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ABSTRACT

The problem of generation and propagation of tsunami waves is mainly focused on plane beach, there are very few
analytical works where wave generation is considered on non-uniformly sloping beach and as a result those works
might have failed to capture important facts which are influenced by bottom-slope of the beach. Some researchers pro-
vided solution to the forced long linear waves but on a beach with uniform slope while the importance of including
variable bottom topography is mentioned by few researchers but they also stayed away from considering continuous
variability of the ocean bed as they were studying runup problem. This paper analyzes tsunami waves which are gener-

ated by instantaneous bottom dislocation on a ocean floor with variable slope of the form y=-gx', q >0, r > 0. At-

tempts are made to find analytical solution of the problem and along the way tsunami forerunners are identified while
investigating the short time wave behavior, not found even with constant slope beaches. In our study a rather significant
phenomenon with regard to energy transmission to the waves at steady-state are observed with some notable features.
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1. Introduction

The evaluation of the terminal effect of natural hazards

remains one of the holy grails of geophysical research [1].

Needless to say tsunami is one such geophysical problem
where uncertainties are yet to settle on the core areas of
tsunami generation and propagation. Over the years
mathematical complicacies have prevented researchers to
do analytical work both in linear or non-linear version of
the problem. As a consequence analytical works are far
and few compared to the numerical studies of this genre
of problems with more or less identical physical setting.
Talking about previous work, at this stage, we wish to
mention the seminal work of Tuck and Hwang [2] and
also of Liu et al. [3] both provided analytical solution to
the forced wave problem in a linear setting with uniform
sloping beach. On the other hand Kanoglu and Synolakis
[4] considered a piecewise continuous bathymetry to
study long wave runup problem. Our interest is to study
the generation and propagation of long waves due to un-
derground sea bed dislocation on a variable ocean slope.
The aim is to find an analytical solution and for that
purpose we have restricted ourselves solving the linear
shallow water equations with appropriate initial and
boundary conditions. Here it would be quite interesting
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to point out that certain important parameters like tsu-
nami wave runup can realistically be estimated staying
well within the linear theory [5]. In this article we inves-
tigate generation of waves which are assumed to be
caused by an instantaneous ground upheaval, along with
a prescribed initial elevation and a velocity of the free
surface at the instant before the ground begins to move.
The problem is analyzed taking into account linear shal-
low water equation for a beach of variable slope
y=-0x", q>0,r >0, referred to horizontal and vertical
directions as x-and y-axis respectively. In conformity
with Tuck and Hwang’s analysis of long wave generation
due to arbitrary ground motion over a uniformly sloping
beach (r = 1), we first show that it is possible to find a
non-singular solution of the problem for all time t when
the ocean slope varies. Then by taking a very general
type of time—dependent bottom dislocation we have been
able to split the integrals in two parts one representing
the waves due to free vibration which we claim to be the
forerunners and the other as the forced wave part. These
forerunners will dominate the wave-spectrum for first
few minutes before the giant waves come and then will
be dominated by the forced wave part, which is the other
part of the wave. These forced waves ultimately catching
up the free waves will occupy the whole spectrum be-
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yond the half period of the quake forcing. An illustration
of this has been shown by employing a particular type of
bottom dislocation. Assuming a time periodic ground
motion, we next show that a steady-state exists. At this
stage we are confronted with a paradoxical result. Our
solution at the steady-state shows a noteworthy feature of
no transmission of energy from a finitely distributed
time-periodic ground motion for a certain set of values of
the disturbance function. This kind of paradox was first
observed by Stoker for steady-state surface waves in in-
finitely deep water [6] and this peculiar ’resonance’ may
perhaps be eliminated by assuming small viscosity of the
fluid or by taking alongshore variations into account. Our
attempt to find analytical solution of the problem helps
us to understand the influence of variable bottom slope
on wave elevation and velocity. Both the small-time and
steady-state analysis of the problem performed here
might be of some significance for the evolution of tsu-
nami waves induced by near-shore earthquakes [7]. It
will not be out of context to mention that although
physical settings are different, the generation of long
waves by variable atmospheric pressure distribution is
analogous to the problem of tsunami formation by bot-
tom displacement [8,9] and hence our solution may also
prove pertinent to that direction. We have seen the dev-
astation of the great Indian Ocean Tsunamis of 2004 and
that of the more recent Japan earthquake, and has also
observed the failure of the early warning system in quite
a number of cases, keeping that in mind we hope these
solutions can be used as a benchmark to all such nu-
merical studies relating tsunami warning process. In
passing, we wish to mention that in reality sea bottom
profile is complex and is far from the general parabolic
shape assumed here but this work can be considered as a
first step, particularly in analytical sphere, towards in-
cluding those complex curvilinear ocean floor associated
with the bathymetric obstacles like island chain, rises and
seamounts [10].

