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ABSTRACT 
In this paper, several existence results of multiple positive solutions are obtained for a boundary value problem with 
p-Laplacian, by applying a fixed point theorem in cones. The interesting point is that the nonlinear term f is involved 
with the first-order derivative explicitly. 
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1. Introduction 
In this paper, we will consider the existence of multiple 
positive solutions for the following one-dimensional 
p-Laplacian, multi-point boundary value problem 

( ( ( ))) ( , ( ), ( )) 0, (0,1), (1.1)′ ′ ′+ = ∈p u t f t u t u t tφ  

1 1

(0) ( ), (1) ( ), (1.2 )
= =

′ ′= =∑ ∑
n n

i i i i
i i

u u u uα ξ β ξ   

where 2( ) | | −= p
p s s sφ , 1>p , (0,1)∈iξ  with 1 20 < <ξ ξ  

1< < < nξ  and , ,i i fα β  satisfy, 
( 1)H : 0 , 1 ( 1,2, , 2)≤ < = … −i i i nα β  satisfy 

1

0 1
=

≤ <∑
n

i
i
α , 

1

0 1
=

≤ <∑
n

i
i
β ; 

( 2)H : ( , , ) ([0,1] [0, ) [0, ))∈ × +∞ × → +∞f t u v C R , 
and ( ,0,0) 0≡/f t  on any subinterval of (0,1) .  

( 3)H : 1 1 2 2( , , ) ( , , )≤f t u v f t u v  
for any 1 20 1, 0≤ ≤ ≤ ≤t u u , 1 2≤v v ; 

( 4)H : ( , , ) ( ) | | ( ) | | ( )≤ + +a bf t u v g t u h t v j t , for 
0 1≤ ≤t , 0≥u , where 1( ), ( ), ( ) [0,1]∈g t h t j t L , 
0 , 1≤ < −a b p . 

There is much current interest in questions of multiple 
positive solutions of boundary value problems, and the 
existence and multiplicity of positive solutions for linear 
and nonlinear multipoint boundary value problems have 
been widely studied by many authors, one may see [1-9] 
and relevant literatures. 

Among the substantial number of works dealing with 
nonlinear differential equations we mention the boundary 
value problem (1.1) and (1.2). We emphasize that the 
nonlinear term f is involved with the first-order deriva-
tive explicitly in this problem. 

2. Definition and Theoretical Foundation  
In this section, we give definition and theoretical founda-
tion in this paper. 

Definition 2.1. Let E  be a real Banach space over R. 
A nonempty closed set ⊂P E  is said to be a cone 
provided that 

( )i  + ∈au bv P  for all , ∈u v P  and all 0≥a , 
0≥b , and  

( )ii  ,− ∈u u P  imply 0=u . 
To prove our main results, we need the following fixed 

point theorem in cones. 
Theorem 2.1. [7] Let K  be a cone in a Banach 

space X . 
Let D  be an open bounded subset of X  with  

.= ∩ ≠∅kD D K  

Assume that : →kA D K  is completely continuous 
such that ≠x Ax  for .∈∂ kx D   

Then the following results hold: 
( 1)S  If , ,≤ ∈∂ kAx x x D‖‖‖‖  then 

( , ) 1.=k ki A D  
( 2)S  If there exists {0}∈e K   such that 
≠ +x Ax eλ  for 
all ∈∂ kx D  and all 0,>λ then ( , ) 0.=k ki A D  
( 3)S  Let U  be open in X  such that .⊂ kU D  
If ( , ) 1=k ki A D  and ( , ) 0,=k ki A U then A  has a 

fixed point in .k kD U  
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The same result holds if ( , ) 0=k ki A D  and 
( , ) 1.=k ki A U  

3. Preliminaries  
Let the Banach space 1[0,1]=E C  be endowed with 
the norm 

0 1 0 1
: max {max | ( ) |, max | ( ) |}.

