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1. Introduction

In this paper, we consider the following stochastic strongly damped higher-

order nonlinear Kirchhoff-type equation with white noise:

du, +[(—A)m U, +¢(||V’“u||2)(—A)m u+g (u)} dt

(1.1)
= f(x)dt+q(x)dW (t),xeQ,m>1,
with the Dirichlet boundary condition
du .
u(x,t):O,ﬁ:O,|:1,2,-~,m—1,XGéQ, (1.2)

and the initial value conditions
u(x,0)=u,(x)e H™(Q),u,(x,0) =u, (x) e L*(Q), (1.3)
where Q is a bounded domain of R", with a smooth boundary oQ, A is

the Laplacian with respect to the variable xeQ, U=U (X,t) is a real function

of xeQ and t>0, ¢ isthe damping coefficient, fis a given external force, v
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is the outer norm vector, g (U) is a nonlinear forcing, their respectively satis-

fies the following conditions:
1) g(u)SCO@A{uP),O< p<

2 limint 28 =6C()
t—w S

3) G(s)2c,|u"" —Ky Ky >0;

4) ¢(s)=my;

where c,,C;,C,,m, are positive constants.

n>3;

n-2m’

As well as we known, the study of stochastic dynamical is more and more
widely the attention of scholars, and the study of random attractor has become
an important goal. In a sense, the random attractor is popularized for classic
determine dynamical system of the global attractor. Global attractor of Kirchhoff-
type equations have been investigated by many authors, see, e.g., [1] [2] [3] [4],
however, the existence random attractor has also been studied by many authors,
in [5], Zhaojuan Wang, Shengfan Zhou and Anhui Gu, they study the asymp-
totic dynamics for a stochastic damped wave equation with multiplicative noise
defined on unbounded domains, and investigate the existence of a random
attractor, they overcome the difficulty of lacking the compactness of Sobolev
embedding in unbounded domains by the energy equation. In [6], Guigui Xu,
Libo Wang and Guoguang Lin study the long time behavior of solution to the
stochastic strongly damped wave equation with white noise, in this paper, they
use the method introduced in [7], so that they needn’t divide the equation into
two parts. In [8], Zhaojuan Wang, Shengfan Zhou and Anhui Gu study the
asymptotic dynamics of the stochastic strongly damped wave equation with
homogeneous Neuman boundary condition, and prove the existence of a ran-
dom attractor. The other long time behavior of solution of evolution equations,
we can see [9]-[19].

In this work, we deal with random term by using Ornstein-Uhlenbeck process,
the key is to handle the nonlinear terms and strongly damped (—A)m u,, and
¢(||Vmu||2) is also difficult to be conducted. So far as we know, there were no
result on random attractor for the stochastic higher-order Kirchhoff-type equ-
ation with nonlinear strongly dissipation and white noise. It is therefore im-
portant to investigate the existence of random attractor on (1.1)-(1.3).

This paper is organized as follows: In Section 2, we recall many basic concepts
related to a random attractor for genneral random dynamical system. In Section
3, we introduce O-U process and deal with random term. In Section 4, we prove

the existence of random attractor of the random dynamical system.

2. Preliminaries

In this section, we collect some basic knowledge about general random dy-
namical system ([9] [10] [11]).

Let (X,""X) be a separable Hilbert space with Borel o-algebra B(X). Let
(Q,F,P,(é’l )teR) be the metric dynamical system on the probability space
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(QF,P).

Definition 2.1. (see [9] [10]). A continuous random dynamical system on X
over (Q, F, P,(Ht )tER ) isa (B(R+)>< FxB(X),B(X )) -measurable mapping
P R" xQxX - X,(t,@,u) > ¢(t,w,u) . Such that the following properties
hold (1)

1) (/)(0,0),.) is the identity on X;

2) o(t+s,0.)=¢(t,0,0,0(s,,)) foral st>0;

3) (o(t,a),.): X = X is continuous forall t>0.

