xl V)TZ i(uv). (15)
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Employing these transformation relations for the first order partial derivatives and the transformation equa-
tions for the functions w,h, defined by

o(x,y)=o(x(u,v),y(uv))=e(u,v),
h(xy)=h(x(u,v),y(uv))=h(uv),
the system of Equations (11) is replaced by the following system in the hodograph plane (u, v):

XY o, (16)
ou ov
_6(h,y)_ I 1 o(x jw) o(iw,,y) n
Ja(u,v)_pvw 1% alvj[ o(u,v) i d(u,v) ku' S
a(xh) . | o(x w) o(iwp.y)| 7
Ja(u,v)_ puw+77]w2+a1u1|: 6(u,v) + 6(u,v) kv, (18)
Sox oy
J[E_a_uj_w’ (19)
where,
_ _o(xe) _0(a.y)
w, =w (u,v)= ()’ w, =w, (u,v)= 3(v)’ (20)

System of Equations (16) to (19) is a system of four equations for the four unknown functions x(u,v), y(u,v),
o(u,v) and h(u,v).
The equation of continuity implies the existence of a stream-function (x, y) such that

dy =—vdx+udy or %—Wz—v, a—'//:u. (21)
X

oy

Likewise Equation (16) implies the existence of a function L(u, v) , called the Legendre transform function of
the stream-function (X, y), so that
oL oL
dL =-ydu+xdv or —=-y, — =X, 22
y PRANY (22)
and the two functions (x,y), L(u, v) are related by
L(u,v)=vx—uy+y(xY). (23)

Introducing L(u, v) in the system (16)-(19), with j, wy, w,, given by (15), (20) respectively, it follows that (16)
is identically satisfied and the system may be replaced by

() {2m) (3m]
j——— = pVvo — 1 jW, — V] + ——=u+2pvQ), 24
a[g_,hj a(glv_'jle a(gtvjwzj
J————= =—pum+1n jw, + ,Uj + —QV—ZPUQ, (25)
d(u,v) d(u,v) d(u,v) k
| 8°L %L
5o e )
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.| o%La’L [ 8L
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By using the integrability condition

0L g_jaZL 0
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i.e. 8°h/oxdy =0°h/ayox inthe (x, y) plane, we eliminate h(u,v) from (24) and (25) and obtain
o(aL/ov, jw) o(aL/au, jw,) |
d(u,v) d(u,v)

o [V8(6L/8v, j{9/a(u,v)(aL/av, jw,)+8/a(u,v)(aL/u, jw,)})

o(u,v)

+U

o(aL/eu, j{o/a(u.v)(aL/ov, jw,)+a/a(u,v)(oL/du, J'Wz)})} (28)

o(u,v)

o o(oL/ov,u) a(aL/au,v) s 6(8L/8v,v)+a(aL/6u,u)
kl: d(u,v) d(u,v) } 2pQ|: d(u,v) o(u,v) }
—p(uw, +ww; ) =0,

where j, wy, W, are given in (26) and (27) . Summing up we have the following theorem:

THEOREM I: If L(u,v) is the Legendre transform function of a stream-function of steady, plane, incom-
pressible, second-grade fluid flows in a rotating frame through porous media then L(u, v) must satisfy equation
(28) where @(u,v), j(u,v), w(u,v), w,(u,v) aregiven by (26)and (27).

4. Application I

Let L(u,v)=Au"+Bv", (29)

be the Legendre-transform function, where A, B are arbitrary non zero constants and
m=0,n=0,m=1,n=1and m, neR. Using (29) in Equations (26) and (27) we obtain

j= [nm(m ~1)(n-1) ABu™*y"? ]fl ,

1 1
- Bn(n-1)v"? " Am(m-1)u™?’
" Bn(n-1)(m-2)u """ (30)
' Am(m-1) ’
W - Am(m-1)(2-n)u™ 2"
2 Bn(n-1) '

Now employing (29) and (30) in Equation (27), we find that L(u,v)zAum +BV" can be the Legendre
transform of a stream function for a plane steady flow for a second grade fluid through porous media, provided

1448
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that (for all u and v) m and n satisfy
B(n_l)n(m_z)(zm_S)uzfzmvnfz n Am(m—l)(Z—n)(B—Zn) um-2y22n
Azmz(m—l)2 anz(n—l)2
+ay Am(m—l)(2—n)(3—2n)(4—3n)um_1v3_3n n Bn(n—l)(m—Z)(Zm—B)(Sm—4) y33myn-t
B%n® (n-1)’ A'm? (m-1)° (31)

_ |:Bn(n_1)(m _2) utmynt 4 Am(m—l)(2— n) um—lvl—n:|
Am(m-1) Bn(n-1)