≤ ≤ ≤ ≤
′=

t t
u u t u t‖‖  

We denote 1[0,1] { | ( ) 0, [0,1]},+ += = ∈ ≥ ∈E C u E u t t  
and define the cone ⊂P E  by 

{ | ( ) 0, is concave on [0,1] and satisfy (1.2)}.P u E u t u= ∈ ≥  

Throughout, it is assumed that ( 1) ( 4)−H H  hold. 
Lemma 3.1. Suppose 1[0,1]∈y C with 

1( ( ( ))) [0,1]′ ′∈p y t Cφ   
satisfies, 

1 1

( ( ( ))) 0, (0,1),

(0) ( ), (1) ( ).
= =

′ ′− ≥ ∈

′ ′= =∑ ∑

p

n n

i i i i
i i

y t t

y y y y

φ

α ξ β ξ
 

Then, ( )y t  is concave and ( ) 0≥y t , i.e., ∈y P , 
and ( ) 0′ ≤y t on [0,1]. 

Proof. The proof is very easy since 
2 2

1 1

0 , 1
− −

= =

≤ <∑ ∑
n n

i i
i i
α β . 

so we omit it here.   
For any [0,1]+∈x C , suppose u  is a solution of the 

problem 

2 2

1 1

( ( )) ( , , ) 0, 0 1,

(0) ( ), (1) ( ),
− −

= =

′ ′ ′+ = ≤ ≤

 ′ ′= =

∑ ∑
p

n n

i i i i
i i

u f t x x t

u u u u

φ

α ξ β ξ
 

then we have 
1

0
12

1

1 0
2

1
1 1

0

( ) ( , ( ), ( )) ,

( , ( ), ( ))
( )

1

( , ( ), ( )) ,

( )

( )

( )

−

−
−

=

−

=

−

′ ′= −

′−

= −
−

′− −

∫

∑ ∫ ∫

∑

∫ ∫

i

t

p x

sn

i p x
i

n

i
i

s

p xt

u t W f s x s x s ds

W f r x r x r dr ds
u t

W f r x r x r dr ds

ξ

φ

β φ

β

φ

 

where 
xW  satisfy 

2
1 1

1 0

( ) ( , ( ), ( )) . (3.1)( )
−

− −

=

′= −∑ ∫
in

p x i p x
i

W W f r x r x r dr
ξ

φ α φ   

Lemma 3.2. 1[0,1],+∈x C  there exists a unique xW
satisfies 
(3.1) and 

1
1

0

1

( )
[ ( , ( ), ( )) ,0].

1 ( )

=

=

′∈ −
−

∑
∫

∑

n

p i
i

x n

p i
i

W f r x r x r dr
φ α

φ α

 

Proof. The proof is very similar to the proof of Lem-

ma 2.2 in [8], so we omit it here.  
Lemma 3.3. For ∈u P , there exists a constant 1γ , 

such that 
10 1

min ( ) ,
≤ ≤

≥
t

u t uγ‖‖  
where 

1
11 1

1

1 1

(1 ) (1 )
1min ( ) , , (3.2)

1 1

n n

i i i i
pi i

n n

i i i
i i

β ξ β ξ
γ

λβ β ξ

−= =

= =

 
− −  =  

 − −
  

∑ ∑

∑ ∑

 

and 1>λ  is a constant such that 

1 1 1 1 10 2 3 ( 1) 1 .< < < < < − < <ξ ξ ξ λ ξ λξ  

Proof. By lemma 3.1, we have 

0 1
min ( ) (1), max{ (0), (1)}.

t
u t u u u u

≤ ≤
′= = −‖‖  

For ∈u P , by the concavity of u , we have 
( ) (1) (0) (1) ,

1 1
− −

≥
−

i

i

u u u uξ
ξ

 

that is ( ) (1) (1 ) (0),− ≥ −i i iu u uξ ξ ξ  

to combine with the boundary condition (1.2)  we have 
2 2 2

1 1 1

( ) (1) (1 ) (0),
− − −

= = =

− ≥ −∑ ∑ ∑
n n n

i i i i i i
i i i

u u uβ ξ β ξ β ξ  

so  
2

1
20 1

1

(1 )
min ( ) (1) (0).