Definition 2.2. (see [10])

1) A set-valued mapping D(w):Q — 2", — D(w), is said to be a random
set if the mapping o —d (u, D(a))) is measurable for any ue X . If D(a)) is
also closed (compact) for each weQ, D(a)) is called a random closed (com-
pact) set. A random set D(a)) is said to be bounded if there exist U, € X and
arandom variable R(®)>0 such that

D(w)cueX:|u-u,, <R(w) forall weQ.

2) A random set D(a)) is called tempered provided for P-ae. weQ,

lime”"d(D(6,@))=0 forall £>0,
where d (D) = sup||b||x ‘heD.

Let Y'be the set of all random tempered sets in X.

3) A random set B(a)) is said to be a random absorbing set if for any
tempered random set D (co), and P-ae oeQ,there exists (a)) such that

(0('[,9460, D(Qtw)) cB(w) forall t>t; (a))

4) A random set B, ((0) is said to be a random attracting set if for any

tempered random set D (co) ,and P—-ae weQ, wehave
limd, (go(t, 6.0,D(6,0)),B, (a))) =0,
where d,, isthe Hausdorff semi-distance given by

dy (E,F)=sup, inf, |U —V”X forany E,FcX.
5) ¢ issaid to be asymptotically compact in Xif for

©

P-aewe Q,go(tn,H_tn , X, )n:1 has a convergent subsequence in X whenever
t, >+0,and X, e B(é[tna)) with B(w)eY.

6) A random compact set A(a)) is said to be a random attractor if it is a
random attracting set and ¢(t,®,A(®))=A(f) for P-ae.0eQ and all
t>0.

Theorem 2.1. ([10]) Let ¢ be a continuous random dynamical system with
state space X over (Q, F, P,(6’l )th)' If there is a closed random absorbing set

B(a)) of ¢ and ¢ is asymptotically compact in X, then A(a)) is a random

attractor of ¢, where

A(w)= ﬂU(p(r,QIw, B(Hfra))), weQ.

t>072t

Moreover, A(a)) is the unique random attractor of ¢.

3. 0-U Process and Stochastic Dynamical System
Let
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J'uvdx Jull, = (u,u) ,‘v’u,VeLZ(Q),

(uv),, =(Au,AV), ul,, =(A"y, Aru)E ,VU,veV, =D(A"), A=-A.
Let E=H] (Q)xL?(Q), and define a weighted inner product and norm in £

(¥ )e = (V70 V70, )+ (w,%,) Y E = [V v

>

vy, =(uv), y=(uv) eEi=1.2

3.1. 0-U Process

O-U process is given by Wiener process on the metric system (Q F,P, (9 )t o ) ,
we can see ([11] [12] [13]).

Let Z(Hta)):—afwemﬁta)(r)dr,where teR,for Vt>0, Z(6,0) meetItd

equation: 0z +ozdt =dW (t) . And there is a probability measure P, 6 -in-
variant set Q, < Q; so that stochastic process z(6w)= —afle“’@ta)(r)dr
meet the following properties:

1) For VweQ,, mapping S —>Z (9507) for continuous mapping;

2) Random variable "Z (a))” is called tempered;

3) Exist temper set I (a)) >0, such that

00+ 2@ <r(60) ()"

4) tllrll%_[;|z(9tw)|2dr=i;
5) tﬁﬂ%mz(@la)ﬂdr:\/i_a.

3.2. Stochastic Dynamical System

For convenience, we rewrite the Question (1.1)-(1.3):

du =u,dt,

dut+{Amut+¢[ A2y JAmu+g(u)Jdt (3.2.1)
= f(x)dt+q(x)dW (t),t €[0,+x),
u(x,0)=uy(x),u (x,0)=u,(x),xeQ.

