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ABSTRACT

In this paper, several existence results of multiple positive solutions are obtained for a boundary value problem with
p-Laplacian, by applying a fixed point theorem in cones. The interesting point is that the nonlinear term f is involved

with the first-order derivative explicitly.
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1. Introduction

In this paper, we will consider the existence of multiple
positive solutions for the following one-dimensional
p-Laplacian, multi-point boundary value problem

(4,(U'(M)) + F(tu(t),u't) =0, te(0,1), (1.1
0= Yau(@), u=-YAuE). €2)

whereg (s)=|s|"?s, p>1, &e(0,1) witho<g <¢,
<--<& <1 andg, B, f satisfy,
(H1): 0<a,p <1(i=12,...,n-2) satisfy

OSZn:ai<l, Oszn:ﬁi <1
i=1 i=1

(H2): f(t,u,v) eC(]0,1]x [0, +0) x R — [0, +0)) ,
and f(t,0,0)%0 onany subinterval of (0,1).

(H3): f(tu,v)< f(tu,,v,)

forany 0<t<1,0<u,<u,, V; <V,;

(H4) : f(t,u,v)<g®)|uf +h(t)|v[ +j(t) , for
0<t<1l, u>0, where g(t)h(t),jt)eLl'[0,1] ,
0<ab<p-1.

There is much current interest in questions of multiple
positive solutions of boundary value problems, and the
existence and multiplicity of positive solutions for linear
and nonlinear multipoint boundary value problems have
been widely studied by many authors, one may see [1-9]
and relevant literatures.
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Among the substantial number of works dealing with
nonlinear differential equations we mention the boundary
value problem (1.1) and (1.2). We emphasize that the
nonlinear term f is involved with the first-order deriva-
tive explicitly in this problem.

2. Definition and Theoretical Foundation

In this section, we give definition and theoretical founda-
tion in this paper.

Definition 2.1. Let E be a real Banach space over R.
A nonempty closed set P < E is said to be a cone
provided that

(i) au+bveP forall uiveP andall a>0,
b>0, and

(i) u,—ueP imply u=0.

To prove our main results, we need the following fixed
point theorem in cones.

Theorem 2.1. [7] Let K be a cone in a Banach
space X .

Let D be an open bounded subset of X with

D,=DnK=.

Assume that A:D, — K is completely continuous
suchthat X # AX for xeaD,.

Then the following results hold:

(s If [ AxI<Il x, xedD,, then
i,(AD,)=1.

(52) Ifthere exists ee K\ {0} such that
X # AX + Ae for

all xeoD, andall A>0,then i, (A D,)=0.

(S3) Let U beopenin X suchthat UcD,.

If i (AD)=1 and i(AU,)=0,then A has a
fixed pointin p \ U,.
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The same result holds if j (A,D,)=0 and
i (AU =1

3. Preliminaries

Let the Banach space E = C'[0,1] be endowed with
the norm || ul := max {max |u(t) |, max |u'(t) [}.
We denote E, =C[0Tf={u < E [%(t) > 0,t [0,1]},
and define the cone Pc E by
P={ueE|u(t)>0,uis concave on [0,1] and satisfy (1.2)}.

Throughout, it is assumed that (H1)-(H4) hold.
Lemma 3.1. Suppose y e C'[0,1]with

(4,(y'(0)) eC'[0.1]

satisfies,

-G,y >0,
VO =Y ay(@). v =Y AYE).

te(0,1),

Then, y(t) is concave and y(t)>0, ie, yeP,
and y'(t)<0on[0,1].
Proof. The proof is very easy since

osnfai,nf:ﬁi <1
i=1 i=1

S0 we omit it here. O
For any x e C,[0,1], suppose U is a solution of the
problem

(B (U)) + f(t,x,x)=0, 0<t<],
U(0) = S au (). uw = S AuE)
then we have

w(®) ='W, - [ 1 (s,x(s), X(5))ds),

Zﬁijqﬁ;(wx — [ £(rx(r), ¥ (r))dr)ds
1-3 4

i=1
-2
i=1

[ (W, [ (rx(r), () )as,

where  satisfy

S

u(t)=—

&

50 = g (W, - [ 1 X0 X)), @)

