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Abstract

Analytical non-perturbative study of the three-dimensional nonlinear stochastic partial differen-
tial equation with additive thermal noise, analogous to that proposed by V. N. Nikolaevskii [1]-[5]
to describe longitudinal seismic waves, is presented. The equation has a threshold of short-wave
instability and symmetry, providing long wave dynamics. New mechanism of quantum chaos ge-
nerating in nonlinear dynamical systems with infinite number of degrees of freedom is proposed.
The hypothesis is said, that physical turbulence could be identified with quantum chaos of consi-
dered type. It is shown that the additive thermal noise destabilizes dramatically the ground state
of the Nikolaevskii system thus causing it to make a direct transition from a spatially uniform to a
turbulent state.
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1. Introduction

In the present work a non-perturbative analytical approach to the studying of problem of quantum chaos in dy-
namical systems with infinite number of degrees of freedom is proposed. Statistical descriptions of dynamical
chaos and investigations of noise effects on chaotic regimes are studied. Proposed approach also allows estimate
the influence of additive (thermal) fluctuations on the processes of formation of developed turbulence modes in
essentially nonlinear processes like electro-convection and other. A principal role the influence of thermal fluc-
tuations on the dynamics of some types of dissipative systems in the approximate environs of derivation rapid of
a short-wave instability was ascertained. Impotent physical results follows from Theorem 2, is illustrated by
example of 3D stochastic model system:
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0 .t 0 .t 0 .t 0 .t
—u,l(x 8)+A[5—(1+A)2}u”(x,t,3)+ 3, U, (¢ 8)+52 4y (¢ 8)+53 4, (44,) u, (xte)
ot OX, OX, OXq d (1.1)
+f(xt)-nw(xt)=0, xeR®
o'W (x,t) )
u,(x0,6)=0, w(xt)=———~, 7<10<6;,j=123, (1.2)
OX,0X, 0%, 0t

which was obtained from the non-stochastic 3D Nikolaevskii model:

au(x.t,¢) +A[e—(l+A)2Ju(x,t,g)+{5l au(x.t,¢) .5 au(x.t,) \s, au(x.t,¢)
0X, OX, OXy

which is perturbed by additive “small” white noise \/;W(X,t) . And analytical result also illustrated by example
of 1D stochastic model system

}u(x,t,5)+ f(xt) (1.3)

8 ,t, a ,t,
ur;(; 5)+A[g—(1+A)2Ju”(x,t,g)+5 u, (X g)u”(x,t,g)+f(xlt)_\/;W(X,t)zo, xeR (1.4)
W (x,t
u, (x,0,£)=0, W(X't):aT(a)t()’ n<kl 0<é (1.5)
which was obtained from the non-stochastic 1D Nikolaevskiis model:

t t
6u(2,t ’S)+A[g—(1+A)2Ju(x,t,5)+5—au(; 'g)u(x,t,g)+f(x,t):0, u(x,0,6)=0, xeR, (1.6)

1
u(x0,6)=0. 1.7

Systematic study of a different type of chaos at onset “soft-mode turbulence” based on numerical integration
of the simplest 1D Nikolaevskii model (1.7) has been executed by many authors [2]-[7]. There is an erroneous
belief that such numerical integration gives a powerful analysis is means of the processes of turbulence concep-
tion, based on the classical theory of chaos of the finite-dimensional classical systems [8]-[11].

Remark 1.1. However, as it well known, such approximations correct only in a phase of turbulence concep-
tion, when relatively small number of the degrees of freedom excites. In general case, when a very large number
of the degrees of freedom excites, well known phenomena of the numerically induced chaos, can to spoils in the
uncontrollable way any numerical integration [12]-[15].

Remark 1.2. Other non-trivial problem stays from noise round off error in computer computation using
floating point arithmetic [16]-[20]. In any computer simulation the numerical solution is fraught with truncation
by round off errors introduced by finite-precision calculation of trajectories of dynamical systems, where round
off errors or other noise can introduce new behavior and this problem is a very more pronounced in the case of
chaotic dynamical systems, because the trajectories of such systems exhibit extensive dependence on initial
conditions. As a result, a small random truncation or round off error, made computational error at any step of
computation will tend to be large magnified by future computational of the system [17].

Remark 1.3. As it well known, if the digitized or rounded quantity is allowed to occupy the nearest of a large
number of levels whose smallest separation is Eg, then, provided that the original quantity is large compared to
E, and is reasonably well behaved, the effect of the quantization or rounding may betreated as additive random
noise [18]. Bennett has shown that such additive noise is nearly white, with mean squared value of E§/12 [19].
However the complete uniform white-noise model to be valid in the sense of weak convergence of probabilistic
measures as the lattice step tends to zero if the matrices of realization of the system in the state space satisfy
certain nonresonance conditions and the finite-dimensional distributions of the input signal are absolutely con-
tinuous [21] [22].

The method deprived of these essential lacks in general case has been offered by the author in papers [23]-
[27].