Let v = (u, y)T ,Yy=U+uu, and pg=¢ (& defined in [20]), then (3.2.1)
has the following simple matrix form

{dy/+ Lydt =F (Go,y),
wo (@)= (U, u, +yu0)T.

(3.2.2)

where

L (PR PR
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0
F(Goy)= [(—g (u)+ f (x))dt +q(x)dw (t)j
Let V=Y-0z (Hta)) , then (3.2.1) can be rewritten as the equivalent system:
vo+Ly=F(Qa.y),
. (3.2.3)
Yo (@) = (g, Uy + ty — G2 (6,0)) .

where

7:(:} L:{<(¢—u)i\l”’ +u)| (Am_‘l“)'],
az() J

~0(u)+ £ (x)~(A" - u-)ae(60)

F(6.7) {

In [14] [15] they have proven that the operator L of (3.2.3) is the infinitesimal
generation operator of C, semigroup e in Hilbert space £,
IE(Hta), 7): [0, +0)xE — E is continuous in #and globally Lipschitz continuous
in y for each weQ. By the classical theory concerning the existence and
uniqueness of the solutions [14] [16] [17], so we have the following theorem.
Theorem 3.2.1. Consider (3.2.3). For each @ e Q and initial value
Vo = (uo,u1 + uu, —qz(&ta)))T € E, there exists a unique function y such that

satisfies the integral equation
y(to)=e"y,+ [€“F (m,7(s))ds,
and
y€C([0,T);Hg (2))xC([0,T);L* (Q)),¥T >0,
For Vt>0,ae @eQ, let the solution mapping of E — E
$(t,0):7(0.0) = (U (x)% (X)) > 7 (t0) =(u(xt.0) v(xt.0))

generates a random dynamical system.

Define two isomorphic mapping:
T,(60): (% Y,) = (VY — 1y, + 02 (60)),
R, :(¥ur¥2)' + (VYo —¥1).
And inverse isomorphic mapping:
TH(00): (v Y:) B (Y + 1y, - @2 (6@))
R (Y ¥2) 0 (Y Yo + 4%1).

Then the mapping S, (t,®)=T,(6w)S(t,®)T," (6,w) generates a random
dynamical system associated with (1.1)-(1.3); and mapping
S(t,w)=R,S,(t,®)R" generates a random dynamical system associated with
(3.2.2).

Notice that all of the above random dynamical system S; (t, a)) , S (t, a)) are

equivalent. Hence we only need to consider the random dynamical system

K2
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S(t,m).

4. The Existence of Random Attractor

First, we prove the random dynamical system S (t, a)) exists a bounded
random absorb set, hence we let D(E) be all temper subsets in £.

Lemma 4.1. (Lemma 3.1 of [20]) Let V = H{' (Q)xL*(Q), for any
y=(Y, yz)T eV , we have

(Ly.¥)e 2k "y"é +K V™Y, "i >k ||y||2E +ks [y, "i (4.1)

where Kk, are determined in [20], Ky =A4"K,, 1, is first eigenvalues of (1.1).

Lemma 4.2. Let y is a solve of (3.2.2), then there is a bounded random com-
pact set By (w)e D(E), such that for arbitrarily random set B(w)e D(E),
existence a random variable T, Bo) > 0, so that

v (t,0,0)B(0,0)cBy(0), vt 2T, (0), 0 Q. (4.2)

Proof. Let y is a solve of (3.2.3), applying the inner product of the equation
(3.2.3) with y = (u, )T e E , we discover that

2dt||7|| (L7.7)e = (F(6e.7).7), (4.3)

where

(F(6@.7).7)=(V"a(x)2(6,0),V"u)+ (=g (u)+  (x)= (A" - u-1)a(x) 2(6@),V)
(V’“q(x)z(&ta)),vmu)s%

(1 0+ aa()2(00).0) 521 = (11 O a0 @), 09

vrulf +3||v"‘q(x)||2 |2(80) . (4.4)

(A" -2)a(2(00)v) < b + -

a0 +JaCof [z(@)f;). @o)