Lemma 3.2. xe Ci[O,l], there exists a unique W,
satisfies

(3.1) and
h(a)
W, € [-———[ £ (r,x(r), x'(r))dr,0].
1_¢p(Zai)

Proof. The proof is very similar to the proof of Lem-
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ma 2.2 in [8], so we omit it here.
Lemma 3.3. For U e P, there exists a constant y;,

such that minu(t) > »,ll ul,
where %t

SA-8) | 1 SAC-E)
n (7)p—1’i:1 n ’ (32)

7, =min< =L 2
1-X°5 1-> B¢
i=1 i=1

and A >1 isa constant such that
0<{& <28 <3 << (A-1)& <1< 2.
Proof. By lemma 3.1, we have

[Etigqu(t) =u(), Idl =max{u(0),-u'(1)}.

For U e P, by the concavity of U, we have

u(g)-u) . u(0)-u@®)

1-¢ 1
thatis u(&) - Eu(l) = (1—&)u(o),

to combine with the boundary condition (1.2) we have

S AU(E) - 3 AU > T AA-E)O),

S0
S pa-£)
[,‘JLQ u(t) =u(l) > =————u(0).
N 1_Zﬂi§i

By (H,) and lemma 3.2, we have
AW, + [ £ (rx(r), x(r)dr)
> (W, + [ £ (r,x(r), X (r)dr)
HAW, o+ [ £ x(0), X (1))
bl W [ (L r0Or Oy Or
=AW, + [7F @ x @)X ©))ir
=W, + [ (r.x(0), X (),
therefore,
W+ [ (XD, X (n)ar
> (W, + [ (X)X (1)),

On the other hand,
mtig u)=u@

Zﬂj; ¢;1(—WX X, x’(r))dr)ds
1—2 B
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2he-a)
ey

SAA-E) | o 1
z—(—)p (W, [ X()er
1- Z,B

> 5
——(IW( u().
1—2/3i

i=1

B g [ ) X (e

From the discussion above, choose y; by (3.2), we
can obtain the lemma 3.3 is proved.

Lemma 3.4. For ueP, there exists a constant
N >0, suchthat max |u'(t)|< N.

Proof. For U € P59y the concavity of U and lem-
ma 3.1, there is

u@®)-u@<-u'w
=max|u'(t)], te[0,1].

0<t<1

Taking into account that y (1) = Zn:,b’iu(é) . we have
n i=:

max < (2 /) max +max |u'(t)|.
max|u(®)| (éﬂ) max |u(t) [ +max|u'(t) |
So,

n

(L- 2 B)max u(t) |< max () .

i=1 <t<1 0<t<1

And because

u() = ¢, (W, - jot f (s, X(s), X'(s))ds),
in view of (H 3), we have

(u®p™

=-W +j f (s1x(s), X (s((i

_1—

<= ¢](Z%)( (r, ;()w{us»
+(max|u(t)|) [ h1dt+ [l |dt)

u®1)*[lo(®dt

IA

L (——(maxu ) [0 |
1-4,Qa) @-380

+(max|u @) [ e de+ [ dt).

Since 0<a,b<p-1, we have max]|u(t)| Iis
bounded. Therefore, there exists a constditN >0, such
that lemma 3.4 is proved.

For notational convenience, we denote

Copyright © 2013 SciRes.

#,(Xa) .
O=—"=— 1= nv
1) 1-4(3a)

- max L_l(i%ﬂi ( 1 —(&+0) pl) (,Ipl gpi)) ,]pl
p LA

L2 Saa-ah

i=1
then define
K={ulueE, minu®)27Iu,-N<u'<0}
where y =y,7,, ¥, is defined by (3.2), yz:lL' N

is defined in lemma 3.4.
It is easy to obtain that,

Ly =Ly, =yl <l
We define an operator T : K — E by

—Zﬂj 4, (Wu [ f (r,u(r),u’(r))dr)ds
(Tu)(t) == :
1—2@

[ (wu I f(r,u(r),u’(r))dr)ds, (3.3)

where W, is defined in (3.1). Then a standard argu-
ment shows that T : K — E is completely continuous.
Define

Ky ={xe K|l ®l <N},
Q, ={xeK] gyg X(t) < yN,—N < x'(t) < 0}

={x|xeC"0,1], x>0, Il x|
<minx(t) < yN,—-N < x'(t) < 0}.

