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ABSTRACT

In this paper, we use the well-known Hartle’s perturbation method in order to compute models of differentially rotating
neutron stars obeying realistic equations of state. In our numerical treatment, we keep terms up to third order in the an-
gular velocity. We present indicative numerical results for models satisfying a particular differential rotation law. We
emphasize on computing the change in mass owing to this differential rotation law.
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1. Introduction

In [1] we have implemented the well-known Hartle’s per-
turbation method ([2-4]), by keeping terms up to third
order in the angular velocity, to the computation of dif-
ferentially rotating neutron stars simulated by general-
relativistic polytropic models (angular momentum, mo-
ment of inertia, rotational kinetic energy, and gravita-
tional potential energy are quantities drastically corrected
by the third-order approach). The present study is con-
tinuation of [1] regarding models of differentially rotat-
ing neutron stars obeying realistic “equations of state” (EOS,
EOSs).

For clarity and convenience, we adopt here the defini-
tions and symbols used in [1].

The motivation for computing models of differentially
rotating neutron stars obeying realistic equations of state
by implementing Hartle’s pertrurbation method arises
from the fact that, to the extent of the knowledge of the
authors, respective results seem to be “missing” from the
bibliography; and this seems to be true even for the al-
ternative (iterative) methods, except for certain computa-
tions regarding maximum mass models as in [5]. Thus,
interested readers may have the opportunity to take into
account our results or to compare with respective results
of their own numerical methods.

Copyright © 2013 SciRes.

2. Preliminaries

Theory and computations are extensively presented in [1]
(Sections 2-5). The Schwarchild metric of a nonrotating
spherical object, expressed in spherical coordinates

(r, H,ga) is defined as in [2] (Equation (25)),

ds’ = —e"dt’ +edr’ +17(d6° +sin’0dg” ). (1)
The nonrotating model obeys the relativistic Oppen-

heimer-Volkoff equations of: (1) the hydrostatic equilib-
rium ([2], Equation (28)),

P (p+ P)(m+4nr3P)

= , 2
dr r(r-2m) @)
and (2) the mass-energy ([2], Equation (29a)),
M pnr?p, 3)
dr

The EOSs used in the computations of this study are
given in Table 1. In general, for densities up to
10*g-cm™, the EOSs are joined onto the Feynman-Me-
tropolis-Teller EOS [11]. For densities in the interval
[1x104g~cm’3,4.3x10”g~cm’3] they join onto the
Baym-Pethick-Sutherland EOS [12]. For densities above
neutron drip density (i.e. ~4x10"g-cm™) and typically
in the range [4.3><10”g~cm’3,2><1014g~cm’3 , they
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join onto the Baym-Bethe-Pethick EOS [13] (for a de-
tailed discussion on realistic EOSs, see e.g. [14], Section
3.1).

3. Results and Discussion

As said above, the computations of the present study
proceed as in [1] (Section 5). We shall not repeat here
such details; interested readers can find the full nu-
merical treatment there.

We present numerical results for the EOSs AU, C, F,
FPS, and G. All models computed here have central den-
sity p, =1x10”" gem™. When resolved in the state of
uniform rotation ([1], Section 6, Equation (209)), all
models are assumed to be rotated with their Keplerian
angular velocity Q, . Several methods have been de-
veloped for the computation of €, (for a general dis-
cussion on such methods, see e.g. [14], Section 3.7). In
this study, in order to compute €, for our models, we
use the well-known RNS package [15].

When resolved in the state of differential rotation ([1],
Section 6, Equation (210)), all models have angular ve-
locity at the equatorial surface, Q,, equal to their Ke-
plerian angular velocity,

Q. =Q,. “

The differential rotation function on the equatorial
plane &(r,0 =m/2) ([1], Section 4.1, Equation (63))
increases from zero at the equatorial surface up to a
maximum at the center, which (maximum) depends on
the dimensionless model parameter A~ ([1], Section

4.1, Equation (74)); the value A'=0 describes a uni-
form rotation, while its gradually increasing values 0.3,
0.5, and 0.7 (studied in this work) yield differential rota-
tions with respectively increasing maxima
&2(r=0,0=m/2). Accordingly, the central angular vel-
ocity Q. becomes equal to

Q, =0, +&(r=0,0=n/2) )
and the ratio Q_/Q, is written as
Q./Q, =1+ &(r=0,0 =1/2). 6)

Tables 2-6 give numerical results for certain signifi-
cant quantities of our models. In each table, there are two
groups of quantities: The first group, labeled “correc-
tions due to differential rotation”, contains the changes
occured in the three kinds of mass due to differential
rotation. The second group, labeled “total quantities and
significant ratios”, presents total values of certain sig-
nificant quantities and, also, values of some interesting
ratios. Emphasizing on the increase in the baryonic mass

Table 1. Realistic EOSs used in the computations.