Remark 1.4. Thus from consideration above it is clear that numerical integration procedure of the 1D Niko-
laevskii model (1.6)-(1.7) executed in papers [2]-[7] in fact dealing with stochastic model (1.4)-(1.5).
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There is an erroneous the point of view, that a white noise with enough small intensity does not bring any sig-
nificant contributions in turbulent modes, see for example [3]. By this wrong assumptions the results of the nu-
merical integration procedure of the 1D Nikolaevskii model (1.6)-(1.7) were mistakenly considered and inter-
preted as a very exact modeling the slow turbulence within purely non stochastic Nikolaevskii model (1.6)-(1.7).
Accordingly wrong conclusions about that temperature noises does not influence slow turbulence have been
proposed in [3]. However, in [27] has shown non-perturbatively that a white noise with enough small intensity
can to bring significant contributions in turbulent modes and even to change this modes dramatically.

At the present time it is generally recognized that turbulence in its developed phase has essentially singular
spatially-temporal structure. Such as in gular conduct is impossible to describe adequately by the means of some
model system of equations of a finite dimensionality. In this point a classical theory of chaos is able to describe
only small part of turbulence phenomenon in liquid and another analogous of dynamical systems. The results of
non-perturbative modeling of super-chaotic modes, obtained in the present paper allow us to put out a quite
probable hypothesis: developed turbulence in the real physical systems with infinite number of degrees of free-
dom is a quantum super-chaos, at that the quantitative characteristics of this super-chaos, is completely deter-
mined by non-perturbative contribution of additive (thermal) fluctuations in the corresponding classical system
dynamics [18]-[20].

2. Main Theoretical Results

We study the stochastic r-dimensional differential equation analogous proposed by Nikolaevskii [1] to describe
longitudinal seismic waves:

au, (xt e )

= +A[5—(1+A)2}u”(x,t,g,a})

au, (x.t,&,0) (21)
u, (xte@)3 6 —x +f (x,t)—nw(x,t,®)=0
I+
xeR", u,(x0s0)=0, W(x,t)zaw—(x't), 0<8,, j=1-r (2.2)
OX,0X, -+ OX, Ot

The main difficulty with the stochastic Nikolaevskii equation is that the solutions do not take values in a func-
tion space but in generalized function space. Thus it is necessary to give meaning to the non-linear terms
o, u (x tew), j= ,r because the usual product makes no sense for arbitrary distributions. We deal with
product of dlstrlbutlons via regularizations, i.e., we approximate the distributions by appropriate way and pass to
the limit. In this paper we use the approximation of the distributions by approach of Colombeau generalized func-
tions [28].

Notation 2.1.We denote by D(}Rr xR, ) the space of the infinitely differentiable functions with compact
supportin R" xR, and by D’(}Rr xR+) its dual space. Let € :(Q,E,y) be a probability space. We denote
by D the space of all functions T:Q — D’QR' XR+) such that (T,qa) is a random variable for all
peD(R' xR+). The elements of D are called random generalized functions.

Definition 2.1. [29]. We say that a random field {9%(x,t)|t eR,,xe ]R'} is a spatially dependent semimar-
tingale if for each xeR', 9%(x,t)|t eR+} is a semimartingale in relation to the same filtration {]—'t|t eR+} .
If %(x,t) isa C” -function of x and continuous in almost everywhere, it is called a C* -semimartingale.

Definition 2.2. We say that that u, (x,t,g,a)) e D is a strong generalized solution (SGS) of Equations (2.1)-
(2.2) if there exists as equence of C* -semimartingales u, (x,t, E,€, a)),e € (0,1] such that there exists

1) U, (xt6,0) =4 lim_ou, (xt.e,c0) in D'(R xR, ) almostsurely for @eQ,

€0 7Xj

3)forall peD(R xR, ),

2) 8Xju§(x,t,g,e,a}):def lim_,, 0, U2 (x.t,&,6,®), j=1,---,r almostsurely for weQ,

Lo
8) <atu77(x,t,g,a)),go>—<A[g—(l+A)ZJU,](x,t,g,a)) 0)- > 20,02 (xt.2.0).0)=( 1 (x1).0)
j=1
+3n [ ] p(tx)dW, (x,t)=0, teR, almostsurely for weQ, andwhereWt(x,t):%,
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5) u,(xt&@)=0 almostsurely for weQ.

However, in this paper we use the solutions of stochastic Nikolaevskii equation only in the sense of Colom-
beau generalized functions [30].

Remark 2.1. Note that from Definition 2.2 it is clear that any strong generalized solution u, (x,t,g,a)) of
Equations (2.1)-(2.2) one can to recognized as Colombeau generalized function such that

u, (Xt &,0) =4 (u,] (xt e a)))E (#)

By formula (#) one can to define appropriate generalized solution of Equations (2.1)-(2.2) even if a strong
generalized solution of Equations (2.1)-(2.2) does not exist.