2. Problem and Its Solution

We take the vertical upward direction as the y-axis, and
the undisturbed horizontal surface of the sea as the Xz
-plane of which the axis Oz is along the shoreline. The
sea is supposed to be bounded by a beach of variable
slope given by the equation y = hy (X) at equilibrium
(Figure 1).

We assume a two-dimensional motion in which long
waves are exited by a sudden bottom upheaval of height
10 (X, t) accompanied by an initial surface displacement
m(X) together with an initial vertical surface velocity 77,
(X). If u(x, t) is the horizontal velocity, 7(x, t) is the sur-
face displacement and

h=h(xt)="h,(x)-7,(xt) (1)
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@
-qx" for different r

(b)

Figure 1. (a) The illustrative figure of the beach profile and
the choice of axes; (b) This is a three-dimensional view of
the bathymetry profile y = —gx" for different values of r.

is the depth at the point X, at time t > 0, the non-linear
shallow water equations are

0 0

— h)+— h)}=0 2
S (74 0)+—fu(y+h)) @
ou au on

—+Uu—+g—=0. 3
6t+uax+gax 3)

Att=0-, we have
77=771(X), 772772()() 4

If n and 7, are small compared to h, and u is
small compared with the local wave speed ./gh, , Equa-

tions (2) and (3), after using (1), may be linearised to

on 0 o,

L4 = (uh)) ==L, 5
ot 8x( b) ot %)
ou on

M g9 _¢ 6
ot gax ©

Eliminating u(x, t) from (5) and (6), and using suffix
notation for partial differentiation, we obtain the partial
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differential equation satisfied by 7:
U _ghO(X)nxx —gh(;(X)ﬂx = Mo - (7

when h;, and 7, are given, it is required to determine
n as the solution of (7) subject to the initial condition
(4). The horizontal velocity u is then found from (5); for
this purpose, we may impose a physically reasonable
boundary condition at X = 0, namely

uh0~h02—77—>0 as X—>0 (®)
X

when hy(x)=0x", q > 0, r > 0, Equation (7) suggests
that we consider the solution of the ordinary differential
equation

V() () =0 O)

for the determination of 77.
For y # 0, the general solution of this equation is [11]

v(¢) =63, (BT )+ 68 Y, (BL7) (10)

where J, and Y, denote respectively Bessel functions of
first and second kind of order v, and

1-r r r-1
a=—y=lo—y=t—— 11
2 4 2 2—r (b
For y =0, thatis r =2 the general solution of (9) is
v(é’):ngD,(C,D):Constants (12)

Equations (10) and (12) show that v(¢)and v'({)
cannot be both finite at £ =0 (in other words, 7 and
u cannot be both finite at X = 0 unless

Cc,=0,and y#0. (13)

To solve the Equation (7) subject to the given initial
and boundary conditions, we assume that

n=n(xt)= TfA(g,t)x(l’r)/sz (& 'x)de (14

Using this in (7), we obtain, by means of (9) and (10),
with ¢, =0, the integral equation of first kind
iy (x.)=[(A+o”A)ex"23, (&7x)dg (15)
0
where
1
o=¢£(99)2 (16)

Then solution of 7 is obtained with the help of Hankel
inversion theorem [12] as

7](X,t) _ (},@)71 TX(I—r)/ZJV (gy—le/)df
) R (17)
Xj‘a(‘-r)/sz (f}’_lay)da_[éi (a,s)sino(t—s)ds

0
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where
S ()=, (%, )+, (X t)H () +tn, (X, t)H (t) (18)

where H is the Heaviside unit function.