EOS Description Reference
C  Modified Reid soft core potential [6]
Modified Reid potential [71
G Modified Reid soft core potential [8]
AU AV14 + UVIIL Wiringa, Fiks and Fabrocini [9]
FPS UV14 + TNI; Lorenz, Ravenhall and Pethick [10]

Table 2. Numerical results given in cgs for the EOS AU; differential rotation for three values of the model parameter A

Model parameter, A" 0.3 0.5 0.7
Corrections due to differential rotation

Gravitational mass, M, 6.201(+31) 1.851(+32) 4.007(+32)
Baryonic mass, oM, 9.167(+31) 2.286(+32) 4.677(+32)
Proper mass, SM,,, 9.659(+31) 2.420(+32) 4.966(+32)

Total quantities and significant ratios
Angular velocity ratio, Q_/Q,

Gravitational mass, M

tot

Baryonic mass, M

Btot
Ratio (M, +6M,,, )/M,

Proper mass, M

Ptot

Angular momentum, J,,
Rotational kinetic energy, T

tot

Gravitational potential energy, NV

Ratio (T / N\/ )m

ot

1.143(+00) 1.398(+00) 1.780(+00)
2.469(+33) 2.592(+33) 2.808(+33)
2.709(+33) 2.846(+33) 3.085(+33)
2.011(-01) 2.619(-01) 3.679(-01)
2.832(+33) 2.977(+33) 3.232(+33)
8.600(+48) 9.376(+48) 1.054(+49)
3.450(+52) 4.135(+52) 5.331(+52)
3.604(+53) 3.873(+53) 4.343(+53)
9.572(-02) 1.068(-01) 1.227(-01)
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Table 3. Numerical results given in cgs for the EOS C; differential rotation for three values of the model parameter A

Model parameter, A" 0.3 0.5 0.7
Corrections due to differential rotation

Gravitational mass, M, 6.879(+31) 2.041(+32) 4.385(+32)
Baryonic mass, oM . 1.069(+32) 2.573(+32) 5.179(+32)
Proper mass, M, 1.146(+32) 2.776(+32) 5.600(+32)
Total quantities and significant ratios

Angular velocity ratio, Q. /Q, 1.150(+00) 1.416(+00) 1.816(+00)
Gravitational mass, M, 3.063(+33) 3.199(+33) 3.433(+33)
Baryonic mass, M, 3.369(+33) 3.520(+33) 3.780(+33)
Ratio (SM, +6M,,,)/M, 1.735(-01) 2.259(-01) 3.166(-01)
Proper mass, M, 3.574(+33) 3.737(+33) 4.019(+33)
Angular momentum, J,, 1.266(+49) 1.391(+49) 1.577(+49)
Rotational kinetic energy, T, 4.574(+52) 5.567(+52) 7.314(+52)
Gravitational potential energy, |W/| 5.042(+53) 5.390(+53) 5.996(+53)
Ratio (T/W|) 9.071(-02) 1.033(-01) 1.220(-01)

Table 4. Numerical results given in cgs for the EOS F; differential rotation for three values of the model parameter A

Model parameter, A 0.3 0.5 0.7
Corrections due to differential rotation

Gravitational mass, M, 4.500(+31) 1.335(+32) 2.868(+32)
Baryonic mass, oM, 6.495(+31) 1.620(+32) 3.296(+32)
Proper mass, oM, 6.808(+31) 1.704(+32) 3.476(+32)
Total quantities and significant ratios

Angular velocity ratio, Q,/Q, 1.131(+00) 1.363(+00) 1.712(+00)
Gravitational mass, M., 2.206(+33) 2.294(+33) 2.447(+33)
Baryonic mass, M, 2.377(+33) 2.474(+33) 2.642(+33)
Ratio (M, + M, )/M, 1.752(-01) 2.230(-01) 3.058(-01)
Proper mass, M, 2.484(+33) 2.586(+33) 2.763(+33)
Angular momentum, J,, 6.646(+48) 7.217(+33) 8.073(+48)
Rotational kinetic energy, T,, 2.266(+52) 2.691(+52) 3.426(+52)
Gravitational potential energy, W|_ 2.726(+53) 2.892(+53) 3.181(+53)
Ratio (T/W|) 8.315(-02) 9.306(-02) 1.077(-01)
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Table 5. Numerical results given in cgs for the EOS FPS; differential rotation for three values of the model parameter A

Model parameter, A™ 03 0.5 0.7
Corrections due to differential rotation

Gravitational mass, oM, 5.919(+31) 1.759(+32) 3.785(+32)
Baryonic mass, oM, 9.040(+31) 2.212(+32) 4.475(+32)
Proper mass, oM, 9.560(+31) 2.351(+32) 4.770(+32)