Definition 2.3. Assume that a strong generalized solution of Equations (2.1)-(2.2) does not exist. We shall say
that:

1) Colombeau generalized stochastic process uq(x,t,g,e,a)) is a weak generalized solution (WGS) of
Equations (2.1)-(2.2) or Colombeau solution of Equations (2.1)-(2.2) if for all ¢eD(R' ><R+) and for all
ee(0,]

a) <u77 (X,t,g,e,a)),atgo>—<A[g—(1+A)2Ju”(x,t,g,e,w),(p>—zr;%<6xjus(X,t,g,e,w),(p>+<f (X,t),(p>

J:
+n[  dx["o(t,x)dW, (x,t)=0, teR, almostsurelyfor e Q,

b) u,(x.t&€ew)=0 almostsurely for weQ.
2) Colombeau generalized stochastic process (u,] (x,t,g,e,a))) is a Colombeau-Ito’s solution of Equations
(2.1)-(2.2)ifforall peD(R") andforall ee(0,1] ‘

a) <6tu,7(X,t,g,e,w),(p>+<A[g_(1+A)2Ju” (x,t,g,e,a)),(p>2%<6xjus(X,t,g,e,a)),go>—<f (x,t),go>

j=1
~n[ . (X)W (xt)dx=0, teR, almostsurely for e,

b) u,(xt&€e0)=0 almostsurely for weQ.

Notation 2.2. [30]. The algebra of moderate element we denote by ¢&,, [Rr] . The Colombeau algebra of the
Colombeau generalized function we denote by G SRr .

Notation 2.3. [30]. We shall use the following designations. If U e G(R") it representatives will be denoted
by Ry, their values on ¢ =(g,(x)), €<(0,1] will be denoted by R, (@) ‘and it point values at xeR" will
be denoted R, (¢, X).

Definition 2.4. [30]. Let A, = Aj(R") bethesetofall peD(R") suchthat [p(x)dx=1.

Let €=(Q,%, ,u) be a probability space. Colombeau random generalized function this is a map
Uu:Q->g Rr) such that there is representing function R, : A)xR"xQ with the properties:

1) for fixed pe A, (Rr) the function (x,@)— R, (¢, %, @) isa jointly measurable on R™xQ;

2) almost surely in @ € Q) the function ¢ — R, ((pa)) belongsto &, [Rr] and is a representative of U;

Notation 2.3. [30]. The Colombeau algebra of Colombeau random generalized function is denoted by
G,(R").

D(efirzition 2.5 Let €= (Q,E,y) be a probability space. Classically, a generalized stochastic process on R’
is a weakly measurable map V :Q — D’(R’) denoted by V €D, (Rr). If peA (Rr) , then

3) V(w)*p(x)= <V (a)),(p(x—.)> is a measurable with respectto weQ and

4) Smooth with respectto xeR" and hence jointly measurable.

5) Also (V(@)*p(x))e&, [R'].

6) Therefore R, (¢,x,@)=V (@)*¢(x) qualifies as an representing function for an element of g, (]Rir).
7) In this way we have an imbedding D'(R")— G, (R").

Definition 2.6. Denote by S(T)=S (R”l) | T the space of rapidly decreasing smooth functions on
T=R'x[0,). Let €=(Q,%,u) with 1) Q=8'(T), 2) Z-the Borel s-algebra generated by the weak topol-
ogy. Therefore there is unique probability measure x on (Q,Z) such that

Jau()exe[i(o0)]-exn( 3l |
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for all peS(T). White noise w(w) with the support in T is the generalized process w(w):Q — D'(R”l)
such that: 1) w(gp)= <W(a))¢> = (a),(o i T> ,2) E[W(g))] =0, 3) E[WZ (go)] = ||¢||2L2(T)

Viewed as a Colombeau random generalized function, it has a representative (denoting on variables in R"™*
by (xt)): R,(o.xt o) :<a),¢)(x—,t—) I'T), which vanishes if t is less than minus the diameter of the support
of ¢.Thereforew isazeroon R’ x(—oo,O in G, (R”l) . Note that its variance is the Colombeau constant:

E[szv((o,x,t,a))J = [ dy[ e (x— y,t—s)|2 ds
Definition 2.7. Smoothed with respect to R" white noise (w((x,t))f the representative RW((p, x,t,a)) with
peA(R")xD'(R"),suchthat p=(p (x)), e(01] and o =ergp(§j5(t).
Theorem 2.1. [25]. (Large Deviation Principle for SPDE) (I) Let (u_(x.t,s,7,@)) , €€(0,1] be solution
of the Colombeau-Ito’s SPDE [26]:

a(ue(x,téts,n,w))f +A[g—(1+A)2:|(Ue(X’t’g‘n’w))e

(7 st ) (%D (1. (01)), — (. (xt0)), =0

xeR", u (xtenw)=0, & >0, j=L--r (2.4)

Here: 1) (F‘(z))fe G(R),G(R) the Colombeau algebra of Colombeau generalized functions and F,(z)=z.
2) (f.(xt) eG(R™)

3) w.(x,t) isasmoothed with respectto R" white noise.

(1) Let (u‘v (Xt 6,0 )) , €€(0,1] be solution of the Colombeau-Ito’s SDE [26]:

d( (X tem, a)))

- +A, [g—(l+An)2](uf,n(xn,t,s,n.w))E

+((FF(UEYH(Xn,t,£,77,a)))) )Z. . { [ ”‘”vi( nai L& a;) n( nirbi &7, Q)B (2.5)
+ (. (%01)), =7 (W, (x,,t,0)) =0.

