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Abstract 
The present work studies the stability condition of central control artificial equili-
brium points of the planar circular restricted problem of 2 + 2 bodies (PCRP2 + 
2B) and also its variant when the shape of larger mass is taken to be an oblate 
spheroid. We find that the paper will be of great application in choosing an ar-
tificial equilibrium point (AEP) in the neighbourhood of numerous planets 
e.g. Jupiter or the bodies which provide a model of the problem studied. The 
minimum thrust will save a quantum of energy to be applied to have an arbi-
trary point as a chosen starter. For solar sailing and magnetic force this min-
imum thrust will be of great use. 
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1. Introduction 

The 2 + 2 body problem has been introduced by [1] as a model for the dynami-
cal behavior of two interacting bodies of comparable mass under the gravita-
tional influence of two much more massive primaries unperturbed by the small 
bodies. Due to various expected celestial reasons the analytical means of assess-
ing the stability of binary asteroid orbits became a celestial problem which en-
gaged many authors e.g. [1] [2] [3] [4] and many others. Up to our recent know-
ledge it has been shown by [4] that the stability is not possible even for a finite 
time and so it is not guaranteed for long, with the conclusion [3] [4] it was felt 
that there was no stable region in the neighborhood of an equilibrium solution 
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of 2 + 2 bodies for a long time. However later in the paper [5] it was shown that 
there does exists stability region in the neighbourhood of a triangular libration 
point and the conclusion showed that space stations can be launched in the 
neighbourhood of this stable libration point and hence to seek an artificial equi-
librium point with the aid of solar sail or the magnetic device is possible. With 
this possibility we have investigated the minimum thrust to have the (AEP) for the 
(CRP2 + 2B) when all the four bodies are point masses and in its variant form 
when one of the larger mass is of the shape of an oblate spheroid. 

The problem under our investigation is really a generalization of the classical 
restricted problem of three bodies (CRP3B). In nature we find a system of pri-
mary masses interacting with each other and their motion is completely deter-
mined by their interactions. On the other hand they are not influenced by the 
presence of the minor bodies. For example, we may consider the motion of aste-
roids or comets in the gravitational field of the Jupiter and Sun or that lunar 
probe in the gravitational field of Earth and Moon. In these problems we find 
that the presence of the minor bodies does not affect the motion of primaries 
while the primaries affect the latter ones. The (RP2 + 2B) has been investigated 
by many others as referred above. 

Here we shall investigate the presence of AEP with the application of propel-
lant force exerted by solar sail or other mechanical devices for the (CRP2 + 2B). 
The use of solar sails is not a new idea, but it is being exercised since the last 
many years. The names of [6] [7] are worth to be named to be the founders of 
idea. Later on, many investigators made use of different kinds of solar sails. [8] 
devised different types of solar sails and he is still engaged in having a more ma-
nageable and complicated one and less costly. Really solar sail is a proposed 
form of space craft propulsion that takes advantages of the radiation pressure to 
propel a space craft by means of a larger membrane mirror. The impact of the 
photons emitted by the sun on the surface of the sail and its further reflection 
accelerates the space craft. Although the acceleration produced by the solar radi-
ation pressure is smaller than the one achieved by the traditional propulsion 
system, but this one is continuous and non-exhausting. So this makes long-time 
missions more accessible [7]. In addition many hybrid sails have also been de-
vised recently to explore and with different aims to achieve. 

In the present paper we have studied the existence of (AEP) for the (RP2 + 
2B). We foresee a great prospect of achievement with the present study. The sta-
tioning of the space-crafts in the stable region of the libration point with the 
minimum thrust is our main aim behind the present study. It is proposed that 
two space-crafts may be stationed in the neighborhood of stable libration points 
with Earth &Moon or with Jupiter and Sun or similarly other planetary bodies 
for the primaries. The result can be utilized to study the motion of minor planets 
or comets. 

Here we have chosen the model of (PRP2 + 2B) as introduced by [1]. As stated 
above in the first paragraph, the stability problem of the referred problem had 
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also been studied [4] as well, but it was proved that there is no stable region and 
hence the question of stationing of space-craft did not arise. The stability region 
has been shown only by [5] by numerical calculation in the neighborhood of par-
ticular triangular libration point which made possible of imaging artificial equi-
librium point having stability. 

