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Abstract

An iteration method similar to the thin-wing-expansion method for the compressible flow has
been proposed to solve the boundary layer flow past a flat plate. Using such an iteration, the first
step of which is Oseen’s approximation, the boundary layer past a flat plate is studied. As pro-
ceeding from the first approximation to the second and third approximations, it is realized that
our solution approaches to a well known Howarth’s bench mark one gradually. Hence, it is con-
cluded that the usefulness of the present method has been confirmed.
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1. Introduction

For an analytical treatment of the boundary layer flow past a flat plate, one must solve the Navier-Stokes equa-
tion under suitable boundary conditions. But unfortunately, it accompanies a great difficulty to obtain such an
analytical solution. Thus, as it is well known, one has proceeded to classify the flow according to whether the
Reynolds number is small or large: if the Reynolds number is small, the linearization of Oseen or Stokes type is
often employed. Whereas if the Reynolds number is large, the inertia force dominates and so the viscosity is
neglected except in the boundary layer [1]-[8]. At high Reynolds number, however, the usefulness of the pro-
posed iteration method [9] is not obvious.

The main purpose of the present paper is to apply the iteration method to the flow past a flat plate at high
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Reynolds number. Even though no exact solution of Navier-Stokes equation for a flat plate at high Reynolds
number has been known, boundary layer solution for the flow past a semi-infinite flat plate by Howarth [4] must
be a very good approximation to the exact solution. We, therefore, have solved the boundary layer equation, by
using the present proposed iteration method.

2. Formulation of Problem

Consider the steady viscous flow past a semi-infinite flat plate at zero incidence placed in the uniform flow ve-
locity, U,.. As is shown in Figure 1, we shall take the Cartesian coordinates, x and y, where x-axis is parallel to
the flat plate, and the leading edge of the plate is origin of the co-ordinate. The velocity at the potential flow re-
gion is assumed to be constant, and thus, dp/dx =0, where p is the pressure. It is well known that the boundary
layer equations [10] are expressed by

uéu/éx+vaou/dy =vouloy? (2.1)
ou/ox+aou/oy =0, (2.2)
u=v=0, aty=0, (2.3)

u=U_, aty=oo, (2.4)

where u and v denote the x- and y-components of the velocity, respectively, and v the kinematic viscosity of
fluid.
We shall assume that the velocity components (u,v) may be expanded into the e-power series such that

u=U_ +eu +&%u, + &%, +---, (2.5)
V=ev+ eV, + 8%, +e, (2.6)

where ¢ is a small parameter that may be considered as the ratio of the boundary layer thickness to the flat plate
length. Substituting (2.5) and (2.6) into (2.1)-(2.4), and rearranging the terms of the same order in ¢, we have

U, du, /ox—vd?u, Jay? =0, 2.7)

U, éu, /ox-vau, oy’ == (u, du, , /ox+v, 8y, , Joy), forn=2, (2.8)
au, [ox+dv, /oy =0, forn>1, (2.9)

u=-U_/e, v,=0, aty=0, (2.10)

u,=v,=0,(forn>2) aty=0, (2.11)

u,=0, (forn>1) aty=co. (2.12)

Equation (2.7) is a modified Oseen’s equation, which is regarded as the first approximation of the boundary
layer equation, being obtained by simplifying the Navier-Stokes equation at high Reynolds number.
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Figure 1. The boundary layer along a flat plate.
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3. The First Approximation

Let’s proceed to the first approximation. Introducing the Laplace transform, i, of u; with respect to x, which is
defined by

i (4, y):j:ul(x, y)e *dx, (3.1)
together with (2.7), we can obtain the equation governing #, in the following form
&%, /oy* —U A, Jv =0, (3.2)

where / is the parameter of the Laplace transformation. The general solution of (3.2) satisfying (2.10) and (2.12),
can be easily be expressed such as

i, = —Uw/(g/i)exp{— (U‘”ljy] . (3.3)
v
By performing the inverse Laplace transformation of i, , we get
u=U, /e [®(n/2)-1], (3.4)
where ®(7) is the Error function, which is defined as follows,
() =2/ [ exp (-t )t (35)

with 7= y[Uw/(vx)]M. Using (3.4) together with (2.9) and (2.10), we have

v, = ]/g.[va/(nx)]l/z [1—exp(—772/4)J . (3.6)

These results of (3.4) and (3.6) may be obtainable by the same technique, to be used in the second and the
third approximations in Sections 4 and 5.