XnEOChN'Zr, nz(nl,...,nr)ezr, |n|=zi:1nj, (26)
Xn+1,i:(an,"wxni+hN,"‘7Xn,)v ~-N<n <N '

2.3)

U, (%,,0,6,70)=0, x, €0 (2.7)

Here Equations (2.5)-(2.7) is obtained from Equations (2.3)-(2.4) by spatial discretization on finite lattice @
hy >0 if N—>ow and A, isa latticed Laplacian [31]-[33].

(111) Assume that Colombeau-Ito’s SDE (2.5)-(2.7) is a strongly dissipative [26].

(IV) Let ]®(x,t,&,4) be the solutions of the linear PDE:

Mw[g_(lwﬂm(xtm)mz S ILEA) 0 deR @)
ot ' oX;
R(x,0,6,4)=—4 . (2.9)
Then
liminf_ E [ E(x,t,g,n,a))—ﬂﬂsi)‘i(x,t,g,/l) (2.10)

Proof. The proof based on Strong Large Deviations Principles (SLDP-Theorem) for Colombeau-Ito’s solution
of the Colombeau-1to’s SDE, see [26], Theorem 6. By SLDP-Theorem one obtain directly the differential master

)
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equation (see [26], Equation (90)) for Colombeau-Ito’s SDE (2.5)-(2.7):

d(U.q (x0t.8)). 2
e I[ [U(”“'(X"“" | *2 : ( - g) ]J +(f(x,1)), +0(e) =0,
U, . (%,,0,6)=-4, (2.12)
We setnow A, =4 eR. Then from Equations (2.11)-(2.12) we obtain
d(U,,(x,t.e,4 ,
(Vo - ). +An|:g—(l+An) J(Uevn(xn,t,a,l))s
(2.13)

e[ Lot balisted)]) ) oo

U, (%,,0,6,4) =~ (2.14)

From Equations (2.5)-(2.7) and Equations (2.13)-(2.14) by SLDP-Theorem (see see [26], inequality (89)) we
obtain the inequality

liminf,__ E [ L(xte, n,w)—/lﬂsU(Yn(xn,t,g,/l), c<(0,1]. (2.15)
Let us consider now the identity
ue(x,t,g,ry,a))—/1|2 :‘[ue(x,t,g,ry,a))—uﬁn( hen o) ] [u X,.t,6,1,0)— 1]2. (2.16)

From the identity (2.16) by integration we obtain the identity

EUUE (X,t,g,n,a))—lrJ: EU[U6 (xten0)-u., (Xn,t,g,ry,a))J+[um when ) /1]| } (2.17)
From the identity (2.17) by using the triangle inequality we obtain the inequality
\/E[ u, (X,t,g,n,a))—/ir} < \/EUUE (xt&n0)-u_, (Xn,t,g,n,a))r] +\/E[
From the inequality (2.18) by the inequality (2.15) for all ¢ e (0,1] we obtain the inequality

\/E[ue(x,t,e‘,n,a))—lr} S\/Eng(X,t,g,n,a))—uﬁn( x.,t,en, a))| }

Inthe limit N — o0 from the inequality (2.19) we obtain the inequality
Inthe limit N — o« from the inequality we obtain the inequality

\/E[uf(x,t,g,n,w)—/lr} < Iimsup,\Hw\/E[

U, (Xt g,n,a))—/ir}. (2.18)

w(ted). (219

u (xteno)-u, (Xn,t,g,n,a))ﬂ

(2.20)
+limsup, ., U, , (X,.t,2,2)|.
We note that
limsup,,_,.Elu, (x,t,£,7,@) U, (X,,t, &7, a))| =0. (2.21)
Therefore from (2.20) and (2.21) we obtain the inequality
Elu (xt,&7,) /1| <limsup,_, U2, (X,.t,&,4) (2.22)

In the limit N — o0 from Equations (2.13)-(2.14) for any fixed e=0, e<1, we obtain the differential
master equation for Colombeau-1to’s SPDE (2.3)-(2.4)
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d(UE(X’—t’g’ﬂ))E+A[8—(1+A)2:|(UE(thvg*ﬁ’))e

" U, (x.t,&4) (2:23)
+AY 6, [FE (a—xn +(f.(xt)), +O(e)=0
U, (xte4)=-2 (2.24)
Therefore from the inequality (2.22) follows the inequality
Elu, (xte.m0)-2 <U, (xt,62) (2.25)

In the limit ¢ >0 from differential Equations (2.23)-(2.24) we obtain the differential Equations (2.8)-(2.9)
and it is easy to see that

lim_,U, (xte4)=R(xt¢A) (2.26)

e—0

From the inequality (2.25) one obtain the inequality

liminf,_,Eu, (x.t.e,n.0)-2 <lim_,U, (xt.e,1)=R(xte2) (2.27)
From the inequality (2.27) and Equation (2.26) finally we obtain the inequality
liminf,_ E|u, (xt,&,7,0)- 4 <R(xte 1) (2.28)

The inequality (2.28) finalized the proof.
Definition 2.7. (The Differential Master Equation) The linear PDE:

M (xteA) M (xte 1)
ot 0%

R(x,0,6,4)=—4 (2.30)

+A[e-(Lra) |R(x082)+ 20,8 —f(xt)=0, AeR,  (229)

we will call as the differential master equation.
Definition 2.8. (The Transcendental Master Equation) The transcendental equation

R(xte A(xt,e))=0 (2.31)

we will call as the transcendental master equation.