In the present work we consider the motion of two minor bodies with negligi-
ble mass interacting with each other but not affecting the two primaries inte-
racting with each other and also affecting the motion of minor bodies. While 
studying the motion when one of the larger mass is of the shape of an oblate 
spheroid, we have used the result [2] [3] letting that the orbital planes of the 
centre of the different bodies coincide with their equatorial planes. With this as-
sumption the common equatorial plane has been chosen for the xy-plane when 
the motion is assumed to take place. In course of studying the stable region it has 
been seen [9] that the motion of the minor mass m1 may be taken independent 
of the motion of m2 and similarly the motion of m2 may be taken independent of 
m1, where m1 and m2 are infinitesimally small. This idea of independence splits 
the problem into two independent restricted problems and the whole analysis 
reduces to the study made in [10] or [11]. Again since this final result is inde-
pendent of the masses of the two minor bodies and it is dependent only on µ, so 
it is shown that the presence of two or more minor bodies does not affect the 
amount of minimum thrust obtained with their absence. It is guessed that even 
when the shape of the primary body be considered, the result will remain unaf-
fected as the problem will reduce to [11] which to avoid the repetition we have 
not taken up. 

2. Equations of Motion 

Here the problem of motion of two minor bodies with masses m1 and m2 is be-
ing investigated under the gravitational field of two primary bodies with masses 
M1 and M2 (M1 ≥ M2) moving along circular Keplerien orbits about their centre 
of mass where m1 and m2 being ≤M2. The orbital plane is the common plane [5]. The 
minor bodies are taken to be attracting each other but not perturbing the prima-
ries. To show the independence of the potential function, we shall choose our 
coordinate system to be rotating synodic such that two primaries are fixed on 
x-axis. For further simplification of the problem, we shall use dimensionless time 
and position variables. To find the configuration of the bodies at arbitrary equi-
librium ( )( )0, 0 1,2i i ix y =  a constant acceleration ,  

i ix i y ia x a y  will be applied.  
Referred to the above synodic system when the origin is taken at the smaller 

primary, the differential equation describing the restricted problem of three bo-
dies may be written as: 

12

12

i
i i

i
i i

Tx y
x
Ty x

s y

µ

µ

∂
− =

∂

∂
+ =

∂

 

 

                     (2.1) 
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where, (.) denotes the differential coefficient with respect to t and 
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It has been examined [5] that the motion takes place in the xy-plane and so we 
have not considered z-coordinate. 

The control acceleration for maintaining a desired equilibrium point (xi0, yi0) 
will be given as: 

( )
( ) ( )

( )
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0 0
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0 0
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µ µ µ µ
δ ρ
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+ ∂  = − + − + − − −  ∂  
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In order to consider the linear stability condition we shall prefer to write the 
Hamiltonian with respect to the origin taken to be the equilibrium point (xi0, yi0), 
so that 

( )
0 0

0 0,  ,
,  . 1, 2

i i i i i i

i i i i i i

x x y y

x x y y
p p p p p p iξ η

ξ η= − = −

= − = − =
 

where , , &
i ii i p pξ ηξ η  are the variable in the canonic variables , , &

i ii i x yx y p p  
as introduced in [10]. The corresponding Hamiltonian H may be written as: 

( ) ( )
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( ) ( ) ( )

( ) ( ) ( )
0

0

2 2
0 01

2 2
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.
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i i i ii

x y

x y

δ ξ η

ρ ξ η

= + + + +

= + + +
 

It has been seen [5] that the motion with minor body having the mass µ1 is 
independent of the motion of the minor body with mass µ2 thus it is seen that 
the problem reduces to two restricted problem with µ1 and µ2 respectively. Tak-
ing the advantage of this conclusion our problem reduces to that studied by [10], 
if we write two Hamiltonians ( )1H µ  & ( )2H µ  for ( )1 1,x y  & ( )2 2,x y  respec-
tively. Avoiding repetitions with [10], we may write H as: 

( ) ( )0 2 1 2 2H H H Hµ µ= + + , 

where 

( ) ( ) ( )1 1 1 1

2 2 2 2
2 1 1 1 1 1 1 1 1 1 1

1
2

H p p n p p a b cξ η ξ ηµ η ξ ξ ξη η= + + − + + + , 

( ) ( ) ( )2 2 2 2

2 2 2 2
2 2 2 2 2 2 2 2 2 2 2

1
2

H p p n p p a b cξ η ξ ηµ η ξ ξ ξ η η= + + − + + +
 

, ,& i i ia b c , may be expressed as [10] with the suffix, ( )1,2i =  along the va-
riables 0 0, , &x yξ η . 