We note that for r =1 this expression reduces to that of
n found for constant slope beach [2].

Taking a time-dependent bottom dislocation like the
following

T()=H(t-7)+(1-¢" JH(r-t),0=n/r  (19)

we have been able to evaluate the above integral for all
time t with the help of a very nice result [11, p. 58]

1
. (62 —t2)2 92 "3 . (6
2(cost—cos @) = gz( ) mfl/Z( )
m=1

In the above the t-integral reduces to

m!

[mwjdtJim(wt)m jm(a)t)a[l—a—zjmz

0 m=0 [0

where

In (2)=m/223,.1, (7).

Following this evaluation of the t-integral of (17) we
spilt the &-integral of (17) in two parts one from &= 0 to

& :a)/ (9a) [the first part] which can be evaluated

with the help of another result that combines product of
two Bessel functions as a terminating hypergeometric
series [11, p. 11, 7.2.7 (47)]

F(v+1)3, (p2)3, (a2) :Gazj” [%ﬂzjv
5 C[(2)ez]”

mo MIT(g+m+1)

,F (—m,—,u - m;v+l;ﬂ2a'2)

This spilt corresponds to 77, say, of 7 which after
some tricky manipulation takes a nice form and it corre-
sponds to the free vibration that can be treated as the
forerunners. These waves in this spectrum dominate for
first few minutes, to be precise for the half period of the
quake forcing.

1-r t
my=7(ax)2 (1 + ia)j dt]
0

2(wt/2)"
—0 m+1

in (@) (20)

where
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and
()= z'(a” - x“){aﬂJv+1 (a’z’) J, (xyz')

-x"J, (oﬂz')JV+1 (xyz’)}

On the other hand, the second part of &-integral from &
= & to oo contribute 7,,, say, of 7 representing the forced
wave part is also analytically calculated with its expres-
sion being a little complicated is not shown here. We
hope to analyze their character in a subsequent paper. At
this stage, we remark qualitatively that 7, catch up the
free waves beyond half period 7 and dominate the wave
spectrum gradually for t > 7.

3. Discussion on the Nature of the Waves
with the Help of Some Illustrative Figures

Before we proceed further and discuss the steady-state
nature of the waves and the energy transmission let us
provide some illustrative figures showing the nature of 7,
and 7;, in an attempt to distinguish them for small time.
We will take for a particular type of bottom dislocation of
the following form

T(t)=H (t—r)+%(1—cosa)t)H (r-t)

with r=3/2, g=1 and ¢ (x)=+xe ™.

The following two figures (Figures 2 and 3) depicting
mi and 7y, for small time when r=0.7 and r = 0.8, that is
for two different sloppiness of the ocean bed and in both
the cases we find the prominence of 7, over 7, as it was
shown analytically and we call this 77, as the forerunners.

The next two graphs (Figures 4 and 5) illustrate nature of
n for two different values of r, namely r=0.7 and r = 0.8,

n
04
02 M
TN . i(<7)
10 20 %0 40 g0 60 | ------ Ny,
-02

Figure 2. Comparison of zy; and . for a particular r = 0.7
and it shows the dominance of 7, whent< z.

1
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01 n]]
P N t(<1)

ol 10 20 %0 40 A0 60 | 777 N,

Figure 3. Comparison of 7 and ny, for another r = 0.7 and
again the same of dominance of 7; whent< .
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Figure 4. The nature of n for some sloppiness r = 0.7.
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Figure 5. Again the nature of # for some arbitrary sloppiness
given by r =0.8.

10 20

here we find 7 increasing indefinitely with increase of
time. Our analytical result also has shown this. It indi-
cates that there might be some sort singularity at t = 7,
the reason of which may be the sudden disappearance of
the bottom vibration at t = 7. For any such definite con-
clusion, though, we require further analytical investiga-
tion of the motion for t > 7.