Remark 2.2. We note that concrete structure of the Nikolaevskii chaos is determined by the solutions
ﬂ(x,t,g) variety by transcendental master Equation (2.31). Master Equation (2.31) is determines by the only
way some many-valued function i(x,t,g) which is the main constructive object, determining the characteris-
tics of quantum chaos in the corresponding model of Euclidian quantum field theory.

3. Criterion of the Existence Quantum Chaos in Euclidian Qquantum N-Model

Definition 3.1. Let uq(x,t,g,a)) be the solution of Equation (2.1). Assume that for almost all points
(x,t)e]R’xIRi+ (in the sense of Lebesgue-measureon R" xR, ), there exist a function u(x,t) such that

Iimn_)oE[(u”(x,t,g,w)—u(x,t))z}:O (3.1)

Then we will say that a function u (x,t) is a quasi-determined solution (QD-solution of Equation (2.1)).
Definition 3.2. Assume that there exist aset $cR'xR, that is positive Lebesgue-measure, i.e., ,u(ﬁ) >0
and

v(xt){(xt) e 5> -3lim,_ E[uZ (xt,z,0)]| (32)

ie, (xt)eH imply that the limit: lim, E[uj (x.t,e,®)| does not exist.
Then we will say that Euclidian quantum N-model has the quasi-determined Euclidian quantum chaos (QD-

guantum chaos).
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Definition 3.3. For each point (x,t) eR"xR, we define a set {iﬁ(x,t,g)} < R by the condition:

V[ 2e{R(xte)] o R(xte1)=0]

Definition 3.4. Assume that Euclidian quantum N-model (2.1) has the Euclidian QD-quantum chaos.
For each point (x,t)eR"xR, we define a set-valued function %R (x,t):R" xR, —2% by the condition:

S)Z{(X,t,g) = {iﬁ(x,t,s)}

tion) of the quantum N-model (In Figure 1 and Figure 2).

Theorem 3.1. Assume that f(
such that reN, &, eR,, j=1--r, ce[-11],
chaotic solutions.

Definition 3.5. For each point (x,t)e R" xR, we define the functions such that:

6.877
5.513
4.148
2.783
1.419
0.054
-1.310
-2.675
-4.039

-5.404

-6.769 s
0.300 1.270 2.240 3.210 4.180 5.150 6.120 7.090 8.060 9.030 10.000

Figure 1. Evolution of QD-chaotic solution if‘i(x,t,g) in time te[0,10]
atpoint x=3, te[0,10], £=-10", o=10°, p=11.

I

0.000 1.000 2.000 3.000 4.000 5.000 6.000 7.000 8.000 9.000 10.000

i

-7.974 +--

Figure 2. The spatial structure of QD-chaotic solution iﬁ(x,t,g) at instant
t=3, £=-107, o=10°, p=1.1.

x,t):asin(p~x Then for all values of parameters reo,0;,j=1
peR", =0 guantum N-model (2.1) has the QD-

(3.3)

(3.4)

We will say that the set-valued function iﬁ(x,t,e) is a quasi-determined chaotic solution (QD-chaatic solu-

.,r
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1) u (xte)= IlmsupﬁOE[u (x, t,g,a))]
2) u_(xte)= |Im|nf,H0E[U” X,t,g,a))]
3) u,(xte)=u, (xt e 0)-u(xte )
Definition 3.7.

1) Function u, (x,t,&) is called upper bound of the QD-quantum chaos at point (x,t)
2) Function u_(x,t,&) is called lower bound of the QD-quantum chaos at point (x,t)

3) Function u,, (x,t,&) is called width of the QD-quantum chaos at point (X,t).
Definition 3.8. Assume now that

limsup,_,.u, (x,t.&)=u,(x,&) <o

(3.5)

Then we will say that Euclidian quantum N-model has QD-quantum chaos of the asymptotically finite width

at point xeR".
Definition 3.9. Assume now that

limsup,_,.u, (x.t.&)=u,(x,&) =

(3.6)

Then we will say that Euclidian quantum N-model has QD-quantum chaos of the asymptotically infinite

width at point xeR" (in Figure 3, Figure 4)
Definition 3.10. For each point (x,t)eR" xR, we define the functions such that:

1) §{+(x,t,5)=sup{§%(x,t,5)}

2) DZi_(x,t,g)zinf{D?{(x,t,g)}

3) 9~%W(X,t,8):9~%+(X,t,s)—iﬁf(x,t,g)

Theorem 3.2. For each point (x,t)eR’xR+ is satisfied the inequality
R, (xte)<u, (xte)

Proof. Immediately follows by Theorem 2.1 and Definitions 3.5, 3.10.
Theorem 3.3. (Criterion of QD-quantum chaos in Euclidian quantum N-model)
Assume that

mes{(x,t)| R, (x.t,£)>0} >0

Then Euclidian quantum N-model has QD-quantum chaos.
Proof. Immediately follows by the Inequality (3.7) and Definition 3.2.

| | l;:|::'::: }I

k“wn:;h':ﬂ'liﬂ!
| "'"al"

wumuw
|I|'||| III

|||||I |,,I
|Ill ||||:!I| ‘ 1 ||l]||:I||||III||

2.81
0.000 0.300 0.600 0.900 1.200 1. 50

Figure 3. The QD-quantum chaos of the asymptotically infinite width at
point x=3, £=0.1, §=10, c=10°, p=1.