1

n

i i
i

nt

i i
i

u t u u
β ξ

β ξ

−

=
−≤ ≤

=

−
= ≥

−

∑

∑

 

By 
3( )H  and lemma 3.2, we have 

1

0
( ( , ( ), ( )) )xW f r x r x r dr

ξ
λ ′− + ∫

1

1

1

0
2

( ( , ( ), ( )) )

( ( , ( ), ( )) )

x

x

W f r x r x r dr

W f r x r x r dr

ξ

ξ

ξ

′≥ − +

′+ − +

∫
∫

1

1( 1)
               ···( ( , ( ), ( )) )xW f r x r x r dr

λξ

λ ξ−
′+ + − + ∫

1

0
1

0

 = ( , ( ), ( ))

( , ( ), ( )) ,

x

x

W f r x r x r dr

W f r x r x r dr

λξ
λ ′− +

′≥ − +

∫
∫

 

therefore, 
1

0

1

0

( , ( ), ( ))

1 ( ( , ( ), ( )) ).

x

x

W f r x r x r dr

W f r x r x r dr

ξ

λ

′− +

′≥ − +

∫

∫
 

On the other hand, 

( )
0 1

1 1

0
1

1

min ( ) (1)

( , ( ), ( ))
=

1

i

t
n s

i P x
i

n

i
i

u t u

W f r x r x r dr ds
ξ

β φ

β

≤ ≤

−

=

=

=

′− +

−

∑ ∫ ∫

∑
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( )111
0

1

(1 )
( , ( ), ( ))

1

n

i i
i

P xn

i
i

W f r x r x r dr
ξ

β ξ
φ

β

−=

=

−
′≥ − +

−

∑
∫

∑
 

( )
1

1111
0

1

1
11

1

(1 )
1( ) ( , ( ), ( ))

1

(1 )
1( ) (1) .

1
( )

n

i i
pi

P xn

i
i

n

i i
pi

n

i
i

W f r x r x r dr

u

β ξ
φ

λβ

β ξ

λβ

−−=

=

−=

=

−
′≥ − +

−

−
′= −

−

∑
∫

∑

∑

∑

 

From the discussion above, choose 1γ  by (3.2) , we 
can obtain the lemma 3.3 is proved.  

Lemma 3.4. For ,∈u P  there exists a constant 
0,>N  such that 

0 1
max | ( ) | .

t
u t N

≤ ≤
′ ≤  

Proof. For ∈u P , by the concavity of u  and lem-
ma 3.1, there is 

0 1

( ) (1) (1)
max | '( ) |, [0,1].

t

u t u u
u t t

≤ ≤

′− ≤ −
= ∈

 

Taking into account that
1

(1) ( )
=

= ∑
n

i i
i

u uβ ξ , we have 

0 1 0 1 0 11

max | ( ) | ( ) max | ( ) | max | ( ) | .
n

it t ti
u t u t u tβ

≤ ≤ ≤ ≤ ≤ ≤
=

′≤ +∑  

,So  

0 1 0 11

(1 ) max | ( ) | max | ( ) | .
n

i t ti
u t u tβ

≤ ≤ ≤ ≤
=

′− ≤∑  

And because 

1

0
( ) ( , ( ), ( )) ,( )t

p xu t W f s x s x s dsφ−′ ′= − ∫  

in view of ( 3)H , we have 
1

0
1

0

1

(| ( ) |)
( , ( ), ( ))

1 ( , ( ), ( ))
1 ( )

p

t

x

n

p i
i

u t
W f s x s x s ds

f r x r x r dr
φ α

−

=

′
′= − +

′≤
−

∫
∫

∑

 
1

00 1

1
1 1

0 00 1

1 max | ( ) | | ( ) |
1 ( )

max | ( ) | | ( ) | | ( ) |

(( )

( ) )

a
n t

p i
i

b

t

u t g t dt

u t h t dt j t dt

φ α
≤ ≤

=

≤ ≤

≤
−

′+ +

∫
∑

∫ ∫

 

1

00 1

1 1
1 1

0 00 1

1 1 max | ( ) | | ( ) |
1 ( ) (1 )

max | ( ) | | ( ) | | ( ) | .

( ( )

( ) )

a
n n ta

p i i
i i

b

t

u t g t dt

u t h t dt j t dt

φ α β
≤ ≤

= =

≤ ≤

′≤
− −

′+ +

∫
∑ ∑

∫ ∫

 

Since 0 , 1,≤ < −a b p  we have 
0 1
max | ( ) |

t
u t

≤ ≤
 is 

bounded. Therefore, there exists a constant 0>N , such 
that lemma 3.4 is proved.  

