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Abstract 
A rigorous theoretical investigation of linear dust ion acoustic (DIA) solitary waves in an unmag-
netized complex plasma consisting of ion and ion beam fluids, nonthermal electrons that are 
Cairns distributed and immobile dust particles were undertaken. It was found out that, for large 
beam speeds, three stable modes propagated as solitary waves in the beam plasma. These were 
the “Fast”, “Slow” and “Ion-acoustic” modes. For two stream instability to occur between ion and 
ion beam, it is shown that ( ) 3 ikω σ→  or when ( )0 3b bk uω σ− → . 
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1. Introduction 
In a complex plasma, ion beam can significantly affect the propagation charateristics of solitary waves [1]. The 
presence of streaming ion beams excites ion-ion instability as a result of counter streams. 

In the initial study by [2], ion beam dynamics were studied with Boltzmann distributed electrons using the 
standard reductive pertubation technique [2]. A year later, Misra and Adhikary studied both linear and non linear 
propagation of large amplitude DIA waves using theoretical and numerical approaches [3]. It was found out that 
three stable waves, i.e., the “Fast” and “Slow” ion-beam modes and “Ion-acoustic” modes can exist. In all these 
studies the electrons are Boltzmann distributed. However, several other electron populations follow the Cairns 
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distribution [4]. 
For a population with excess fast particles, the Cairns distribution was introduced by Cairns et al. (1995) to 

analyse the effect of particles on solitary waves [5]. Since then Cairns distribution is often utilized in theoretical 
studies as it exhibits an enhanced high energy tail, superimposed on a Maxwellian-like low energy component 
(as often observed in space). It was shown that with a non-thermal electron population, the nature of ion sound 
solitary structures may change, and solitons with both positive and negative density pertubations can exist [4]. It 
therefore serves as a useful theoretical model for the family of such non-Maxiwellian or non-thermal space 
plasmas and it has been used by quite a number of authors, e.g., [6] [7]. 

The Cairns distribution is often given as [4],  
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where 0eN  is the equilibrium electron number density; v  is the electron speed; teV  is the electron thermal 
velocity and α  is a constant. 

The Cairn’s distribution function is shown in Figure 1 for different values of α .  
It can be clearly seen that, for 0α = , the distribution reduces to the Maxwellian distribution function. Also, 

for large values of α , the Gaussian form is deformed and the distribution function develops “wings”, thus 
becoming multi-peaked. This may lead to beam instability and as a result, the Cairns distribution is not a good 
model for coherent non-linear structures such as solitary waves and double layers for higher values of α  [5] 
[6]. For convenience, introducing the parameter ( )4 1 3β α α= + , it is seen that by allowing α  to vary from 0 
to ∞ , β  is restricted to 0 < 4 3β≤ . Thus the upper limit of β  was set at 4 7 0.571�  [6]. 

When the values are above 0.571, the Cairns distribution ceases to be monotonically decreasing. The critical 
values of β  corresponds to 0.25α = . Thus, the Cairns distribution is appropriate only for a limited range of 
the parameter α , deviating from the Maxwellian distribution function. From the above, one can note that the 
prescence of non-thermally distributed electrons gives rise to changes in the structured nature of solitary waves 
[7]. 

2. Description of the Model 
In this model we considered a collisionless, un-magnetized plasma model that consists of non-thermally 
distributed electrons that follow the Cairns distribution and negatively charged dust particles that are stationary. 
In addition, it consists of inertial warm ions and ion-beams of equal mass. The massive dust grains are consi- 
dered stationary with no charge fluctuations and therefore, will only affect the equilibrium charge neutrality. 

Charge neutrality at equilibrium requires that  

0 0 0 0 00, . ., ,j j i b e d dq N i e N N N Z N= + = +∑                          (2) 

where ( )0  j jN q  is the equilibrium charge density of the thj  species [i.e., j i=  (for ions), j b=  (for ion  
 

 

Figure 1. Plot of ( ) 02π e te eF v V N  against tev V  for different values of α .    