-1 Am(m-1)u™2+Bn(n-1)v"2]=0.
k
The above Equation (31) is satisfied only for m=n=2and A=-B, and (29) and (30) become

L(u,v)= A(u2 —vz), j :—4—;2, ®=0,w,(u,v)=w,(u,v)=0. (32)

Using L(u,v) = A(u2 —v2> in (22) and solving the resulting equations simultaneously we get
u(x,y)=—,v(x,y)=—. 33
() 2A (xy) 2A (33)
Using » =0 and Equation (33) in the linear momentum equations in system (11) and integrating, we obtain
h(x,y). Employing h(x,y) and (33) in (10) and using p'= p—%p|er|2, the pressure function is deter-

mined to be

3o, +2a
(0= o s 300 el o) B

where C, isan arbitrary constant. And the streamlines are given by

(34)

x? —y? = Constant.

Figure 1 shows that the streamlines of the flow equations are concentric hyperbolas.
THEOREM II: If L(u,v) = A(u2 —v2) is the Legendre transform function of a stream function for steady,

3 -
24
1 -
2
x
< %7
>
-1
-2 4
-3 T T T T T T
23 24 25 26 27
X-Axis

Figure 1. Concentric hyperbolic streamlines.
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plane, incompressible, second-grade fluid flows in a rotating frame through porous media, then the flow in the
physical plane is a flow with concentric hyperbolic streamlines with flow variables given by (33) and (34).

5. Application II
Let L(u,v)=u"™", (35)

be the Legendre- transform function with m=0,n=0 and m+n=1.
Using (35) in (26) and (27), we find that
u2—2mV2—2n
e

~mn(l-m-n)’

= (m_l) V24 (n_l) u? lu™
n(1-m-n) m(1-m-n)

m(m-1) = n(n—l)(2n+m—2)u\f2

-n

V ’

(36)

' (1-m-n) m(1-m-n) '
:m(m—l)(2m+n—2)u_2 ~ n(n-1) -
2 n(l-m-n) (1-m-n)

On substituting (36) in (28), we find that L(u,v) =u"v" can be the Legendre transform of a stream function
for a plane steady flow for a second grade fluid in a rotating frame through porous media, provided that (for all u
and v) m and n satisfy

2(m —1)(1—2n) — n(n-1)(2n+m-2)(3n+2m-3) LTy
(1-m-n) m?(1-m-n)’
+m(m—l)(2m+n—2)(32m+2n—3)uzmvzn]
n’(1-m-n)
et (m-1)(1- n)(n—zm) Samyan n(n-1)(2n+m —2)(3r21+2m—3) -2y 37)
mn(1-m-n) m®(1-m-n)

m(m-1)(2m+n-2)(3m+2n-3) UZml\/“n]

n®(1-m- n)2

2m(1—m) = 2n(n_1) = n m-2,.n m,,n-2
—p|: —u v+ - uv! —I[m(m—l)u v'+n(n-1)u"v J:O

The above equation (37) is satisfied if m=n=1, and (35) and (36) reduce to

L(u,v)=uv,

i=-1, =0, w, =w, =0. (38)
On proceeding as in Application I, we get
u(x,y)=x, v(x,y)=-y, (39)
and
p(x, y):%(yz—xz)—4pry—%p(x2+y2)+2(3a1+2a2)+C2, (40)

where C, isan arbitrary constant. And the streamlines are given by yx = Constant.
Figure 2 shows that the streamlines of the flow equations are rectangular hyperbolae.
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Figure 2. Rectangular hyperbolae streamlines.

THEOREM III: If L(u,v) =uv be the Legendre transform function of a stream function for steady, plane,
incompressible, second-grade fluid flows in a rotating frame through porous media, then the flow in the physical
plane is a flow with rectangular hyperbolae streamlines with flow variables given by (39) and (40).

In the absence of rotating reference frame i.e. Q=0 we recover the results of Manoj Kumar [33]. Also

when porous media is absent i.e. the term T 50 our result will tally with A.M. Siddiqui, P.N. Kaloni and

O.P Chandna [22].

6. Conclusion

In this paper, the analytical solution of nonlinear equations governing the flow of second grade fluid in a rotating
frame through porous media is obtained using transformation technique. Illustrations have been made taking
different forms of Legendre transform function. The expressions for velocity profile, streamline and pressure
distribution are constructed in each case. Streamline patterns are also plotted. Our results indicate that pressures
are dependent upon material parameters a; and a, of the second grade fluid. Also, the present analysis is more
general and several results of various authors (as already mentioned in the text) can be recovered in the limiting
cases.
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