4. The Second Approximation

The equation of continuity (2.9) for n = 2 can be automatically satisfied by introducing the following stream
function,

v, =(vxU, )]/2 f,(n), (4.1)
where f,(77) depends on # only. The relevant velocity components are then given, respectively, by
U, =6‘//2/6y =U, fz'(77) )

v, = =0y, [ax =Y2-(W,. /%) [0/ (n)~ £, (n)]. (4.2)
where f,(17) means the differentiation of f, () with respect to 7.
ou,/ox =-U,n/(2x)- /(n),

aufoy=U,[U, /(v)]* £(n),

ou, /oy =U2 [(vx)- £,(n). 4.3)
Substituting (4.2) and (4.3) into (2.8) for n = 2, and using (3.4) and (3.6), we get
28 (n)+nt(n)=G(n)/*, (4.9)
where
G ()= exp(~n’/4) {n/w** -[1-®(n/2) ]+ 2/n-[1-exp(-n/4) ]| (4.5)

O,
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Referring (4.2), the boundary conditions (2.11) and (2.12) for n = 2 can be expressed as follows,
f,(n)=1f,(n)=0, atyp =0, (4.6)
lim, . f/(17)=0. @.7)
The solution of (4.4) satisfying the conditions (4.6) and (4.7) is obtainable as
f, (n) =Y(267)-[ 1@ (n/2) - 6/ -exp(-n [4) @ (1/2) + (1~ 2/ ) - @ (/2) - 4/ ¥ -0 (n/2)
+4(2/n)" @ (/%) + 4/ (1-Yr)exp(~n* /4) + 2n/n + 4/ (1/;:—1)], “9)

and
fz’(n):]/(252)-[—d)2(77/2)+77/7t1/2 -exp(—n2/4)d)(77/2)+(1—2/n)(D(77/2)
—(4/%1/2 +77)exp(—772/4)/n1/2 +2/n(exp(—772/2)+1ﬂ.

It may be worth noting here that in the approximation of each order we can introduce the reduced stream
function f, () insuchaway,

(4.9)

u =U, 1/ (1), withk=1,2,-- (4.10)

On the other hand, the original Equations (2.1) and (2.2) suggest that the velocity component u can be ex-
pressed by

u=U_f'(n), (4.11)
where f (77) is no more than the Blasius’s reduced stream function. Recalling (2.5), we have

f(77)277+gf1(77)+52f2(77)+~-~. (4.12)

5. The Third Approximation

Adopting the similar procedure to Section 4, the equation for f, (77) and the relevant boundary conditions have
been reduced to

28 (n)+nfi(n)=H(n)/, (5.1)
f,(n)= t/(n)=0, aty =0, (5.2)
lim,,, f;(7)=0, (5.3)
where
H ()= (" /4+1)n/n"* -exp(-n" /4)®* (n/2) +1n-(n* + 4)exp(-n* /4) @ (n/2)
1" (0 [2+31° (2 )= 2 /m+ =1/ =" Jexp(-n’ [4) © (1/2) 64
=29 [n-exp(-n’ /4)®(n/2")-Yn-(n" +3n/n* —4/n+ 2)exp(-n*/2)
+1/n%? -exp(—3/4~772)+[773/(4n1/2)+3772/(2n)+2/1t—4/1t2]exp(—772/4),
and
u, =U, f;(n),
vy =1/2-(W,, /x)"* [nt](n)- £, (n)]. (5.5)