(3.7)

(3.8)
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Figure 4. The fine structure of the QD-quantum chaos of the asymptotically
infinite width at point x =3, §=10, o=10*, p=1, te[lO“,lO4 +10’1] ,

4 €[-0.676,0.676]. T = 10*, At =10,

4. Quasi-Determined Quantum Chaos and Physical Turbulence Nature

In generally accepted at the present time hypothesis what physical turbulence in the dynamical systems with an
infinite number of degrees of freedom really is, the physical turbulence is associated with a strange attractors, on
which the phase trajectories of dynamical system reveal the known properties of stochasticity: a very high de-
pendence on the initial conditions, which is associated with exponential dispersion of the initially close trajecto-
ries and brings to their non-reproduction; everywhere the density on the attractor almost of all the trajectories a
very fast decrease of local auto-correlation function [2]-[9]

®(x,7)=(a(x,t)d(x,7+1t)) (4.1)
Here
a(xt)=u(xt)-(u(xt), (F(O)=tim_, (f(0) <f(t)>T=T£J'OTf(t)

In contrast with canonical numerical simulation, by using Theorem 2.1 it is possible to study non-perturba-
tively the influence of thermal additive fluctuations on classical dynamics, which in the considered case is de-
scribed by Equation (4.1).

The physical nature of quasi-determined chaos is simple and mathematically is associated with discontinuously
of the trajectories of the stochastic process u, (x,t, g,a)) on parameter 7.

In order to obtain the characteristics of this turbulence, which is a very similarly to local auto-correlation
function (3.1) we define bellow some appropriate functions.

Definition 4.1. The numbering function N (t,x) of quantum chaos in Euclidian quantum N-model is de-
fined by

N(xt)= card{ﬁi(x,t)} (4.2)
Here by card{X} we denote the cardinality of a finite set X, i.e., the number of its elements.
Definitign 4.2. Assume now that a set iR(x,t) is ordered be increased of its elements. We irltroduce the
function R, (x,t), i=1---,N(x,t) which value atpoint (x,t), equals the i-th element of a set {m(x,t)
Definition 3.3. The mean value function T(x,t) of the chaotic solution 9(x,t) at point (x,t) is defined
by

T(xt)=(N(xt) T 0% (x.t) (4.3)

Definition 3.4. The turbulent pulsations function u*(x,t) of the chaotic solution iﬁ(x,t) at point (x,t) is
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defined by

U (1) = (N (x.0) "2

Definition 3.5. The local auto-correlation function is defined by

R, (x,t)—ﬁ(x,t)| (4.4)

(x,) =lim, ., (a(x7)a(xz+1)), = IimeTij‘gﬂ(x,t)ﬂ(x,rﬂ)dt, (4.5)
- _ v v . 17
a(x,t)=u(xt)-u(x), u(x)= Ilmhm?j;u (x,t)dt (4.6)
Definition 3.6. The normalized local auto-correlation function is defined by
D (x,7)
d (X,7)=—-= 4.7
n (X T) (D(X,O) ( )
Let us consider now 1D Euclidian quantum N-model corresponding to classical dynamics
2 2 \? P
%[s—(b%} }u(x,g)+5%u(x,g)—asin(p~x)=0 (4.8)
Corresponding Langevin equation are [34] [35]:
0 L 0 1, . 2
WJA[&—(HA)Z}UU (x,t,g)+5Wu” (x.t,&)—osin( px) =\/Ew(x,t), 5>0, A =% (4.9)
o'W (x,t)
u,(x,0,6)=0, W(X't):W' (4.10)
Corresponding differential master Equations (2.29)-(2.30) are
M+A[3—(1+A)Z]m(x,t,g,/l)m(sw—asin( px) =0 (4.11)
ot OX
R(x,0,6,4)=-1. (4.12)

Corresponding transcendental master Equation (2.31) are
{cos(p~x)—exp[t-;((p)]cos[p(x—ﬂ-&-t)}}-/v&- p
22 (p)+A%-5% p?
{sin(p~x)—exp[t-;((p)]sin[p(x—ﬂ-é-t)]}-g(p)+i
;(z(p)+/12-52~p2 o
7(p)= pz[g—(pz —1)2} (4.14)
We assume now that y(p)=0. Then from Equation (4.13) for all te[0,00) we obtain

cos(p-x)—cos| p(x—=A-5-t)[|t-A-5-
{cos(p-x) [ZP(Z : ) Po2 20 or (4.14)
A0 p o

(4.13)

+

{cos(p~x)—cos[p(x—i-&-t)]}v-é‘l- pr+4%2=0 (4.15)

The result of calculation using transcendental master Equation (4.15) the corresponding function Sf%(x,t,e)
is presented by Figure 5 and Figure 6. 3

The result of calculation using master Equation (4.13) the corresponding function %(x,t,g) is presented by
Figure 7 and Figure 8.