Total quantities and significant ratios
Angular velocity ratio, Q, /Q,

Gravitational mass, M

tot

Baryonic mass, M

Btot
Ratio (M, +6M . )/M,

Proper mass, M

Ptot

Angular momentum, J
Rotational kinetic energy, J

tot

Gravitational potential energy, ’W

Ratio (T / ’W )w'

tot

Table 6. Numerical results given in cgs for the EOS G; differential rotation for three values of the model parameter A

Model parameter, A" 03 0.5 0.7
Corrections due to differential rotation

Gravitational mass, M, 1.769(+31) 5.268(+31) 1.137(+32)
Baryonic mass, oM, 2.294(+31) 6.089(+31) 1.270(+32)
Proper mass, oM, 2.323(+31) 6.157(+31) 1.284(+32)
Total quantities and significant ratios

Angular velocity ratio, Q,/Q, 1.110(+00) 1.306(+00) 1.600(+00)
Gravitational mass, M, 1.143(+33) 1.178(+33) 1.239(+33)
Baryonic mass, M, 1.192(+33) 1.230(+33) 1.296(+33)
Ratio (M, +5M,,,)/M, 1.424(-01) 1.787(-01) 2.421(-01)
Proper mass, M, 1.390(+33) 1.269(+33) 1.335(+33)
Angular momentum, J,, 1.750(+48) 1.891(+48) 2.102(+48)
Rotational kinetic energy, T, 5.042(+51) 5.915(+51) 7.399(+51)
Gravitational potential energy, W|_ 8.328(+52) 8.716(+52) 9.392(+52)
Ratio (T/W|) 6.054(-02) 6.785(-02) 7.878(-02)

owing to differential rotation, we find that the ratio

(6My + My )/My  takes its larger value for the EOS
AU which is the most stiff among the EOSs examined. It
is worth reminding here that, considering a group of
EOSs, most stiff is the EOS yielding the larger pressure
for a particular density, and most soft is the EOS yielding
the smaller pressure for that density among the EOSs of
the group. Note, in addition, that the EOSs AU, C, and
FPS are compatible in their stiffness for the density

Copyright © 2013 SciRes.

1x10”"g-cm™, next is the EOS F and most soft in the
group is the EOS G; for larger densities, AU clearly be-
comes the most stiff, C and FPS continue to be compati-
ble, F is the next one, and G remains the most soft in the
group. Sorting our EOSs this way, we find that the change
in mass decreases with the stiffness of the EOSs.

The “equatorial differential rotation profiles” (EDRP)
éQ/QK are shown for our models in Figures 1, 3, 5, 7,
and 9. Finally, Figures 2, 4, 6, 8, and 10 show the
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Figure 1. Equatorial differential rotation profile, EDRP = &2/Q, , as a function of the ratio r/R for the model obeying the
EOS AU and for three values of the parameter A (solid line: A= 0.3, dotted-dashed line: A= 0.5, dashed line:

AT =07).
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Figure 2. Meridional cross section for the model obeying the EOS AU and for the value A1=07 (bold line; soft line: the
unperturbed model).
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Figure 3. Equatorial differential rotation profile, EDRP = &2/Q, , as a function of the ratio r/R for the model obeying the
EOS C and for three values of the parameter A~ (solid line: .A™ =0.3, dotted-dashed line: .A™ =05, dashed line:

A7=07).
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Figure 4. Meridional cross section for the model obeying the EOS C and for the value A1=07 (bold line; soft line: the
unperturbed model).
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Figure 5. Equatorial differential rotation profile, EDRP = &/Q, , as a function of the ratio r/R for the model obeying the
EOS F and for three values of the parameter A™ (solid line: .A™=0.3, dotted-dashed line: .A™ =0.5, dashed line:

A7 =07).
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Figure 6. Meridional cross section for the model obeying the EOS F and for the value .A™=0.7 (bold line; soft line: the
unperturbed model).
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Figure 7. Equatorial differential rotation profile, EDRP = &2/Q, , as a function of the ratio r/R for the model obeying the

EOS FPS and for three values of the parameter A (solid line: A =0.3, dotted-dashed line: A =0.5, dashed line:
A1=07).
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Figure 8. Meridional cross section for the model obeying the EOS FPS and for the value A1 =07 (bold line; soft line: the
unperturbed model).
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Figure 9. Equatorial differential rotation profile, EDRP = &2/Q, , as a function of the ratio r/R for the model obeying the
EOS G and for three values of the parameter At (solid line: A =0.3, dotted-dashed line: A =0.5, dashed line:

A1 =07).
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Figure 10. Meridional cross section for the model obeying the EOS G and for the value A1=07 (bold line; soft line: the
unperturbed model).
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“meridional cross sections” of our models when the pa-
rameter A~ takes its larger value studied here, i.e.

Afl

=0.7.
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