The solution of (5.1) under the boundary conditions (5.2) and (5.3) is expressed by
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f,(n)=1& {,7/2-@3(77/2)+772 /(87%2)-exp(~1* /4)@* (n/2)
+[27/(4nﬂ2)_9/(4n)}exp(_n2 [8)02 (7/2) +(n/n—n +1/x*?) 02 (/2)
~[n? [(4x* )+ n/m - 6/n7 +15/ (2 ) [exp (- * [4) @ (n/2)
+n/(2n)exp(-=n’ [2)®(n/2)+(2/n’ +37*/(4n)-3/n +1/2)nd(/2)
+1n¥? - (4/n—5)®(1/2)-3%*/(4n)-n® (35 /2)
~1Y4-(2/n)"* - ®(n/2)®(n/2")+(2/n)"* (5~ 4/n)®(n/2)
+[772/(8n1/2)+77/1t+4/n5/2 +3%2/(2n%? ) - 6/n% + 9/ (4n" )]exp(—n2/4)
~Yn-(n/2+2/n"* )exp(—n* [2)-1/n* -exp(-3/4-n°)
+2/m-(1-Ym)n - 2/n"* [ 2/n* + 3 /(4m)-9/(2n) +9/8]
+3/(2n)-(3/n* ~11) @, (17) +9-2"2/(4x)-©, (n)},

(5.6)

with
®, (1) = ["exp(-n*/2)®(n/2)dn (5.7)
0,(n) = [, exp(-n*/4)®(n/2"*)dn, (5.8)
and
f/(n)=Y¢ {1/2-(1)3 (77/2)—[773/(16753/2)-exp(—772/4)+777/(87r]/2)'exp(—772/4)—],/7t+1}<’.[)2 (n/2)
+[773/(8n1/2)+772/(21t)+577/(4n1/2)—77/7I3/2 +]/n}exp<—772/4)d)(77/2)
[ [(4m)+3/n |exp(—n" /2) @ (n/2) +[ 2/n* + 3 [(4n)-3/n+ Y2 |®(n/2)
—33/2/(4n)d>(3]/2/2~77)+23/2/n-exp(—772/4)®(77/2]/2)—77/(4n3/2)-exp(—3/4-772)
- /(1677 + 0 [(2m) + 31/ (8% )~ 4/ + 4/ [exp(~° /4)
[0 J(am)+ ) (2 )+ 2/ -2 Jexp(-n [2) + 2/n-(1—]/n)}.

(5.9)

6. Conclusions

Substituting (3.4), (4.9), (5.9) into (2.5), we obtain the x-component of the velocity. The second and the third
approximations for the velocity component have been plotted concurrently in Figure 2. With increasing the de-
gree of the approximation, the solution gradually approach to Howarth’s bench mark result. This clearly con-
firms the usefulness of the present proposed iteration method to solve the flow past the flat plate.

Introducing dimensionless drag coefficient for the plate wetted on both sides, by the definition [10],

C, =4f"(0)/Ry?, (6.1)
where Ry denotes U_x/v , we obtain a formula with (3.4), (4.9), (4.12), and (5.9) as follows,
C, =142/RY?. (6.2)

It is found that the Formula (6.2) provides the greater value than that obtained by Blasius’ one [2] slightly, but
it is certain that this difference diminishes if we adopt the more higher order approximation.

Application of the present iteration method to the flow past a plate having flat, but finite thickness at moderate
Reynolds number is left behind for the future study, for no analytical solution of Navier-Stokes equation on this
problem exists. In such a case, the parameter ¢, the ratio of the boundary layer thickness to the plate length, is
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Figure 2. Velocity distribution in the boundary layer along a
flat plate.

not always considered to be infinitesimally small, so that much more vigorous mathematical treatment is re-
quired to get the solution.
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