Let us calculate now corresponding normalized local auto-correlation function @, (x,z). The result of calcu-
lation using Equation (4.7) is presented by Figure 9 and Figure 10.
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0.00 ISOAOO iO0.00 150.00 :20()‘00:250.00 300.00 350.001400.00:450.00:500.00:55000:600.00 650.00:700.00:750.00‘300.00‘850.0d
Figure 5. Evolution of QD-chaotic solution $(10°t,z) in time te[010°], At=01, £=0, p=1,
=10, 5=1,A1=0.01.

1000 ()l)‘ 1 ()(iS.l)()‘ H)I().()()‘ I()IS.(!()‘ I()Z(i,()l)‘ I()ZS.l)()‘ 1030.00 1035.00 1 l)4(),()()‘ Il)45.()()‘ 1050.00 I()SS.(!()‘ I()(y(i.l)()‘ I()GS.()()‘ I(|7l).()()‘ 1075.00 1080.00 1085.00

Figure 6. The spatial structure of QD-chaotic solution Dﬁ(x,t,g) at instant t=10°, ¢=0, p=1,
oc=10*, §=1,Ax=0.1, AA=0.01.

0'00“:'5 00 ‘1'0'00':'1'5'00"20'00':25 00':30 00:35'00';10'00;45'00"50 0055:00-60-00-65:00-70-00-75:00-80.00-85.00 9000~
Figure 7. The development of temporal chaotic regime of 1D Euclidian quantum N-model at point x =1,
te[010°], =107, o=10°, 5=1, p=1.
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Figure 8. The development of temporal chaotic regime of 1D Euclidian
quantum N-model at point x = 1, te[O,lOzJ , €=10"7, o=5x10°,6=1,
p=1.

30

J0-60--5.00 ---10.00--15.00-- 20:00 --25.00- - 30:00-- 35.00 - “40.00--45:00 - 50.00--

Figure 9. Normalized local auto-correlation function @, (1,7), te[O,SO],
£=107, o=10*, 5§=1, p=1.

In paper [7] the mechanism of the onset of chaos and its relationship to the characteristics of the spiral attrac-
tors are demonstrated for inhomogeneous media that can be modeled by the Ginzburg-Landau Equation (4.14).
Numerical data are compared with experimental results (in Figure 11).

wziw(x)a(x,t)+%(1—|a(x,t)|z)a(x,t)+g% (4.14)
6a(0,t):O, aa(l’t):o, xe[01], 150
OX OX

However, as pointed out above (see Remarks 1.1-1.4) such numerical simulation in fact gives numerical data

for stochastic model
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Figure 10. Normalized local auto-correlation function @ (1,z). te[0,100],
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Figure 11. Normalized local auto-correlation function @, (25,7) [7].

da(xt)
ot

= ia)(x)a(x,t)+%(1—|a(x,t)|2)a(x,t)+ g%+ﬁw(x,t), exl1 (4.15)

t I,t
a(ot) o aa(ly) x<[0,1], 1 =50

5. The Order of the Phase Transition from a Spatially Uniform State to a Turbulent
State at Instant t=0

In order to obtain the character of the phase transition (first-order or second-order on parameters &, p ) from a spa-
tially uniform to a turbulent state at instant t ~ 0 one can to use the transcendental master Equation (2.31) of the form
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R(xt e A(xt,e))=0 (5.1)
By differentiation Equation (5.1) one obtain
dR(xteA(xte)) MR(xted(xte))di(xte) R(xtei(xte))
= +

= =0 (5.2)
de oA de oe
From Equation (5.2) one obtain
di(xte)  [(xted(xte))) (R(xtei(xte))) 63
de ds oA '

Let us consider now 1D Euclidian quantum N-model given by Equations (4.9)-(4.10). From corresponding
transcendental master Equation (4.13) by differentiation Equation (4.13) with respect to variable A one ob-
tain

69‘{(x,t,g,/l(x,t,g)) ~ {cos(p-x)—exp[t-;((p)]cos[p(x_g.g.t)]}.g. P
oA 2 (p)+4%-5% p?
+{cos(p-x)—exp[t~;g(p)]sin[p(x—ﬂ-&-t)}}-ht-éz- p
12(p)+12.52.p2
{cos(p-x)—exp[tyg(p)]cos[p(x—l-&-t)}}-z-iﬁg~ p

5 (5.4)
[zz(p)+/12'52.p2]
_{sin(p-x)—exp[t«;((p)}cos[p(x—/1~5~t)]}'5~t-;((p)
;(z(p)+/12-52-p2
_{sin(p-x)—exp[t-;((p)}sin[p(x—ﬂ-d-t)]}Z-)w;((p)-52~p2 L1
[Zz(p)+/12'52-p2]2 o
From Equation (5.4) for a sufficiently small t~0 one obtain
{89%(x,t,g,/1(x,t,g))} 1 (55)
oA »