(-9 (u),v)=(-g(u),u, +mu-aq(x)z(60)), (4.7)
(g(u)'ut):!)g(u)utdx=%£G(U)dx, (4.8)
p(g(u),u) = [ g(u)udx > uc, [G(u)dx—ky, ky >0, (4.9)

(9(u).a(x)2(80) = Ja(w)a(x)z(e)dx

<, [la(x)z 6’m|dx+coj'|u| la(x)z(80)|
Q
P

4 )en
<Flla0L [z o o

P

<G +C,Ja(x)f ||z(@w)||§+C3( je(u)dep”
Q

q(x)

||z ) || (4.10)

Lp+l

G, [ (8

2(6)

p+1 p+l

00

<C+Coa(; Je(@o); + £ J6(w)x-+C.[a(x)

64
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According to (4.1) and (4.4)-(4.10), we have

31 v2fotwien o+ 2[00

p+1
0 y

(4.11)
<C, +M|z(go)[, +N|z(8)

where

n= min{Zkl,%},

4z, i+ aatf
3 3

M

N =2C, ||q(x)

p+1
o -

According to Gronwall inequation, Pa.e.w e Q, we have

Iy (t o) +2§[G(u)dx

<o (||7(o,w)||§ v2fc (uo)de (12)

p+1)dr.

0

+ [l (05 +M|z2(60)[ +N|2(6,0)

Because Z (Gta)) is tempered, and Z (6’ta)) is continuous about # according
to [21], we can get a temper random variables I, :Q — R, such that
VteR,weQ, wehave

2(60) <5 (60) <€t (o). (4.13)

Substituting @ by 6, o in (4.12), we know

broolf +2fcwo

<ot (||y(o,atw)||§ v2 _[G(uo)dxj (1.14)
Q
+ [l (c5 +Mz(6, o) +N|2(6,..0) g*l)dr,
where
[l (05 +M]z(6,_ @) +N[z(6,_o) ;’”)dr
- ie’ﬂ (C5 +M "Z(wa)"j +N ||Z(9Tw) ;Hl)dr (4.15)
< %+§Mq(w)+3 NE? (o).

Because ¥, (ﬁ_t(o) eB ( Q_ta)) is tempered, and "Z (Qla))" is also tempered,
hence we let
2= Cs, 2 53

then RZ(w) is also tempered, B, = {7 ceE:|y|. <R, (a))} is called a random

65
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absorb set, and because of
S(t,6.,0)7,(0,0)= V/(t’g—tw)(% (Qta))+(0, a(x) Z(H—ta’))T)_(O’ a(x) Z(‘gta’))T ’

so let

By (@) = {1// €E:|y|. <R (@) +||q(x) z(ﬁta))" = R_O(a))} then By (o) isa
random absorb set of ¥/ (t,),and B (w)e D(E).

Next, we will prove the random dynamical system S(t,a)) has a compact
absorb set

Lemma 4.3. For VB(a)) € D(E), let l//('[) be a solve of (3.2.2), initial value
Wo = (Ug, Uy + £y )T € B, we decompose v = v +y’, where 'y’ satisfy

dy' + Ly'dt =0,
{ v ] (4.17)
wo (@)= (Up, Uy + sy,
dy? + Ly?dt =0,
{ v (4.18)
vo (@) =0.
Then
"(//1 (t,H_ta))HZE - O(t - 0),Vy, (H_ta)) € B(Q_ta)), (4.19)
and exist a temper random radius R, (a)) , such that Vo e Q, satisfy
m
Aty? (1,0 0) <R (). (4.20)
E