3. Linear Stability Condition 

Thus the linearized equation of motion may be written as 

2 2
i i i i i i

i

Hp p a bξ η ξ η
ξ

∂
= − = − −

∂
 , 

2 2
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∂
= − = − −

∂
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2
i

i

i i
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p ξ
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ξ η∂
= = +
∂

                      (3.1) 
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The corresponding characteristic equation may be written as  

( )4 22 0,  1,2 .i if g iλ λ+ + = =                  (3.2) 
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In order to have the linear stability the following conditions are to be satisfied 
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( )

2a) 0,
b) 0,             1, 2
c) 0.

i i

i

i

f g
f i
g

− >

> =

>

                     (3.4) 

4. Minimum Control Artificial Equilibrium Point 

With the existence of stable region in the referred problem our next step will be 
to identify the stable point inside the region for which the required control acce-
leration is as small as possible. 

In this regard our problem will be to fix the equilibrium distance ρ(2i)0 from 
the second primary and to search the space craft position that provides mini-
mum control acceleration. For this we shall minimize the objective function. 

( )2 2    1,2
i ii x yJ a a i= + =                      (4.1) 
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µ ρ ρ µ ρ ρ µ

ρ ρ δ
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which is written just by putting an index i with δ1 & δ2 in corresponding expres-
sions in the referred work. 

For minimum value of iJ , we shall put 

2

11 12

0iJ J
δ δ
∂ ∂

= =
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Where the corresponding expression as given in the referred paper may be 
written which we shall not write for the sake of repetition. Solving δ11 & δ12 by 
the perturbation method and restricting to µ2, we have  

( )
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The corresponding control acceleration restricting to 0 (µ2) will be written as 

( )
2 3 5 6 8
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4i i
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i x y

i
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and the corresponding dimensional acceleration may be written as  
2 3 5 6 8
2 2 2 2 22

2 2
2

8 2 41
4

i i i i i
i

i

GMa
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For an approximate analytical estimation of the distance from the second pri-
mary allowing the stability may be written as  
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From the first two conditions we have  
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Finally, the minimum control acceleration will be  
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Since the expression for minr  & ( )minâ r  are independent of the indices (i), 

so they will be the expressions for both minor bodies. 

5. Restricted Problem of 2 + 2 Bodies with a Primary Body  
of the Shape of an Oblate Spheroid 

Here we shall use the notations of the work [11]. The equations of motion may 
be written as 

12 ,
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Re = Equatorial radius of larger mass, 
Rp = Polar radius of the larger mass, 
R  = the mutual distance between the primaries. 
The Equation (5.1) may be detailed as 
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Then the equilibrium point (x10, y10), (x20, y20) will be given by 
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Let us take the variation in the coordinates as in the referred paper  
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And the corresponding Hamiltonian may be written as 
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To avoid repetition we shall after some algebraic manipulation with the addi-

tion of the extra term 
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3
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i

i

A
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− −  in the Hamiltonian, we may write in 

dimensional units the minimum distance from the second primary as  
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min 32 25ir l µ≈  and the required dimensional control acceleration will be 
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µ

 
− − 

  = . So we find that the minimum  

control acceleration is less than the one with the absence of obliquity in the 
shape of the primary body. 

6. Conclusion  

In the present work we have investigated the minimum acceleration that will put 
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two spacecrafts at definite equilibrium position. It is concluded that the presence 
of a primary with the shape of an oblate spheroid decreases the thrust and it is 
an advantage over the case when the shape is to be spherical or the bodies are 
taken to be point masses. Here the two cases of the restricted problem of 2 + 2 
bodies have been considered and utilizing this result established by (Whipple, 
1984) for negligible masses µ1 & µ2, this problem has been split into two separate 
claimed restricted problems of three bodies and the problem reduces to that stu-
died in the referred paper [10] and our investigation just reduces to review the 
work. Similarly when the shape of a primary body is taken into consideration, 
the conclusion reduces to that of [11] and since the results are independent of 
indices, so they will be the same for both the equilibrium points and this mathe-
matical work reduces to those done in the referred paper which we have avoided 
and suggest that the paper should be read with the referred papers. 
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