From master Equation (4.13) one obtain by differentiation Equation (4.13) with respect to variable ¢ one
obtain

a‘ﬁ(x,t,g,/l):{_t d;;( )exp[t (p ]cos[p X—1-68- t)}}.g.g.p

)

O¢ 72 (p)+A°

{cos(p x)—exp|t- ;g(p)]cos[p X—A-8- t)}} 2. ddip).,i.&p
[22(p)+2%-6% p*

{_t.dz(ep)exp[tw( p)]sin[p(x—/i-ﬁ-t)]};g(p)
22 (p)+4%-6°-p?
{sin(p~x)—exp[t~;((p)]sin[p(x—/1~5~t)]}~d;fj(gp)
72 (p)+A%-5°p?
{sin(p-x)—exp[t-;((p)}sin[p(x—i-&-t)]}zwz(p)-

[;(Z(p)+/12~52~ pz]z

+

(5.6)

+

dr(p)
de
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From Equation (5.6) for a sufficiently small t~0 one obtain

{aﬂ‘i(x,t,g,l(x,t,g))} =_[t.dl(p)jl(p)'p'Sin(p'X)=tp2(pz—1)2 2(p)sin(p-x) 5.7)

oe de )% (p)+4%-5% p? 22 (p)+42-6%p?

Therefore from Equation (5.3), (5.5) and (5.7) one obtain

1di(x,t,5)} of 2 o2Sin(p-x) .
T(e, xt =|-———| =op°|(p° 1) ———=sign(p-X (5.8)
(a(ext)] = 25| <op (v i -1
Inthe limitt — 0 from Equation (5.8) one obtain
_ di(x.t,€) 2sin(p-x) .
J(e,x)=lim_,——"“2=0cp*(p*-1) ——Lsign(p-x (5.9)
( ) t—0 tde ( ) Z(p) ( )

and where
x(p)= pz[f—(pz—l)2}= p’p(e), p(e):s—(pz—l)z.

From Equation (5.9) follows that
im0, J(&,x) =+ (5.10)

lim,, J(e,x)=—0. (5.11)

£)—>0_

From Equations (5.10)-(5.11) follows second order discontinuity of the quantity J(g,x,t) at instant t=0.
Therefore the system causing it to make a direct transition from a spatially uniform state u, _, (x,O,g) =0 toa
turbulent state in an analogous fashion to the second-order phase transition in quasi-equilibrium systems.

6. Chaotic Regime Generated by Periodical Multi-Modes External Perturbation

Assume now that external periodical force f (x) has the following multi-modes form (Figure 12)

7000.00 7125.00 7250.00 7375.00 7500.00 7625.00 7750.00 7875.00 8000.00 8125.00 8250.00 8375.00 8500.00 8625.00 8750.00 8875.00 9000.00 9125.00

Figure 12. Evolution of QD-chaotic solution $%(10°t,&) in time te[7x10°10°]. At=01, m=1,
n=100, ¢=-1, p=1, o0=10°, §=1, A1=0.01.
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f(x)==>,osin(px) (6.1)
Corresponding transcendental master equation are (Figure 13)

R(x,t,6 )= mak {Cos(pk 'X)—eXp[t'l(D)Jcos[pk(x_l.é‘.t)}}.ﬂ.é‘, P

Pt 22(p)+A%-5% p
S o {sin(pk-x)—exp[t-f(pk)}si?[rik(xz—ﬂ.a.t)]}.l(pk)ﬂlzoy )
i X (pk)"k’1 07 Py

z(p)= pz[e—(pz—l)z}

Let us consider the examples of QD-chaotic solutions with a periodical force (Figure 14):

1400.00 1450.00 1500.00 1550.00 1600.00'1650.00 1700.00 1750.00 1800.00 1850.00 1900.00 1950.00 2000.00 2050.00 2100.00 2150.00 2200.00 2250.00

Figure 13. The spatial structure of QD-chaatic solution §i(x,t,e) at instant t = 10°, Xe[l.4><103,2.5><103:|,
m=1, n=100, s=-1, p=1, 0=10>, 5§=1, Ax=0.1, A1=0.01.

—_—
VT ——————
D ——r—
——————
——— —

1400.00 1450.00 1500.00 1550.00 1600.00 1650.00 1700.00 1750.00 1800.00 1850.00 1900.00 1950.00 2000.00 2050.00 2100.00 2150.00 2200.00 2250.00

Figure 14. The spatial structure of QD-chaotic solution ﬁ(x,t,g) atinstantt =5 x 10°,
Xe[1.4x103,2.5x103], m=1, n=100, e=-1, p=1, o=10°, §=1, Ax=0.1, AA1=0.01.

)
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f(x)= —o—Zf_lsin(k—:j (6.3)

7. Conclusion

A non-perturbative analytical approach to the studying of problem of quantum chaos in dynamical systems with
infinite number of degrees of freedom is proposed and developed successfully. It is shown that the additive
thermal noise destabilizes dramatically the ground state of the system thus causing it to make a direct transition
from a spatially uniform to a turbulent state.
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