I. Habumugisha et al. 
 

 
3 

beam) and j e=  (for electrons)] and ( )0  d dN Z e−  is the equilibrium density (charge) of the dust particles,  
and dZ  is the size of the dust charge. The dynamics of warm and inertial ion and ion-beam is governed by the 
fluid equations, i.e., the continuity, momentum, and the adiabatic pressure equations, which in un-normalized 
quantities are, respectively, given by  
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here, 3γ =  is the ratio of specific heat capacities for an adiabatic fluid; ,  and j j jN V P  are the un-normalized 

number density, ion/ion beam fluid speeds, and thermal pressure for species, j, respectively; ( )j jm q  is the 

ion/ion beam mass (charge) and ( ) x t′ ′  is the un-normalized space (time) variable. Thus the quasi-neutral  
assumption, in Equation (2), and the system of Equations (3), (4), and (5) will be closed by Poisson’s equation 
expressed as  
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2
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                            (6) 

where 0ε  is the permittivity of free space.  

3. Derivation of the Dispersion Relation 
The basic equations i.e., Equations (3), (4), and (5) were first linearlized. During the linearization process, it was 
assumed that the pertubations vary as ( )exp ikx i tω−∼ . This implied that x ik∂ ∂ →  and t iω∂ ∂ → − , where 
ω  is the angular frequency normalized by ion plasma frequency piω  and k is the wave number normalized by 

the reciprocal of the effective Debye length 1
Deffλ− . 

The electron density is obtained by integrating the Cairns distribution function as  
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where ϕ  is the un-normalized electrostatic potential. Therefore, taking 1ϕ ϕ≈  the electron density becomes,  

( ) ( ) 1
1 0 1 1 .e e

B e

eN N
k T
ϕ

ϕ β
   = + −  
   

 

The ion density, ( )iN φ  or ion beam density, ( )bN φ  are obtained by solving Equations (3), (4), and (5) 

simultaneously. Taking 0 1j j jN N N= + , 0 1j j jV V V= +  and 0 1j j jP P P= +  with ( ) ( )0 0 0 0, 0,j i b bV V V V→ ≡ , 
and applying to the set of Equations (3), (4), and (5), we get 

( )
22

1
1 0

01 0

.
1

j s j j
j

jj j

m C N
V

e k NN N

γ σωφ
   = − −   +   

 

But 1 01 1j jN N+ � , since 1 0 1,j jN N �  and therefore  
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From Poisson’s Equation, we have  
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Normalizing k with 1
Deffλ− , ω  with ion plasma frequency piω  and 0bV  with the ion acoustic speed sC  to 

0bu , Equation (10) can be expressed as  
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4. Analysis of the Dispersion Behaviour of Linear Waves 
4.1. Theoretical Analysis 
In the presence of an ion beam, three longitudinal electrostatic waves involving ion motion could propagate; 
these were, an ion acoustic mode (IA), fast (F) and slow (S) modes. This is in accordance with the experimental  
observations of [8]. These modes corresponded to 0 3b bk uω σ> +  for fast mode, 0 3b bk uω σ> −  for 

slow mode, and > 3 ikω σ  for ion acoustic mode. 
The right hand side (RHS) of Equation (11) is a quartic equation in ω  with the first term on the RHS 

diverging at ( )2 3 ,ikω σ=  while the second term diverges at ( )2
0 3b bk uω σ− = . Here the solutions can take, 

2 2 2
1 2 3 0 3  , 3 , 3 ,i i b bk k u k kω σ ω σ ω σ= − = = +  and 2

4 0 3b bu k kω σ= − .  1 2 3, , ω ω ω  and 4ω  are the 

assymptotes in Figure 2. From the same figure it was observed that when, ( )2 3 ikω σ→  or ( )2
0 3b bk uω σ− → ,  

the RHS →∞  in Equation (11), gives rise to the two stream instabilities between ion and ion beam. Between 
2ω  and 3ω , there exists a minimum value ( ( ) 2.6758mF ω � ), that corresponds to ( )d d 0F ω ω = , above  

which the wave is unstable. The maximum values exist between 1 2ω ω−  and 3 4ω ω−  at ( )max 10.246F ω −�  

and ( )max 1.671F ω −� , respectively. The wave exists in the range ( )1.671 < < 2.6758F ω− . 
Since the coefficients of Equation (11) are real, there are two complex roots which are complex conjugates to  

each other, i.e., r iiω ω±  where rω  is the real part of frequency and iω  is assumed to be positive and is 
known as the growth rate [9]. The complex conjugate roots were obtained for 1ω ω<  and 4ω ω>  as 