The spilt of 7namely 77, which comes from the sec-
ond part of &-integral in (17) while integrating it from &=
& to o consists of three parts: one of which has a wave
form and the other two are standing disturbances, ana-
lytical expressions of which is valid for 2/3 <r <4/3. We
restrain ourselves of writing those complicated expres-
sions rather give some illustration of 7, below for two
different arbitrary sloppiness of the ocean floor.

The Figures 6 and 7 indicate the nature of 7, in the
wave spectrum it actually corresponds to the forced wave
part of 7 which will dominate the spectrum over those
which are small and corresponds to the natural frequencies
of wave motion.

4. Periodic Ground Motion: Steady-State
Solution of pand u

We assume
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Figure 6. The graph of g, whent< 7, r=0.7.
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Figure 7. The graph of p,whent <z, r=0.8.

10 20

UI(X)EO’ 772(X)50§
()= f(x)exp(iwt),t>0

and show that a steady state (t —>oo) exists and also
determine the corresponding values of 7 and u.

Steady-State Value of

When the integration with respect to S in (17) is completed,
we get

n=(a/y)(gq) " X" (%Hw)

. 1)
xj(a— a))_1 (wsinot—osinwt)F (o)do
where
F(o)=(0a) " (c+o)" 3, (& "X )T (£). (@2
f_(g):fa“*”/zav(gy-la’) f(a)da. (23)

We spilt the o -range in (21) into the sub-intervals
[0,0/2] and [@w/2,). By the help of known results on
Fourier integrals, the part of the integral in (21) over the
interval [0,@/2] is asymptotically equal to

/2

O(t’l)—sin wt .([ (0'—60)71 oF (G)da, (24)

as t > oo,
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The remaining part of the integral in (21) is written as

n = wcos wt J (0'—60)71 F(O')sin(a—a))tda
OCa)/Z (25)
—sin wt j (- a))_] {G—wcos(a—a))t} F(o)do
/2
Combining (24) and (25), we get for the integral in (21)
the expression

O(t’1 ) —sinawtx(pv.)|(o- co)fl oF (o)do

S8

+a)cosa)toc oc-w)' F(o)sin(o—w)tdo
Jz( ) (0-) 26)

+osin ot x(p.v.) _[ (6-o)" F(o)cos(o—-o)tdo
/2
as t >
Here the symbol (p.v.)j indicates the Cauchy Prin-

cipal value of the integral in question. Following Bochner
[9], the asymptotic values of the third and fourth terms of
(26) are respectively

wcos ot [nF (0)+ O(t'1 )} and O(t'1 )a)sin wt, @
ast >

The results in (27) hold provided

1) F(o)is differentiable with respect to o in [0,00);

2) F"(@) exists;

3) F(o) and F'(o) are each absolutely integrable
in [w/2,0).

Equation (21) then gives

n~aw (7/@)71 XU exp(iwt){(in/Z@)
. f_(a)/\/@)\]v (a)xv/}/\/@)
~(pv.) (cr—a))_1 oF (o-)do}+0(t_2 ),

as t—ow

Writing p= a)/ @ , we have

( p.v.)z(a—a))l oF (o)do

(21a)

S =38

~(gq) ‘”Ié(?— p) {7 (&)-T(p)}
)
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By Oberhettinger, F. [13, Section 4.32] the second term is

(gq)_1/2 f_( p)[gYV ( py X ) +vS,, ( py X )} 210y

v<2,

where Y, denotes Bessel function of the second kind,
and S, , is Lommel’s function. We note that since 0 <r

v, i

< 2 in our discussion, v <2 imposes the further restric-
tion0<r<5/3.