Proof Let y=y"+y% = (ul,ut1 +,uu1)T +(U2:Ut2 + u? —qz(¢9ta)))T be a solve
of (3.2.3), according to (4.17) and (4.18), we know 71, 7/2 meet separately

dy; +Ly'dt =0,
i ; (4.21)
70 (a)) = (Uo!u1 + uu, —qz(@a))) '
dy? +Ly’dt = F (Q.7),
{?+ 7 (Gor) (4.22)
7s (0)=0.
.
Taking inner product (4.21) with y" = (ul, U+ ,uul) , we have
1dy 42 1,1
Sl [+ ) =0,
according to Lemma 4.1 and Gronwall inequality, we have
ol se= 0.0 w29
substituting @ by 6,w,and Z(H_ta)) € B is tempered, then
7 (16 @) <e[y'(0.0.,0)|, —>0(t ), 77(0.6,0)<B.
So, (4.19) is hold. Taking inner product (4.22) with
A%y2 = Ag(uz,uf + uu’ —q(x)z(@ta)))T , we have
1d| " ,[
e N I L 2)=(ﬁ Gw), AL 2), 424
>t 7E+(7 57 (r.60). A%y (4.24)

K2
66 03{ Scientific Research Publishing

<3



G. G. Lin et al.

according to Lemma 4.1, Lemma 4.2, (4.24) and Young inequality, we have

(;jt{ +2IAZG( )dx}f{ +2iAZG(u2)de

<CoRE (8,0)+ M, [2(o)[ + N, [2(0)|." vt =T

2 2

m
A4 A?y2

E E

p+1

B(w)’
where Ty, ,Ry(w) are given by Lemma 4.2, and

2
M, :[4”k+4+2c2J

3

2

A%q(x)

i pats

m p+1

N, =C,||A*q(x)| . Due to Gronwall inequality, and substituting @ by

6 @, we have
2 m
+ 2.[ A2G (uz)dx

E Q

< [e " (CoR (6,.0)+ M [ (6 @), + N, 2 (6, )] Jar e =T,

AX72 (t,H_ta))

B(w)"
According to (4.14) and (4.16), then
" (CoRE (61-1) + My [2(0, @)} + N, [2(6, )], Jar

p+l)dr

NJrlpgl(a)).

-[° (CR (6.0)+ M, |2(6.0)[ +N,|2(6,0)

cz (2 4C, 2
:2(M+n M]()(;Nl+

n° \n (p+1)7
Let
=2 C? (2,, 4C, 2 8 =
=S 4| EM =M N N |r 2 ().
k(@) n’ (77 R j (@) + (77 1+(p+1)77 Jrl (@)

Then R?(®) is tempered, and because
S(t,6.,0)7,(0,0)= ‘//(t’g—ta’)(% (9—15")"'(0' a(x) Z(H—tw))T)_(O’ a(x) Z(‘gtw))T ’
hence, we set

Rl(w):ﬁl(a))+ , then, for Yw e Q, we have

A%q(x) 2(6w)

m
Aty (t,0,0) <R (®), and R (a)) is tempered.
E

Lemma 4.4. (3.2.2) the identified stochastic dynamical system S(t,a)),t >0,
while t=0,PaeweQ existacompact attracting set K (a)) ckE.

Proof. Let K (a)) be a closed ball, radius R (a)) in space
3 m 3 m
D[A4 jx D{A“J, because D(A4 ]x D[A4 j — E, so K(a)) is a compact

set in E, for arbitrarily temper random set B(®), for Vy/(t,0,@)eB, ac-
cording to Lemma 4.3, y? =y —y' e K(w),sofor Vt 2Ty, >0, we have
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de (S(t,0.,0)B(0.0),K (o))
- ﬂ(ti)QI(w) l//(t’ H,ta))—ﬁ(t)”i < "l//1 (t,@fta))"i

<e™ |3 (1,6, 0)| —0,(t—>x).

Theorem 4.1. The random dynamical system S(t,®),t>0 has a unique

random attractor A(a)) in E, where

A(o)=NUS(t.0.0.K(0_ 0))0eQ,

t>072t

in which K (a)) is a tempered random compact attracting for S ('[, a))
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