( )0.197308 0.221603i− ±� . The complex root with positive imaginary part gives rise to two stream instability  
with a growth rate of 0.221603iω = . 

Further theoretical analysis of the dispersion relation (Equation (11), revealed that, in the limiting case of 
0bf = , DIA solitary waves propagated in the beam with a phase velocity pV kω= , given by 
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Figure 2. Plot showing dispersion relation.                                  
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This implies that the phase speed of an ion acoustic wave increased in the prescence of nonthermal electrons. 
However, in the abscence of nonthermal electrons, i.e., 0β = , it yields  

2
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                                 (13) 

which in the long wavelength limit, i.e., 1k � , gives 

3 1 .p i eV fσ= +                                    (14) 

For cold ions, 0,iσ =  we obtain  

1 .p eV f=                                      (15) 

This is similar to the phase speed obtained by [10], for an electron-ion plasma with cold dust.  

4.2. Numerical Analysis 
Numerical examination of the dispersion relation in Equation (11) for the three wave modes propagating along 
the beam is shown in Figure 3. The effect of ion beam density ratio (fb), ion beam speed (ub0), ion beam (sgb) 
and ion (sgi) temperature ratio, on the frequency of the IA, F and S modes are presented. It was found that, as 
the ion beam speed increased, (Figure 3(a)) the phase speed of both the F- and S-modes increased while the IA- 
mode remained unchanged. The same observation was made for F- and IA-mode when ion beam temperature 
ratio was increased (Figure 3(b)). This is in accordance with the findings of [3]. For the S-mode, increasing ion 
beam temperature ratio decreased the phase speed. However, in contrast to (Figure 3(a)), the effect was greater 
with increasing ion beam speed. This has a physical sence, since ion beam speed is the source of energy that 
drives the instability. Therefore, ion beam speed has an effect of enhancing the phase speeds of F and S modes. 
Morestill, it was also found out that, ion beam density ratio had no effect on the phase speed of all modes 
(Figure 3(c)). Finally, increasing the ion beam temperature ratio only affected the IA-mode as shown in Figure 
3(d)). 

5. Conclusions 
The study findings show that on close examination of the derived dispersion relation there are three longitu- 
dinal electrostatic modes involving ion motion that propagates. These were ion acoustic, fast and slow modes.  
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(a)                                               (b) 

  
(c)                                                 (d) 

Figure 3. Contour plot showing dispersion relation against the wave number k for Fast (F), Slow (S), and Ion Acoustic (IA) 
modes for different parameter values. Top Panel: (a) fb = 0.4, sgi = 0.2, sgb = 0.4 with values of ub0 = 4, 5; (b) sgi = 0.2, 
sgb = 0.4, ub0 = 4 with values of sgb = 0.4, 0.5. Bottom Panel: (c) fb = 0.4, sgb = 0.4, ub0 = 4 with values of fb = 0.4, 0.6 
and (d) fb = 0.4, sgi = 0.2, ub0 = 4 with values of sgi = 0.2, 0.4.                                                   

 
Thus for the two stream instability to occur between ion and ion beam, then it’s ( ) 3 ikω σ→  or when 

( )0 3b bk uω σ− → . Increasing the ion beam speed increased the phase speed of both the F- and S-modes,  
while the IA-acoustic mode remained unaffected. Ion beam temperature changes have the same effect but 
slightly less as compared to ion beam speed. Ion beam density ratio has no effect on the phase speed of all 
modes while ion beam temperature ratio affected the IA- mode only. 

These theoretical findings could be useful in determining onset of instability in laboratory ion beam driven 
plasmas as well as space plasmas.  
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