Using the results (21b) and (21c¢) in (21a), we finally
obtain the steady-state value of 7:

7y =m0 /27 ga) X"
exp{ n/2+a)t}f_(a)/@)
[HE (o /aa)(2iv/m)s ,, (x'/7fga)|
_<“)2/79(1)X1_r/zexp(ia)t)
Jf( p) {T(&)-T(p)}x

for 0<r<5/3

(28)

3, (&' )de

For the same periodic ground motion and following the
same procedure as described above to obtain 7, , we find
the steady-state value of U as

1
hoU, = @y x>

-exp(iwt)[%(gq)i T(p)HE) (b %)
—ipv(v+2) F(p)S,,. (pr'X) (29)
H[E (&) [T(&)- T(p)xd (&% )z }

for 0<r<5/3

Here Y, denotes Bessel function of the second kind,

and S, , is Lommel’s function. The first term of both
ny and U, , as given below, represent progressive
waves:

0" =(re’2790) T o/ Joaq )"

(30)
xexp{i(n/2+a)t)} H? (wxy/y@)
h,u” :(na)z/Z)/\/a) x!/2

(31

~exp(ia)t) f_( p) il ( p}/’lxy)

We also note that 7" is an integral of the hyperbolic
equation

2« *

C O 0n L0
X +rx =
ox? OX (99) ot?

(32)
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The rest part of 7, as well as Uy represent clearly
standing waves. Since > 0 in our case, we may use the
asymptotic expansion of Hiz) (z) forz>1 to obtain 77’
for large x:

o2 (ol TR}
(33)
xexp[i{a)t +%Tn—(wx7/7@)+%vnﬂ

The wave described by (28) propagates towards X —
+o0 according to the equation

= (ront)” (34)

Thus this wave moves with a variable acceleration
unless r = 1 when the acceleration is constant [cp. [2], p.
449]. The height of the wave decreases with the time or
distance from the source, according to the factor x/*

—r(
(which is equivalent to t /4 ) Since the depth in-
creases as X, this corresponds to Green’s law of shallow
water waves.

5. Transmission of Energy

A notable feature of the steady-state solution is that no
energy is transmitted through the liquid for frequencies

® = @, which make f(w/@) =0,and hence 77 =0,u"

=0, the part 7, —1° and uy —u" being a standing wave.
That these critical frequencies may form a countably in-
finite set as shown by the following example:

(x|

O<x<a

Pexp(iat), 150 (35)

0, X>a
with
hy (x) = gx”? (36)
Then

a
f(&)=Pa’*[a"],, G a3/4§a3/4jda
0

_ (Pa”z/f)Jw (%famj

The zeros of J, (X), for v>—1 and X real, are known
to be countably infinite. If y,, , be the n-th position zero
of J,, (x) =0, the critical frequencies w, are given by

37

3 __
0 =72 " (ga)”? Voo =1,2, (38)
6. Conclusion

After the evaluation of s-integral in (17) the splitting of
the &-integral in two parts is not arbitrary but instead a
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necessary one, so the existence of the forerunners. Tsu-
nami forerunners arrive before the arrival of the main
tsunami waves with typically smaller amplitude, exis-
tence of such waves and a correct analytical expression
of which is tried to put up here over a variable sloping
beach. Another interesting observation is that the choice
of the depth profile —qgx", at distance x from the shore-
line, makes the dispersive relation [viz. Equation (16)]
dispersive while in the classical shallow water theory it is
non-dispersive. Leaving aside the actual physical dislo-
cation of the sea floor the solution provided here is cor-
rect for all t. In fact if we apply the sea bed deformation
due to earthquake as given by Okada’s solution [14] we
may perhaps need to employ some numerical work al-
though in that case one has to remain cautious about
wave integrals and their oscillatory nature have to be
taken into consideration. We know wave is a means of
transmission of energy through a medium where the me-
dium itself doesn’t travel. For a progressive wave the
transmission of energy takes place which can be de-
scribed by a simple formula (1/4) pga’c, where a =
wave amplitude, ¢ = wave velocity. If wave amplitude
vanishes for some frequencies of the applied disturbances
then the transmission of energy is zero, which has hap-
pened here. Needless to mention that the there is no
transmission of energy for standing waves. Although we
have shown it as a steady-state phenomenon for which
there is no transmission of energy into the liquid, we
surmise that the result may possibly hold for all time.
This implies that some earth quakes may fail to generate
propagating waves.
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