0<t<1

Lemma3.5.[9] €2 has the following properties:
Q, isopenrelativeto K;

KCQCK;

O<Il,L<x and

xe0Q, ifandonly if minxt)=yN. minx'(t)=-N;
If Xe o€, then R x(t)<N, TN <x'(1)<0
for te[0,1]. o
For notational convenience, we introduce the follow-
ing notations

Fn _mm{f(““’) c[01,ue[yN,N],ve[-N O]}

$,(N)
o,N f(t,U,V)_
fm):max{ 5 (N) .te[O,l],ue[O,N],Ve[—N,O]},
4,0 = limmax f(“:J") te[0.1,ve[-N,0]",
£40 Zfimmind L&YY 4 oo 1, v e [N, 011,

u—sa X )

(0 =000rQ").
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Lemma3.6.If f satisfies

B0 <g(),  (34)

then i (T,K,)=1.

Proof. From the definition of T and by (3.4), for
u(t) e oKy,

(Tu)(t)

> 5 I ¢gl(—Wu +f f(r,u(r),u’(r))dr)ds
<= -
1- 2/3
+j 4, (—w [, u(r))dr)ds
NP (g o) (7 am)) <,
P 13

i=1

and

[T0) O 5t (-, + [, £ (r.u(). (e

<INpPL <N.

So, we have |[Tulkllu for u(t)edK,. By
Theorem 2.1, we have j (T,K,)=1. O

Lemma 3.7. If f satisfies
f7NN >¢ (Ly), (3.5)

then i (T,Q,)=0.

Proof. Let e(t)=1 for t €[0,1]. Then
e € 0K . we claim that
u=Tu+pe, ueoQ,, p=0.

In fact, if the assumption fails, there exist u, € 0Q)
and p, >0 suchthat u, =Tu,+ pee.

From the definition of T and by lemma 3.5, for
t €[0,1], we have

Uo (t) = Tu, )+ Po€ Uy t)= Tu, )+ Pok
S AL W + [ (0,0, ()dnds
> i=1 ! -
1—2 B

+ 0

S5 N

s Pl N gy 4 p,
1->8
i=1
>N+ p,.

This implies ¥N > N + A, which is a contradic-
tion.
So, by Theorem 2.1, we obtain i (T,Q,)=0. O
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4. Multiple Positive Solutions to (1.1), (1.2)

Our main results are as follows.
Theorem 4.1. Suppose (H1)-(H4) hold, and
(H5): thereexist p, p,, p, € (0,N),with
PL<YP, < p2 < p, such that

o <d, (), £2:0 >4 (Ly), 157 <4,(0).

Then boundary value problem (1.1) (1.2) has three
positive solutions in K .

Suppose (H1)-(H4) hold, and

(H6): thereexist p,, p,, p, €(0,N),with
P, < p, < yp, suchthat

Uhd>d by @<s 1 024, Ly
Then boundary value problem (1.1) (1.2) has two posi-
tive solutions in K .
Proof. Because the proof is similar to the proof of
theorem in [9]. So we omit it here. O
Corollary 4.1. Suppose (H1)-(H4) hold. In addi-
tion, if there exists 0 < p < N such that

(H7):

0< ffpvo <g,(), 25>a,(Ly), 0= 15, <4,(1).

Then boundary value problem (1.1) (1.2) has three
positive solutions in K .

Suppose (H1)-(H4) hold, and
0< p<N suchthat

if there exists

(H8):
é, (L)< f, 20 < o0, fﬁpo<¢p(l), ¢p(L)< f N0 <o,

Then boundary value problem (1.1) (1.2) has two posi-
tive solutions in K. O

It is similar to the conclusion of Theorem 4.1 we ob-
tain the following theorem

Theorem 4.2. Suppose (H1)-(H4) hold, and if one
of the following conditions holds:

(H9): There exist p, p, e(0,N) with p <yp,
such that
£ < g, (1), T80 > 4, (Ly),
(HlO)Z There exist P11 P> €(0,N) with PL<pP,
such that

fod 2 g,(Ly), 572 <4,(0).

Then boundary value problem (1.1)(1.2) has a positive
solutionin K .
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