For notational convenience, we denote 

1

1 1
1

1 1 1 1 11

1
1

1
1

1 1

( )
1, ,

1 ( ) 1 ( )

1 1max ( ) , ,

1 1 1 (1 ),

( ( ) ( ))

n

p i
i

n n

p i p i
i i

n p p p p
i p p p p pi

n i
i

i
pn n

p
i i i

i i

p
l p

p
L p

β

β

φ α
θ η

φ α φ α

η ξ θ η θ η

β β ξ

=

= =

∑
− − − − −=

− ∑
=

−
−

= =

= =
− −

 − = − + + − 
  

−  = − − 
 

∑

∑ ∑

∑ ∑

 

then define 

0 1
{ | , min ( ) , 0,}

≤ ≤
′= ∈ ≥ − ≤ ≤

t
K u u E u t u N uγ‖‖   

where 1 2=γ γ γ , 1γ  is defined by (3.2) , 2 =
l
L

γ , N  
is defined in lemma 3.4. 

It is easy to obtain that, 0 ,< < ∞l L  and 
1 2 1 .= = <L L l lγ γ γ γ  

We define an operator : →T K E  by 

( )

( )

1 1

0
1

1

1 1

0

( , ( ), ( ))
( )( )

1

( , ( ), ( )) , (3.3)

i

n s

i p u
i

n

i
i

s

p ut

W f r u r u r dr ds
Tu t

W f r u r u r dr ds

ξ
β φ

β

φ

−

=

=

−

′− −
=

−

′− −

∑ ∫ ∫

∑

∫ ∫

 

where uW  is defined in (3.1) . Then a standard argu-
ment shows that : →T K E  is completely continuous. 
Define 

0 1
1

0 1

{ | },
{ | min ( ) , ( ) 0}

{ | [0,1], 0,
min ( ) , ( ) 0}.

N

N t

t

K x K x N
x K x t N N x t

x x C x x
x t N N x t

γ

γ
γ

≤ ≤

≤ ≤

= ∈ <
′Ω = ∈ < − < <

= ∈ ≥
′≤ < − < <

‖‖

‖‖
  

Lemma 3.5. [9] ΩN  has the following properties: 
ΩN  is open relative to K ; 

⊂ Ω ⊂N N NK Kγ ; 

∈∂ΩNx  if and only if 
0 1
min ( )
≤ ≤

=
t

x t Nγ , 
0 1
min ( )
≤ ≤

′ = −
t

x t N ; 
If ∈∂ΩNx , then ( )≤ ≤N x t Nγ , ( ) 0′− ≤ ≤N x t  

for [0,1]∈t .   
For notational convenience, we introduce the follow-

ing notations 

,
,0

0,
,0

,0

,0

( , , )min : [0,1], [ , ], [ ,0] ,
( )

( , , )max : [0,1], [0, ], [ ,0] ,
( )

( , , )lim max : [0,1], [ ,0] ,
( )

(lim min

N N
N

p

N
N

p

N u
p

N

u

f t u vf t u N N v N
N

f t u vf t u N v N
N
f t u vf t v N

u
f tf

γ

δ

α

δ α

γ
φ

φ

φ

−

−

− →

−

→

  = ∈ ∈ ∈ − 
  
  = ∈ ∈ ∈ − 
  

  = ∈ ∈ − 
  

=
, , ) : [0,1], [ ,0]
( )

( 0 ).
p

u v t v N
u

or
φ

δ +

  ∈ ∈ − 
  

= ∞

，
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Lemma 3.6. If f  satisfies 
0,

,0  ( ), (3.4)N
N pf lφ− <  

then ( , ) 1=k Ni T K . 
Proof. From the definition of T and by (3.4), for

( )∈∂ Nu t K , 

( )

( )

1 1

0
1

1
1

0 0

1 1 1 11

1
1

( )( )

( , ( ), ( ))

1

( , ( ), ( ))

1 ( ) ,( ( ) ( ))

i

n s

i p u
i

n

i
i

s

q u
n p p p p

i p p p pi
n i

i
i

Tu t

W f r u r u r dr ds

W f r u r u r dr ds

plN N
p

ξ

β

β

β φ

β

φ

η ξ θ η θ

−

=

=

∑
− − − −=

− ∑
=

′− +
≤

−

′+ − +

−
< − + + − ≤

∑ ∫ ∫

∑

∫ ∫

 

and 

( )1

0

1
1

| ( ) '( ) | ( , ( ), ( ))

.

t

p u

P

Tu t w f r u r u r dr

lN N

φ

η

−

−

′= − +

< ≤

∫
 

So, we have <Tu u‖‖‖‖  for ( ) .∈∂ Nu t K  By 
Theorem 2.1, we have ( , ) 1.=k Ni T K    

Lemma 3.7. If f  satisfies 
,
,0 ( ), (3.5)N N

N pf Lγ φ γ− >  

then ( , ) 0.Ω =k Ni T  
Proof. Let ( ) 1≡e t  for [0,1].∈t  Then 

1.∈∂e K we claim that 

, , 0.≠ + ∈∂Ω ≥Nu Tu e uρ ρ  

In fact, if the assumption fails, there exist 0 ∈∂ΩNu  
and 0 0≥ρ  such that 0 0 0 .= +u Tu eρ  

From the definition of T and by lemma 3.5, for 
[0,1]∈t , we have 

0 0 0( ) ( )u t Tu t eρ= + 0 0 0( ) ( )u t Tu t eρ= +  

0

1

0 00
1

0

1

11
0

1

0

( , ( ), '( ))

1

1 (1 )

(

1

.

)
i

n s

i q u
i

n

i
i

n

pi
pi

in

i
i

W f r u r u r dr ds

p L N
p

N

ξ
β φ

ρ
β

β
γ ξ ρ

β

γ ρ

=

=

−=

=

− +
≥ +

−

−
> − +

−

> +

∑ ∫ ∫

∑

∑

∑
 

This implies 0,> +N Nγ γ λ  which is a contradic-
tion. 

So, by Theorem 2.1, we obtain ( , ) 0.Ω =k Ni T    

4. Multiple Positive Solutions to (1.1), (1.2) 
Our main results are as follows. 

Theorem 4.1. Suppose ( 1) ( 4)H H−  hold, and 
( 5) :H  there exist 1 2 3, , (0, ),Nρ ρ ρ ∈ with 

1 2 2 3ρ γρ ρ ρ< < <  such that 
31 2 2

1 2 3

0,0, ,
,0 ,0 ,0( ), ( ), ( ).p p pf l f L f lρρ γρ ρ

ρ ρ ρφ φ γ φ− − −< > ≤  

Then boundary value problem (1.1) (1.2) has three 
positive solutions in K . 

Suppose ( 1) ( 4)H H−  hold, and 
( 6) :H  there exist 1 2 3, , (0, ),Nρ ρ ρ ∈ with 

1 2 3ρ ρ γρ< <  such that 
3 31 1 2

1 2 3

,, 0,
,0 ,0 ,0     ( ), ( ), ( ).p p pf L f l f Lγρ ργρ ρ ρ

ρ ρ ρφ γ φ φ γ− − −> < ≥  

Then boundary value problem (1.1) (1.2) has two posi-
tive solutions in K . 

Proof. Because the proof is similar to the proof of 
theorem in [9]. So we omit it here.   

Corollary 4.1. Suppose ( 1) ( 4)H H−  hold. In addi-
tion, if there exists 0 Nρ< <  such that 

( 7) :H
0 ,

,0 ,0 ,00 ( ), ( ), 0 ( ).p p N pf l f L f lγρ ρ
ρ ρφ φ γ φ∞

− − −≤ < > ≤ <  

Then boundary value problem (1.1) (1.2) has three 
positive solutions in K . 

Suppose ( 1) ( 4)H H−  hold, and if there exists 
0 Nρ< <  such that 

( 8) :H
,0 0, ,0

0 ,0( ) , ( ), ( ) .N
p p pL f f l L fρ ρ

ρφ φ φ− −
− ∞< ≤ ∞ < < ≤ ∞  

Then boundary value problem (1.1) (1.2) has two posi-
tive solutions in K .   

It is similar to the conclusion of Theorem 4.1 we ob-
tain the following theorem 

Theorem 4.2. Suppose ( 1) ( 4)H H−  hold, and if one 
of the following conditions holds: 

( 9) :H  There exist 1 2, (0, )Nρ ρ ∈  with 1 2ρ γρ<  
such that 

1 2 2

1 2

0, ,
,0 ,0( ), ( ),p pf l f Lρ γρ ρ

ρ ρφ φ γ− −≤ ≥  

( 10) :H  There exist 
1 2, (0, )Nρ ρ ∈  with 1 2ρ ρ<  

such that 
1 1 2

1 2

, 0,
, 0 , 0( ), ( ).p pf L f lγρ ρ ρ

ρ ρφ γ φ− −≥ ≤  

Then boundary value problem (1.1)(1.2) has a positive 
solution in K .  
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